MAB8353 TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS LTPC4004

OBJECTIVES :
To introduce the basic concepts of PDE for solving standard partial differential equations.

To introduce Fourier series analysis which is central to many applications in engineering apart
from its use in solving boundary value problems.

To acquaint the student with Fourier series techniques in solving heat flow problems used in
various situations.

To acquaint the student with Fourier transform techniques used in wide variety of situations.
To introduce the effective mathematical tools for the solutions of partial differential equations
that model several physical processes and to develop Z transform techniques for discrete time
systems.

UNIT | PARTIAL DIFFERENTIAL EQUATIONS 12
Formation of partial differential equations — Singular integrals - Solutions of standard types of first
order partial differential equations - Lagrange’s linear equation - Linear partial differential equations of
second and higher order with constant coefficients of both homogeneous and non-homogeneous types.

UNIT II FOURIER SERIES 12
Dirichlet’s conditions — General Fourier series — Odd and even functions — Half range sine series —Half
range cosine series — Complex form of Fourier series — Parseval’s identity — Harmonic analysis.

UNIT 11 APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS 12
Classification of PDE — Method of separation of variables - Fourier Series Solutions of one
dimensional wave equation — One dimensional equation of heat conduction — Steady state solution of
two dimensional equation of heat conduction.

UNIT IV FOURIER TRANSFORMS 12
Statement of Fourier integral theorem — Fourier transform pair — Fourier sine and cosine transforms —
Properties — Transforms of simple functions — Convolution theorem — Parseval’s identity.

UNIT V Z - TRANSFORMS AND DIFFERENCE EQUATIONS 12
Z-transforms - Elementary properties — Inverse Z-transform (using partial fraction and residues) —
Initial and final value theorems - Convolution theorem - Formation of difference equations —
Solutionof difference equations using Z - transform.

TOTAL : 60 PERIODS
OUTCOMES :
Upon successful completion of the course, students should be able to:
Understand how to solve the given standard partial differential equations.
Solve differential equations using Fourier series analysis which plays a vital role in engineering
applications.
Appreciate the physical significance of Fourier series techniques in solving one and two
dimensional heat flow problems and one dimensional wave equations.



Understand the mathematical principles on transforms and partial differential equations would
provide them the ability to formulate and solve some of the physical problems of engineering.
Use the effective mathematical tools for the solutions of partial differential equations by using
Z transform techniques for discrete time systems.
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

UNIT -1
PARTIAL DIFFERENTIAL EQUATIONS
PART - A (2-Marks Questions)
1. Explain the formulation of PDE(Partial differential equation) by elimination of
arbitrary conditions.
Solution;

Let f(x,y,z,a,b)=0 .... (1) Be an equation which conditions two arbitrary
Constants ‘@’ and “b’. Partially differentiating (1) with respect to (w .r .to)X andy We get
two more equations using these three equations we can eliminate the two arbitrary constants
dand b and finally we get the required PDE

2. Form a PDE by eliminating the arbitrary constants from z= ax + by

Solution:
Given z=ax+by ... 1)
a =a=>p=a ...... (2
OX
2 hoq=b ....(3)

Substituting (2) & (3) in (1), we get z = px+ gy which is the required PDE
3. Eliminating the arbitrary constants aand bfrom z = ax + by + ab

Solution:
Given z=ax+by+ab ... 1)
a_ a=>p=ag L N (2)
OX
0z
—=b=q=b = ... (3)
oy

Substituting (2) in (1) & (3) in (1), we getz = px+qy + pqg, which is the required PDE
4. Form a PDE by eliminating the arbitrary constants from z = (x +a)® + (y —b)?

Solution: [AU M/J 2009, 2007]
Given:z = (x+a)*+(y-b)* .. (1)
p:@:Z(x+a):>x+a:B ...... (2)
OX 2
0z q
=—=2(y-b —b==1...... 3
q & (y-b)=1y 5 ©)

2 2
Substituting (2)&(3) in(1), we get z = [EJ +(%j , 4z = p® +q°, which is the required

PDE
5. Form a PDE by eliminating a and b form z = (x* +a®)(y? +b?)

Solution: [AU M/J 2007 N/D 2009]
Given: z=(x*+a’)(y*+b*» .. (1)
p:a_z:2)(()/2.|_bz):>y2-i-bz:£ ...... (2)
OX 2X
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

0z q
g=—=2y(x*+a?) =x*+a’=— ...(3)
oy 2y
Substituting (2)&(3) in (1), we get 7=
2y 2X

pg = 4xyz , which is the required PDE

6. Form a PDE by eliminating the arbitrary constants in z = (x—a)* +(y —b)* +1
Solution: [AU M/J 2011 N/D 2007,2008]
Given:
z=(x—a)*+(y—b)*+1 (1)

0z
=—=2(x-a)=>x-a=—....(2
p=" =20x-a)= x-a=.(2)

N |

0z
q=—=2(y-b) =>vyb = i 3
oy 2

Substituting (2)&(3) in(1), we get z:@} +[3J +1

4z = p> +q* +4, which is the required PDE
7. Form a partial differential equation by eliminating the constants aand b from
z=ax" +by"

Solution: [AU M/J 2008, 2009]
Given:

z=ax"+by" (1)

p= g —anx"t = a= pn—l ...... (2
OX nx
0z h1 q

q=—=bny"" =b=—0- 3)
oy ny"™

Substituting (2) & (3) in (1), we get
P . q n
7= ML
an—l nyn—l y

1
z =H(p><+qy)

pX+qy = nz , which is the required PDE
8. Form a partial differential equation by eliminating the constants aand b form

z =ax” + by’
Solution: [AU N/D 2013]
Given: z=ax’+by* ... (1)
oz p
= — = 2 =TT aaaaaas 2
p p ax = a oy (2)
0z q
=—=2by=>b=—" e (3
q & y 2y ©)
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

Substituting (2) & (3) in (1), we get
L y?
2X 2y

1
z =§(p><+qy)

px+qy = 2z , which is the required PDE
9. Form a partial differential equation by eliminating the constants aand b from

z=ax’ +by*
Solution: [AU M/J 2014]
Given: z=ax®+by* ... (1)
0z ) p
= — = 3 = 77— ssssaa 2
p=— =%’ =a=—; (2)
oz ) q
q=—-=3by’ =>b=—- ... (3
oy 3y’
Substituting (2) & (3) in (1), we get
P s, d .3
Z=—>X+—>
3x° 3y y
1
z=3(px+ay)

px +qy =3z , which is the required PDE
10. Form a PDE by eliminating the arbitrary constants from z = (2x*> + a)(3y —b)

Solution: [AU A/M 2008,2009]
Given z = (2x2 + aXBy—b) ..... (1)
0z p
=—=4x(3y-b 2 =3W 00 ... 2
p ==, =4Gy-b)=" =3y @)
g=Z-(2¢+a)3=92¢a )
oy 3

Substituting (2) & (3) in (1), weget. PI=12X2 \hich is the required PDE
11. Form a PDE by eliminating the arbitrary constants from (x—a)® +(y—b)* +z* =1

Solution: [AU M/J 2011, N/D 2007,2008]
Given (x—a)* +(y-b)*+z*=1 .. (1)
Partially differentiating with respect to (P.d.w.r.to) ‘X’ & “y ’ we get
2(x—a)+2zp=0=x—-a=-zp ... 2
2(y-b)+22g=0=y-b=-zq N <))

Substituting (2) & (3) in (1), we get
(-zp)? + (-zq)* +z* =1
s 2%(p?+q° +1) =1, which is the required PDE
12. Find the PDE of the family of sphere having their center on the line x=y =1z
Solution: [AU N/D 2004]
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

The equation of the sphereis  (x—a)*+(y—a)* +(z-a)’ =r’..... (1)
P.dw.rto ‘X’ & ‘y’ we get
2(x—a)+2(z-a)p=0
x—a+(z-a)p=0
(x+zp)—al+p)=0
a(1+p):x+zp:>a:XJer ...... 2
1+p

2(y-a)+2(z-a)g=0
y—a+(z—-a)g=0

(y+2z9)-al+0q)=0
a(1+q)=y+zq:>a=w ..... (3)

1+q
X+2Z + 2
From (2) & (3) 1+§=ﬁ+$

(x+2zp)A+0q) = A+ p)(y +120)
X+ QX+ 2Zp+2zpq=Yy+2q+ py + pgz
2 P(2=Y)+0(X=2) =Y =X ‘which is the required PDE.
13. Obtain the PDE by eliminating the arbitrary constant aand b from

Z=Xxy+yvx*—a® +b

Solution: [AU N/D 2011, A/M 2007]
1
Given:z =xy+y(x*=a?)2+b  ..... (1)
aZ 1 2 2 _%
=—=y+y—(X"—a 2X) ...... 2
s’ y5( ) 2(2x) (2)
oz ,
q=—=x+(x"-a%)2 ... 3)
oy
1
@)= (x* =a%)? =q—x

(x*=a’)=(q—x)* ... 4)
Substitute (4) in (2), we have

p=y+xyla-xp]

=y+xy(q-x)"
_ye Y _y@-x)+xy
q-X q-X
P(d—X)=yq—Xxy+Xy
p(q—x)=qy

14. Find the partial differential equation by eliminating the arbitrary function f from the
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

relation z = f(x* - y?)
Solution: [AU A/M 2008, N/D 2017]
Given:

7= f(x*-y?) (1)

d.p.w.rto*X’ & ‘y’ we get,
oz
— 7 _ fu 2 _ 2 2
p=—=10-y) (29

— -y =2 )
2X
0z ,
qg=—-=f'(x*-y?)(-2y)
oy
- froyy)=_9 )
2y
From (2) & (3), we have
Pp_=q __
ox 2y = P

PY+ax=0"\yhich is the required PDE

X
Solution: [AU N/D 2005, 2014]

Given: 7= f(lj ..... L

X
P.dw.rto ‘X’ & “y’ we get,

S0

< f(%j e ';’/XZ ...... )

-3

— f (lj —gx 3)

15. Form a PDE by eliminating the function from the relation z = f(lj

X
From (2) & (3) we get,

_ 2
PX o gx= —px? = gxy

px+ qy = 0, which is the required PDE
16. Form a PDE by eliminating the arbitrary function f from the relation

z=x* +Zg(%+ Iong
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

Solution: [AU N/D 2011, A/M 2007]
Given: z=x"+ Zg(1+ log xj ..... (1)
y
P.dw.rto ‘X’ &y’ we get,
p:g:2x+29'(l+long[1j ...... 2
OX y X
q _a_ Zg'(1+ log XJ(__lj
oy y y*
Zg'(%jtlog xj =—qy> @ A .. (3)
Substitute (3) in (2), we have
2 2 2
p=2X—qy :2X —qy DX — 2x2 =—qy?
X X
px+qy? = 2x°

17. Eliminating the arbitrary function f from z = f(ﬁJ and form the PDE.
z

Solution: [AU A/M 2004, 2007]
Givenz = f(ﬁj
z
P.d.w.r.to x &y we get,
oz [ XY ) zy = Xyp
=—=f|=}—1 ... 1
oo, e
2
f(ﬁj .02 @& )
Z Zy — Xyp
oz [ Xy ) ZX—x
N
oy z z
2
f(ﬁj - 3)
z ZX— Xyq
From (2) & (3), we have
pz’ qz°

Zy—Xyp  2X—Xyq
qy(z —xp) = px(z—ya)
QyZ— pgxy = pXz— pgxy
px = qy, which is the required PDE
18. Eliminating the arbitrary functions f and g from z = f (x+1y)+ g(x—1iy) to obtain a
partial differential equation involving X, y, z.
Solution:
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

Given z = f (x+iy)+ g(x—iy)
_ b xtiy)+ gl (x—iy)
OX

q=%=if'<x+iy)—ig'(x—iy)

2
r=0 2 Cfr(xriy)+ 0" (x—iy)
OX

t:%zj:-f"(xny)—g”(x—iy)

0’z 0°z
ety !
19. Solve g—z _sin x [AU A/M 2007, 2008]
X
Solution:
Given: a_z: sin X
OX

Integrating partially with respect to y
0z . .
J.& :fSIn XOX :I3|n xdx
z=-cosx+c,where f (x) is arbitrary. function

2

20. Solve 0z =0
OXay
Solution:
2
Given: =0
afez|_,
ox\ oy

Integrating partially with respect to “ x’

(6)4
= |=f
(éyj (y)

Again integrating J'az =J' f (y)oy
z=F(y)+d(x)

LF(y) =] f(y)ay

21. Solve \/6+\/a:1
Solution:

Given\p+iq=1 ... (A)

Mailam Engineering College
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

This is of the type F(p,q) =0

- Thetrial solutionis z=ax+by+c ... Q)
To find complete integral (C.I):
=
q=Z-b

oy
~Ja+/b=1 [Using (2) in (A) ]
Vb =(L-+a)
b=(1-+a)’ (3)

Substitute (3) in (1) we get  z=ax+(@1-+a)’y+c ... (4)
Which is a Complete Integral.
To find singular Integral (S.1):
There is no S.1 for this type
To find general Integral (G.1):
Let ¢ = f(a)in (4), we get

p a

z=ax+(1-+a)’y+ f(a) o (5)
07 -1 AN
£=0:>X+2(1—\/5)(mjy+f (@=0) ... (6)

Eliminating ‘a’ from (5) & (6) we get the general solution of the given pde.
22. Find the complete integral and Solve z = px+qy+ Zm [AU A/M 2018, N/D 2004]
Solution:
Given z=px+ qy+2\/ﬁ ..... 1)

This is of the type
z = px+qy + f(p,q) (Clairaut’s form)

The C.lis z = ax + by + 2y/ab
To find singular Integral (S.1):

X=- E ..... 2
a
a—=O:>y+\/§=0
ob b
a
=== ... 3
y 0 ©)

Eliminating ‘a’ & ‘b’ from (2) & (3) we get
xy =1, which is singular integral
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

23. Solve z = px+qy + (pq)% (OR) Find the Complete int egral of é:§+%+1/ pPq

[AU N/D 2005, 2009 , N/D 2016]
Solution: Multiply both sides by pq

. _ Y
Given z = px+qy +(pq)
3
Complete integral is z = ax + by + (ab)?

24. Find the complete integral of Z=pX+ay+pt+q°
Solution: [AU N/D 2008]
Given z=px+qy+p>+q°
This is the type z=px+qy+ f(p,q)

The C.lis Z=ax+by+a’+b?
25.Solve p+q=Xx-Yy [AU N/D 2007, A/M 2008]
Solution:
Given p+q=x-y
X—p=q+y=KkK

x—p=k,qg+y=Kk
p=x-kqg=k-y
Z= I pdx + J' qdy
= [ (x=k)dx+ (k= y)dy
2 2
=k k=)
2 2
22 =(x—Kk)* +(k—y)?
26. Solve the equation yp = 2yx + log g [AU N/D 2001, A/M 2005]
Solution:

Given yp=2yx+logqg
F (X, p)=Fy(y,q) =k

y(p-2x)=logq
p—2x=—Iogq =k
y
p-2x=K logg—-ky =0
p=2X+k |qu=ky
q=e"

z=J'pdx+J'qdy
=j@x+kmx+j&wy
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

ky
z=(x2+kx)+e7+c

This is C.1. there is no S.1
27. Solve the equation ptanx+qtany =tanz

Solution:
Given: ptanx+qtany =tanz

Lagrange’s type Pp + Qg =R
Herep —» tanx,Q — tan y ,R > tanz

TheS.Eis%zﬂzg
P Q R
dx dy dz
tanx tany tanz
Take
dx  dy dy . dz
tanx tany tany tanz

cot xdx = cot ydy

Integrating on both sides cot ydy = cot zdz
log(sin x) = log(sin y) +logc, log(sin y) = log(sin z) + logc,
Iog(s_'ﬂj =logc, Iog(s!n—yJ =logc,
siny sinz
u=—S_mX 1 v=—S|_nyc2
siny sin z
The solution of the given PDE s
q{s'ln X sin yj =
siny sinz
28. Find the solution of p«/§+ q\/y =z [AU A/M 2006, 2007,2010]
Solution:
Given p\/;+ q\/y =z
Lagrange’s type PP +Qd =R here p — tanx,Q — tan y ,R —tanz
The S.E is %zﬂzﬁ
P Q R
dx _dy dz
Ky V7
Taking
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

o _dy dy _d
Ky G
dx dy dy dz
fﬁZJW JW:Jﬁ
2x=2\y+2¢ 2]y =24z + 2,
Ix=\y+c Jy =z+¢,
Ix—y=¢ Jy-z=c,
u=vx-y v=\ly -z

The solution of the given PDE is ¢(&—ﬁ,ﬁ—ﬁ)= 0

29. Write the subsidiary equation for x*p+ y?*q = (X+ Y)z
Solution:
dx dy dz

2 2

X y - (X+Yy)z
2 2 2
30. Find the general solution of 46 f -12 % +9 622
oy oxoy 0%y

Solution:
The auxiliary equation is 4m? —12m+9 =0
- 12 + 144 -144
- 8
m= %% = Equal roots
4| y+(§x +xf, | y+ §x
T 2 ? 2
: : 0’z 0’1
31. Find the solution of 4¥_W =0 [AU A/M 2005, 2006]
Solution:
The auxiliary equation is 4m? —-1=0
2 _ _
m? = % —m= i%
_ 1 1
SZ= fl{)’ﬁ{zxj}L f{y—(zxﬂ
32. Solve the equation (D*-3DD" +2D")z=0 [AU A/M 2018]
Solution:

The auxiliary equation is m* -3m+2=0
(m-1)(m*+m-2)=0
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

(m-)(m-1)(m+2)=0
m=11-2
sz=f[y+x]+xf,[y+x]+ f,[y—2x]
33. Solve (D° —4D?D' +4DD" )z =0 where p-2p-2
ox oy

Solution:
The auxiliary equation is m® —4m? + 4m =0
m(m* —4m+4) =0
m=0,2,2
sz=f[y]+ £ [y+2x]+ xf; [y +2x]

34. Find the P.I of (D> +4DD)z =¢*

Solution:
P.|=%e* a=1b=0
D°+4DD
:%e“w Replace D »1,D — 0
D +4DD
— 1 x+0y
1+4(1)(0)
P.l=¢*
35. Find the P.1 of (D* + DD )z =¢*"
Solution:
To find P.I:
— 1 2 ex—y
(D+D")
- 1 5 eX—Y
(L-1)
= X - exiy
ZiD+ D )
XZ
P.l =7eX7y ,D—)l,D' — -1
36. Find C.F of (D* +2DD)z =0
Solution:
The auxiliary equation is m?> +2m =0

m(m+2)=0
m=0,m=-2
CF=1f(y+0x)+ f,(y—-2x)
37. What is the C.F of (D*-4DD +4D*)z=x+Yy
Solution:
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

The auxiliary equation is m*> —4m+4=0
(m-2)*=0
m=2,2
C.F=f,(y+2x)+xf,(y+2x)

38. Write the particular integral of (D> —DD)z =sin(x + Y)
Solution:

P.l= ﬁsin(x +Y) replaceD*by -1, DD by 1, D'* by—1

! sin(x + ):;sin(x+ )
S -1+41 y (2D -D’) J

—X
=——C0S8(X
- cos(x+ )

39. Find the PDE of the family of spheres having their centers on the z-axis.
Solution: [AU N/D 2015]

Let the centre of the sphere be (0,0,c) a point on the z-axis and its radius.
Its equations is

(x-=0)*+(y-0)* +(z-0)* =k’

ie, X+y +(@zZ=c)=k"......... @)
Here c and k are arbitrary constants
Differentiating (1) w.r.to x, we get

2x+2(z—c)g=0
OX

X+ p(z-c)=0  ...... (2)
oz

2y+2(z—c)—=0
y+2( )6'y
2y+2q(z—c)=0
y+aq(z-¢)=0

Eliminate ‘c’ from (2) & (3), we get“
(2)= x+p(z-c)=0

)

—X
I -
p
D 7—c=_Y
q
—X_Zy
p q
gx=py
40. Solve the equation (D-D)°z=0

Solution:
The auxiliary equation is
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

(m-1)°=0
m=111
L= ¢1(y+ X) + X¢2(y+ X)+ X2¢3(y+ X)
41. Form the PDE by eliminating the arbitrary function from z° —xy = f(EJ
z

Solution:

The given equation is z° —xy = f(iJ ..... (1)
z

Diff (1) p.w.r.to x, we get

z

27p—y = f'@}[i}p} ..... )

Diff (1) p.w.r.to y, we get

0z

z2(0)—x—

22@_)(: f‘[ij —zay
oy

PA z

22— X = fej[‘z—fq} ... (3)

@: 2p—y _Z-Xp
@O 2zg-x -xg
— 2XZPQ+ XyQ = 220 — 2XZpQ — XZ + X°p
XyQ =2z2°q—XZ+Xx°p
X* P +22%9 — xyq = Xz
X*p—(xy—2z%)q = xz
42. Find the complete integral of p=2gx

oz
zZ()—x—
o4 X X
2z—-y="f' —9
Ox Y E ] 22

Solution:
Given p = 2qx, this equation is of the form | (*P.0)=0
Let 4=24
Then P =2aX

put dz= pdx+qdy
dz=2axdx+ady
Integrating on both sides we get,
z=ax’+ay+c ()
Equation (1) is the complete integral of the given equation.
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MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

Since the number of a.c =number of 1.V
Differentiating p.w.r.to ¢, we get 1=0
Hence there is no singular integral.
General integral can be found out in the usual way.

43. Solve (D-1)(D-D'+1)z=0 [AU N/D 2012]
Solution:
Given (D-H(D-D+1)z=0

[D-0D-1][D-D'-(-1)]Jz=0
by working rule,
If (D-—mD-c)z=0,then z=e"f(y+ mx),where cis abitrary costants
here m=0 c¢=1
m,=1 ¢,=-1
sz=ef (y+0x)+e " f,(y+X)

z=€"f,(y)+€ " H,(y+X)

0’z 01 o

44. Solve — — +—=0 [AU N/D 2013]
OX® OXoy OX
Solution:
0’z \GRr(all
Given - 2L L
OX~ OXoy OX
D*-DD'+D=0
D(D-D'+1)=0

The rootsarem=0,1 andc =0, -1
z=e”f (y+0x)+e*f,(y+X)

z=f,(y)+e f,(y+x)

45. Solve (D*~D* )z =0 [AU M/J 2014]
Solution:
Given: (D*=D")z=0
The auxiliary equation is m* —=1=0
(m* +1)(m*-1)=0
m=21-1i-I
z :¢l(y+x)+¢2(y—x)+¢3(y+ix)+¢4(y—ix)
46. Find the complete integral of q=2px [AU M/J 2015]

Solution:
Givenq=2px, this equation is of the form

FX p)=F(X p)
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Let q=2px=Kk
g=k 2px=k
Kk
P
z:jpdx+jqdy
Kl
_EI;dx+ﬁ@y

=%Iogx+ky+b

Which is the complete integral of the given equation.
Hence there is no singular integral.

47. Form the partial differential equation by eliminating the arbitrary constants ‘a’ and
‘b’ from log(@az-1)=x+ay+b [AU A/M 2015]

Sol:
log@z—-1)=x+ay+b... @

Partially differentiating w.r.t “x” and ‘y’ we get

Y geaz=l.......co, ©)

qz-p)=p
gz—-pgq=p
gz=p+pq
p(q+1) =zq
48. Find the complete solution of p+q=1. [AU N/D 2014]
Solution:
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P+q=1.cccrmnn. ®
This is of the type F(p,q) =0
The trial solution is z =ax+by+cC.............. 3]
X
O ©))
g=—=>b
oy
Sub. (3) in (1), we get
a+b=1
b=l-a e (4)

Using (4) in (2), we get
Zz=ax+(@-a)y+c  WhichisC.l
49. Form the partial differential equation by eliminating the arbitrary functions from

f(x*+y*z-xy)=0 [AU M/J 2016]
Solution:
Given f(Z+y%z=xy)=0
u=x"+y? V=7=Xy
u, =2X vV, =p-Y
u, =2y V, =0—X
ou au
0 X oy 0
av  ov
oX oy
22X 2
b f 0
pP-YyY Qq-X

2x(q-x)=2y(p-y)=0
2Xq —2x> —2yp+2y° =0
2xq —2yp = 2x* - 2y?
Xq — yp = x* — y?, which is the required PDE
50 Find the complete solution of the partial differential equation p* —-q°® =0

Solution: [AU M/J 2016]
Given:

p3_q3 :0
f(p,a)=0
Z=ax+by+c
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Here p=a, q=b
a’-b*=0
a’=b® =a=b
SLZ=ax+ay+c
51. Solve (D+D-1)(D-2D'+3)z=0 [AU N/D 2015]
Solution:
Given
(D+D-1)(D-2D+3)z=0
[D-(-)D-1[D-2D'—(-3)]z=0
by working rule,
If (D-mD-c)z=0,then z=e"f(y+ mx),where cis abitrary costants
here m=-1 ¢ =1
m,=1 c,=8
z=e*f,(y—X)+e>f,(y+2X)
52. Form the partial differential equation by eliminating arbitrary function ‘f’ from

z=e¥f(x+by) [AU A/M 2017]
Solution: Given z=e¥f(x+by) -----= 0]

Differentiate Partially (i) w.r.t x, and y
p=e¥f'(x+by)————(2)
q=e¥af'(x+by) b—-——(3)

Compare 2 and 3

g=abe¥f'(x+by) =q=abp :%:ab
53. Solve (D° —~D?D -8DD” +12D'*)z =0 [AU A/M 2017]

(D°-D?D —8DD" +12D")z =0

! _m?-8m+12=0

Solution: Given
The auxillary egn. is ™
The three rootsare m=2, 2, -3
C.F ..z=f[y+2x]+xf,[y+2x]+ f,[y-3x]
54. Find the PDE of all spheres whose centre lie on the x-axis. [AU N/D 2016]
Solution: The eqgn. of the sphere whose centre lie on the x-axis is
(x—a)’+y* +2% =1
Diff. partially w.r.to x and y is
2(x—a) +2zp =0
2y+229 =0
y+2q =0 Which is the required PDE
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PART -B

PROBLEMS BASED ON LANRANGE’S LINEAR EQUATIONS

1. Solve X(y — z) p+ y(z — X)q = Z(X — y) [AU N/D 2011, 2014 A/M 2018]
Solution:
Given x(y —z)p+ y(z - x)q = z(x - y)
Lagrange’s type Pp + Qg =R
The S.E is %zﬂzﬁ
P Q R
dx ~ dy  dz
x(y-2) y@z-x) z(x-y)

Choosing 1, 1, 1 as a Lagrange’s multipliers, we get each of ratio are equal to

dx+dy+dz L dx+dy+dz
XY —XZ+ YZ— Xy + ZX—ZY 0
d(x+y+2z)=0
jd(x+y+z)=o
X+Yy+Z=cC,
U=X+Yy+2
. 111 ) <
Choosing ;,;,; as Lagrange’s Multipliers, we get
1dx+£dy+1dz 1dx+£dy+1dz
X y zZ X y z
Y—Z4+Z-X+X-Y 0
%-J—Q-FE:O
Yl Vo, 2
%—Fjﬂ—i_J‘E:O
X y z

logx+1logy+logz=logc,
log(xyz) =logc,; xyz =c,
vV =Xyz
Result: The solution of given PDE iS¢ (x + y + z,xyz) =0

2.Solve  (mz -ny)p + (nx -1z)g = ly - mx [AU N/D 16 , A/M 16]
Solution:
Given (mz - ny)p + (nx -12)q = ly - mx
This is of the form Lagrange’s type
Pp+Qg=R
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The S.Eis d_x:d_y:d_z
P Q R
dx dy dz

(mz-ny) - (nx-12) - (ly - mx)
Choosing |, m,n as Lagrange’s multipliers we get
(Idx + m dy + ndz) _ldx+mdy +ndz
I[(mz-ny) + m(nx-1z) + n(ly - mx) - 0
ldx+mdy+ndz=0
[1dx+ [mdy + [ ndz =0
IXx+my+nz=C,
IX+my+nz=u
Using Lagrange’s multipliers X, y,z we get each of above ratio is equal to
(xdx +ydy+zdz) _ Xdx+ ydy + zdz
(x(Mz-ny) + y(nx - 12y + z(ly - mx)) 0
xdx+ydy+zdz=0
dex +J'ydy+J'z dz=0
XZ y2 ZZ

Z+Z +=C, ;x"+yi+2’ =2C
2 2 2 2 y 2

V= X2 + y2 + 22
Result: The solution of given PDE is ¢ (u, V) = 0.
(X +my+nz,x* +y* +2>)=0

3. Solve (3z- 4y) %+ (4x- 22)% = 2y-3X [AU N/D 2008 ,M/J 2000]
Solution:

. 0z 0z
Given(3z-4y) — +(4x-2z)— =2y -3x
(3z-4y) P, ( )ay y

Lagrange’s type Pp+0Qq=R

The S.Eis %:d_y:%
P Q R
dx. _ dy _ 4z

3z-4y C4x-2z 2y - 3X
Using X, Y, z as Lagrange' s multiplier s, each of the above ratio
xdx+ydy+zdz _Xdx+ydy+zdz
3XZ - 4AXy + 4xy - 2yz + 2yz - 3xzZ - 0
xdx+ydy+zdz=0

dex +J'ydy+J'zdz:O
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X—2+y—2+ﬁ:& X2 +y?+2% =c,
2 2 2 2
u= X2 +y2 +22
Choose 2, 3, 4 as Lagrange' s multiplier each above ratio is equal to
2dx+3dy+4dz _2dx+3dy+4dz
(62-8y+12x-62+8y-12x) 0
2dx+3dy+4dz=0
2J'dx+3‘|'dy+4‘|'dz =0
2x+3y+4z=c, ;v=2x+3y+4z
Result:  The Solution of given PDE is ¢(u,v) =0
P(X>+y* +2°,2x+3y+42)=0

4. Solve (X -y2)p+(y*-2x)q =2 -xy [AU N/D 2007,10,A/M 2002,2015, 2016]
Solution:
Given (X* -yz)p+ (y* -zx)q=z° - xy
Lagrange' stype Pp + Qq =R

Thesgis el 0
P Q R
dx dy dz (1)

0C-y2) -9 (@ -xy)
Method of grouping is not possible

Using two set of multipliers x,y,z: 1,1,1 each to the ratio in (1)
_ Xdx+ydy+zdz

T3+ YR+ 2% -3xyz
_ dx+dy+dz
X2 Hy2 422Xy -yz-2ZX
xdx +y dy + zdz _ dx +dy+dz
(X+y+2)(X2+y2 +27-xXy-yz-2X) X’ +Yy’ +2%-Xy-yz-2X
xdx+ydy+zdz _ dx+dy+dz
(x+y+2) - 1
xdx+ydy+zdz=(x+y+2z)d(x+y+2)
J'xdx+J'ydy+J'zdz:J'(x+y+z). dx+y+2)

2 2 2 2
X,y .,z _ (x+y+2)

2 2 2 2
x_2+y_2+i_x2+y2+22+2xy+2yz+22x
2 2 2 2

Xy +yz+zx =¢,
u=Xy+yz+zx
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Using two sets of multipliers 0,1,-1 each of the ratio in (1)

dx-dy _ (dy-dz)
(x*-yz)-(y*-2x)  (y*-2X)-(2* - xy)
dx - dy _ dy-dz
(x*y?)+z(x-y) (y* -2 )+x(y-2)
d(x-y) _ d(y-2)
X+Y)(X-y)+z(x-y) (Y+2)(y-2)+x(y-2)
d(x-y) __ dy-2))

X-y)x+y+z) (y-z)(x+y+2)
Id(X-y) :Id(y-Z)
(x-y) (V-2)
log(x -y) = log(y - z) + logc,
(x-y) |_
Iog((y_z)j logc,
(x-y)
(V-2)

:c2

v = X9
(vanz)

The generalsolutionis q{xy +Yyz +2X, EX
y

Result:

WJ:O
2)
5. Solve  X(y* +2)p- y(X* +2)q = z(X* - y*) [AU N/D 2008 , M/J 2013]
Solution:
Given X(Y +2)p-y(X +2)q=2(X -y*)
Lagrange' s type Pp + Qq =R

ThesEis X=B -
P Q R
dx . dy _  dz

X(y' +2) -y’ +2)  2(<-y?)
using X, y,-1as lagrange' s. multiplier s we get each of ratio
A X dx +ydy-dz
X (yP+2)-y (¢ +2)-2(¢" -y
_ xdx+ydy-dz
0

xdx+ydy-dz=0
J'xdx+J'ydy—J'dz:O

2 2

LS
2 2
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X +y>-2z=u

we get

< | =

Taking the Lagrange’s multipliers
dx dy dz dx d
4+ 24T 4+ 2
X 'y z Xy
V' +2)- (< +2)+(x*-y?) 0
e, dy dz_o
X 'y z
logx + logy +logz = logc,
log(xyz) = logc,
Xyz =,
V = Xyz
Result: ~ Solution of givenPDEis ¢(x* +y’ -2z,xyz) =0
6. Solve (Xx*-y*-z%)p+2xyq-2xz=0 [AU N/D 2001]
Solution:

11
y'z
y, dz
YA

Given (x?-y*-z%)p+2xyq-2xz=0
Lagrange' stype Pp +Qq = R

TheSEis X =02
P Q R
dx dy _ dz

(x2-y?-z%) 2xy  2xz
Taking 2nd and 3rd member we get

dy _dz
y. z
Ba,
y z
logy = logz + log c,
logy-logz =logc,
Iog(lJ =logc,
z
Yoo,
z
u=Y

z
using X, Y, z as lagrange' s multiplier we get each of above ratio is equal to

xdx+ydy+zdz dz

X(x2-y?-z%)+2xy? +2xz® 21X
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2(xdx +ydy+zdz)  dz
x|x2 —y?—z2 +2y? +222|
d(x? +y? +22) _dz
x(x2 +y? +22)_ ZX
Id(x2+y2+zz):jg
X2 +y?+27° Z
log(x* +y* +2z°) =logz +logc,
|OQ(MJ =logc;,
Z
X2+y2+22:C2 V:X2+y2+22
z , 2
_ . . [y XP+y?+7°
Result: Thesolutionof given PDEIs q{?fj =0
7. Solve (y-xz)p + (yz -X)q = (X # Y)(X - ) [AU M/J 2004, 2005]

Solution:
Given (y - xz)p +(yz - x)q = (x + y)(X -Y)
Lagrange' stype Pp + Qq = R

ThesEis =% -0
P Q R
dx dy dz

(y-x2) (yz-x) (x*-y?)
Choosing X, Y, z as lagrange' s multiplier s, we get each above ratio is equal to
Xdx+ydy+zdz
Xy-X>z+y® z-Xy+zx*-zy*
xdx+ydy +zdz=0
J'xdx+J'ydy+J'zdz =0
XYz
2 2 2
x*+y*+z°=¢, ,c,=2¢
u :XZ +y2 +22
Choosing y, x,1as Lagrange’s Multiplier, we get
ydx + xdy + dz
Cyioxyz+xyz —x2+ x5 —y?
ydx +xdy+dz=0 ; d(xy) +dz=0

d(xy+2) =0
j d(xy +2) =0
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Xy+z=c, ;v=xy+Z

Result: The required solutionis ¢(x* +y* +z,xy+2z)=0

8. Solve pzx+qzy=y®-x? [AU N/D 2008, A/M 2009]

Solution:

Givenpzx +qzy=y* -x*
Lagrange' stype Pp + Qq =R
ox_dy_ &z
X zy Yy -x?

Consider d—X = ﬂ

ZX zy

ax _ay

Xy
dx _ pdy
x_J.y

logx = logy + logc,
logx - logy = logc,

i
B
-

choose Xx,-y, z.as a lagrange’ s multiplier s, then the ratio are equal to
xdx-ydy+zdz  xdx-ydy+zdz
., TR e 0
0=xdx-ydy+zdz
O:J.xdx—J'ydy+J' zdz

2 2 2
X z
c,= =Y 42
2 2 2
2c, =x°-y* +7°
x*-y*+z% =c,

v=x’-y*+7°

Result: TheSolution of given PDE is gzb(i,x2 -y + sz =0
y

9. Solve x(zZ_ yz) p+ y(xZ_ZZ)q = z(yZ_ xz) [AU N/D 2016]
Solution:
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Given x(z’- y?)p+y(x*-2z°)q = z(y*- x°)
Lagrange’s type Pp + Qg =R

Formula The S.E is % = ﬂ =E
P Q R
dx dy dz

XZ-y)  yx-7) 2%
Choosing x, vy, z as a Lagrange’s multipliers, we get each of ratio are equal to
xdx + ydy + zdz _ xdx+ ydy + zdz
XZZZ—X2y2+y2X2—y222+22y2—22X2 0
I(xdx + ydy +zdz) =0
2 2 2
XY,z
2 2 2
u=x +y*+2°

as Lagrange’s Multipliers, we get

H

Choosing 1,
X

dx+£dy+1dz 1dx+£dy+1dz
y z X y z

2 - + Y — X 0

XY <
%+J.ﬂ+.|.%=0
X y z
logx+logy+logz=logc,
log(xyz) = logc,; xyz =c,
V = Xyz
Result: ~ The solution of given PDE is p(x? + y® + z%,xyz) =0
10. Solve x*(y—z)p+y*(z-x)q=z*(x-Y) [AU N/D 2010]
Solution:
Given x*(y-2)p+y*(z-x)q=2°(x-Y)
Lagrange’s type Pp + Qg =R

The S.E is %zﬂzﬁ
P Q R
dx dy dz

X(y-2) y(z-x 2 (x-y)
. 111 -
Choosing ;,;,; as Lagrange’s Multipliers, we get

We get each ratio in (1),
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1dx+1dy+1dz 1dx+1dy+1dz
X y z _ X y z
X(y—2)+y(z—x)+z(x-Y) 0
Hence, %Jrﬂ E—O
Xy
dX J-dy J'__O

Iogx+|ogy+|ogz—loga

log(xyz) = loga
s.a=Xxyz

1 18
Taking the Lagrange’s multiples are ?7?
We get each ratio in (1),

Xlzdx+y12dy+zlzdz Xlzdx+y12dy+zl_,_dz

(Y-2)+(Z-X)+(x=y) 0
1 1 1
Hence, 7dx+7dy+z—2dz=0
1 1 1
J.?dx-i--.‘?dy-i"[?dz:b

Ix‘zdx +Iy‘2dx +Iz‘2dx =b

-1 -1 -1
_+y__|_z__b

-1 -1 -1
xt+yt+zt=—b ENE - WIE S

X y z

Result: Hence, the general solution is f (a,b)=0

e, f(xyz 1 1 1) 0 , where f is arbitrary
X'y'z

11. Solve the partial differential equation (x—2z)p+(2z—y)q=y—-X
Solution: [AU N/D 2011,17]
Given (x—2z)p+(2z-y)q=y—x
Thisequation is of the form lagrange$ linear equation
Lagrange' s type Pp + Qq =R

ox _dy_dz
P Q R
dx. _ dy _ dz

X-22 2z-y - y-X
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taking the lagrangés mulipliers are 111 we get

dx+dy+dz _dx+dy+dz
X-2Z+2Z-y+Yy-X 0
hence d(x+y+12)=0
integratigwegetx+y+z=a
Taking the lagranges mulipliersarey,x,2z weget

ydx + xdy + 2zdz _ydx + xdy + 2zdz

XY - 2Zy+ 2XZ- Xy + 22y - 2ZX 0
Hence, ydx+ xdy+2zdz=0
i.e, d(xy)+2zdz=0 [.-d(xy) = xdx+ ydy]

Integrating we get
2

xy+2%=b = xy+2z*=b

eachratioin (1) =

eachratioin (1) =

Result: Hence the general solution is f (a,b) =0
f(x+y+2z,xy+2°)=0
12. Find the general solution of X(y*—2z%)+y(z> —x*)q=z(x* ~y?)

Solution: [AU A/M 2001]
Given x(y* =z?)p+y(z° -x*)g=z(x*-vy*) .. (1)
Lagrange’s type Pp+Qg=R
ox _dy_dz
P Q R
x ___ G 2 .. )

X(Y'-2) y@=x) (=)
Taking the Lagrange’s multipliers are X,y,z we get each ratio in (2)
% xdx + ydy + zdz _ Xdx + ydy + zdz
_Xz(yz—Zz)+y2(Zz—X2)+ZZ(X2—y2) - 0
xdx+ ydy+zdz=0
Integrating we get, I xdx + J' ydy + J' 2dz =0

x> y* 7 a
— Tt —=—
2 2 2 2
X*+y*+z7°=a
, .. 111
Use the Lagrange’s multipliers ;,;,;we get
Each ratio in (2)
de+£dy+1dz de+£dy+£dz
3 X y z _ X y z
y2—z2 422 —x? +x2 - y? 0
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i.e,ldx+1dy+1dz =0
X y z

Integrating we get, J.%dx-i- J.%dy + J.%dz =0

log x+log y+1log z=1logh
log(xyz) =loghb
i.e,xyz="b
Result: Hence the general solution is f(a,b) =0
ie, f(X*+y?+2% xyz)=0 Where f-is arbitrary.
13. Solve: (y*+Z9)p —xyq + xz=0 [AU N/D 2013]
Solution:
Given:  (Y+P)p-xyg+xz = ... 1)
Lagrange’s type Pp+Qg=R
dx_dy _dz
P Q R
dx. _ dy _ dz
y2 427 —xy -xz
Taking the Lagrange’s multipliers are X, y,z we get each ratio in (2)
xdx+ydy+zdz ~  xdx + ydy + zdz
Coxy? +xz2—xyi—xz? 0
xdx+ ydy+zdz=0
Integrating we get, J'xdx + J' ydy + J' 2dz =0

y2
2

a

ZZ
+ S
2% ¢
X*+y’+2°=a

X2
—+
2

X*+y*+7°=a
Taking 2" and 3™ member , we get
Each ratio in (2)

dy  dz
—Xy —Xz
dy dz
y oz

Integrating we get, J.ldy = J.ldz
y z
logy=1logz+logh

Iog(lJ =logh
z
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i.e,l =b
z
Result: Hence the general solutionis f(a,b) =0,
e, f(X*+y*+ 22,1) =0 Where f is arbitrary.
z

14. Solve the Lagrange’s equation (x+2z)p+(2xz—y)q=x*+y.

Solution: [AU M/J 2014]
Lagrange’s type Pp+Qg=R
dx _dy_dz
P Q R
dx dy _ dz

X+22 2x2—-y X’+y
Choose multipliers x,-1,-1
xdx - dy -dz _ Xdx -dy-dz
X2 +2X2-2XZ+Y-X2—y 0
xdx -dy-dz=0
dex-jdy-jdz:o
2

X
7_y—Z=C1

Choose Multipliers y,x,-2z
ydx + xdy - 2zdz A ydx + xdy - 2zdz

YX + 2yZ + 2X°Z - Xy - 2Zx° = 22y 0
ydx + xdy - 2zdz =0
J.ydx+.|'xdy-J'22dz:0
Xy—xy—-z°=C,
R

Result:
The general solution is

(D(Cl’cz): 0

x? )
X _y_z,22|=0
iy

15. Find the general solution of (z° —y®—2yz) p+(Xy + zx)q = (Xy — 2X)

Solution: [AU N/D 2015, A/IM 2017]
Given (22 -y -2y2)p+(xy+2x)q=(xy—-2x) ... (1)
Lagrange’s type Pp+Qg=R
dx _dy _dz
P Q R
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(z° -y =2yz) p+(xy +2x)q = (xy — 2X)
dx _dy _ dz

2=y’ -2yz) (y+29) (xy-2x)

Taking the Lagrange’s multipliers are X,y,z we get each ratio in (2)
xdx + ydy + zdz _ Xdx + ydy + zdz
X2% — Xy? — 2XyZ + Xy? + XyzZ + Xyz — xz° 0
xdx+ ydy+zdz=0

Integrating we get, J' xdx + I ydy + I 2dz =0

XZ yZ ZZ
i+ =g
2 2 2

x> +y*+2°=u

Taking 2™ and 3" ratio

dy  dz
Xy +2X Xy = 2X
dy dz

y+z Y-z

ydy — zdy = ydz + zdz
ydy — zdz = d(yz)

Integrating,
Iydy—jzdz=jd(yz)
) y2 ZZ
le,~——-——=Yyz+¢C
> YZ+C,

2yz—y? +2° =V
Result: Hence the general solutionis f(u,v)=0
ie, f(xX2+y>+2°2yz—y* +2°)=0
Homogeneous Partial Differential Equation
16. Solve (D?-DD'-30D" )y = xy +e®*
Solution:
AuxillaryEquationis m®-m-30=0
(m-6)Ym+5)=0
m=6,-5
Complementary function =f, (y + 6x) +f, (y -5x)
Particular Integral =P.1, +P.1,
1

P.l, = ‘ ——XY
(D*-DD -30D")

[AU M/J 2004, 2009]
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Il
Q)
7\
[EEY
1
7\
o|O.
+ +
S
Qg
;; N—
—
iR
>
<

1 D 300°) (D 30D° )
=14 =+ + =+ R Y
D? D D D D

I
2|
H
+
oo
N—
> 3
<L

1
HU‘I—‘ O~
N
X
<
+
o

(6x+y)

P.1,

 (D’-DD-300°)
1

- (6x+y)
36-6-30
Condition fails
X

(2D-D)

X
. e(6x+y)

121
X

- e(6x+y)
11
3 4
Pl=y X4 X 3 X o
6 24 11

Result: The Complete solution is
z=c.f+P.l

(6x +y)

X Xt x
=f, (y+6x)+f, (y-5xHy — +—+ — e®
L (y+6x)+HF, (y-5x)+y APYRET)

17. Solve (D?-6DD -5D" )z =€* sinhy+xy [AU N/D 2006 , A/M 1997]
Solution:

AuxillaryEquationism? -6m+5=10
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(m-1)(m-5)=0
m=1,5
Complementary function is
CF=f, (y+6x)+f, (y+5x)
Particular Integral =P.1, +P.I,
1

PI, = : — e sinhy
' D?-6DD’ -5D
: 1 o e’ -e”
D?-6DD -5D" 2
-1 1‘ _ (e(x+y>_e(x-y>)
2 D?-6DD -5D
= l 1 e(X+y) _ l 1 e(x-y)
2 D?-6DD -5D 2 D?-6DD -5D
Sl e LT ey
2 (1-6-5) 2 (1+6-5)
=1 e Toew
-20 4
P_|l = Le(xw) | ie(x-y)
-20 4
1
P. = , = Xy
’  D?-6DD'-5D
1

6 24
Particular Integral =P.1, +P.1,

3 4
_ oL Lo WX BX

20 4 6 24
Result: 1he Complete Solution is
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Z =CF+Pl
ie(x+y) o P
20 4 6 24
18. Solve (D°-4D2 D’ +4DD" )z = 6sin(3x + 6Y) [AU N/D 2010, A/M 2009]
Solution:
Given(D® -4D? D' +4DD" )z = 6sin(3x + 6Y)
Auxillary equation ism?® -4m?* +4m =0
m(m’-4m+4)=0
m =0,2,2
C.F=1(y)+f, (y +2x)+xf; (y +2x)
Particular Integral

= 1:1 (y+6x)+f2 (y'SX)'

p.I= L _ Bsin(3x + 6y)
D?-4D?D +4DD
=6 2 , sin(3x + 6y)
-9D - 4(-9) D' -144D)

1 .
6 —— sin(3x +6
-153D + 36D ( )
6

1 .
— ————sin(3x +6
4D. -17D ( Y)

9
_2 (4D +17D)
3 (16D*-289D?)

sin(3x + 6y)

(multiplyand divide by (4D +17D)
_ 2 (4D +17D)
3. (-576 +2601)
N
" 6075

= %[24008(3X + By) +51cos(3x + 6y)]

2x 75
= cos(3x +6
6075 ( Y)

6
= ——cos(3x +6
243 ( Y)

sin(3x + 6y)

(4D +17D) sin(3x + 6y)

2
P.l= —cos(3x +6
57 Cos(3x +6y)

Result:
Hence the general solution is Z = C.F+P.I

Z=f,(y)+f, (y+2x) +xf, (y +2x) + %COS(3X + 6y)

19. Solve r+s-6t=ycosx (or)(D*+DD -6D ? )Z =y cosx

Department of Mathematics Mailam Engineering College Page 34



MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

Solution: [AU M/J 2013, 2014, N/D 2016, A/M 2018]
0’z oz 0%z _
>+ -6 —- = ycosx
OX oXy oy
(D2 +DD -6D*)Z = y cosx
Auxillary equation is
m?+m-6=0
(m+3)(m-2)=0
m=-3,2
Complement ary function,
fi (y-3x) +1, (y +2%)
Particular Integral

1
P.I= ‘ — Y COSX
D?+DD -6D
1

= . — Y COSX
(D-2D )(D+3D)

1
= — | (C+ 3x)cosx dx
D-2D I( )

— 1 i -a (-
= g [(c +3x)sinx -3 (-cosx) |

- [(c +3X)sinx + 3 cosx ]
D-2D

1 .
= , inX + 3 cosx
5-25 [ys ]

= [ (c,-2x)sinx + 3 cosx dx

= J'c ;- Sinx dx - 2_[ X sinx dx + 3_[ cosx dx
= -C,C0SX +3sinx -ZIxsinx dx

= -C,Cosx +3sinx -2 J'x d(-cosx)

= -C,cosx +3sinx -2 [ XCOSX + Icosx de

= - ,COSX +3sinx + 2XCosX - 2sinX
= - YCOSX - 2XCOSX + 3SinX + 2XCOSX - 2SinX
P.I = sinx - ycosx
Result: Complete solution is

z= CF+PlI
z= £, (y-3x) +f, (y +2x) + sinx - ycosx
20.Solve (D’ -5DD"+6D")z=ysinx [AU N/D 2017]
Solution:
Given PDE is
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(D*-5DD'+6D")Z = ysinx
Complete Solution= CF+PI

To find CF:
The Auxiliary equation is
m*+5m+6=0
(m+2)(m+3)=0
m=-2,-3
Therefore
CF=f(y-2x)+f,(y-3x)

To find PI
1 .
P.l= sin X
(D2+5DD'+6D’2)y
1
D? —5DD'+6D"
1
(D+i) -5(D+i)D'+6D"
: y
-1+ D?+2iD-5DD’-5iD’ +6D"
=(-1) 1P (cos x +isin x)[l—(Dz+2iD—5DD’—5iD’+6D’2)Ty

— Ipeix+0y

— IPeix+0y

v

— Ipeix+0y

=(~1)IP(cos x+isinx)[ 1+ D*+2iD —5iD'~5DD’+6D" | y
=(-1) IP(cosx+isinx)[y —5i]
=5c0SXx— ysinx
Result: The general solution is
z=C.F +P.I
=f,(y—2x)+ f,(y—3x)+5cos x—ysinx

21.Solve (D°—-2D’D’)z=2e* +3x’y [AU N/D 2001]
Solution:
The auxiliary equation is

(m®-2m?) =0
m?(m-2)=0
m=0,0,2
C.F = ¢1(Y)+ X¢2(Y)+¢3(y+ 2X)
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1
(D®-2D?2D")
1 2x 1 2x

=2—-e" =—¢
8 4

P.l, = 2e>*"% (replace Dby 2and D by 1)

1

-3y

(D°-20°D) " Y
1

=3 ————x°

D’(D-2D) "’

1 1 .

P.I,

Result: .. z=C.F + Pl +PI,
y X8

—@(y)+X¢z(Y)+¢3(Y+2X)+ ¢’ 080

22. Solve the equation (D3 +D?D' —4DD‘2—4D'3 )Z =COoS(2x +Y) [AU N/D 2010]

Solution:
Given (D3 +D’D'-4DD"*-4D" )z =CoS(2x +Y)
The auxiliary equation is
m® +m? —4m—4 =0replaceD by m D'by1
m*(m+1)—4(m+1)=0
(m+1)(m*-4)=0
(m+)(m+2)(m-2)=0
m=-1lm=-2m=2
C.F :¢l(y—x)+¢2(y—2x)+¢3(y+2x)
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1
P.l= cos(2x + replace D?by - 2°, DD'by -2, D'? by -1
1

" Z4D-4D'+4D + 4D’

cos(2x+Y)
= %COS(ZX +Y) (ordinary rule fails)

1
=X cos(2x replace D? by-22, DD'by -2, D'?by -1

-X
X———C0S(2X + y) = —cos(2X +
-12-4+4 ( y) 12 ( y)

Result: The general solution is z=C.F+P.I
X
z =¢1(y—X)+¢z(y—2X)+¢3(y+2X)—ECOS(2X+ y)

23. Solve the equation (D* —7DD"*-6D")z = cos(X+2Y) + X
Solution: [AU N/D 2011,2012]
Given (D®-7DD'*-6D")z = cos(x +2y) + X
The Auxiliary equation is
m’-7m-6=0
Put m=1, wegetl-7-6=0
Put m=-1, weget-1+7-6=0

14 |0 0 -7 -6
. -1 % 6

m =-1lisa root
Remaining equation is

m’—-m-6=0
ie,m+1=0,m>*-m-6=0
m=-1-2,3
CF :¢1(y'X)+¢2(y'2X)+¢3(y+3X)
1
P, = (D’ —7DD” 60" cos(x+2y) replace D’y —1° = -1
1
= 2 DD'by—-(1)(2) =-2
_D_7(-2)D—6(4)D cos(X+2y) y-D(2)
1
= DD'by—-(1)(2) =-2
“pr1apr2ap ) y-@)
38D+D cos(x+2y)

~ (38D'-D)(38D'+D)
=1 [~ 76sin(x + 2y) — sin(x + 2y)]

" 1444D2_D2
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— 1

—m[— 77sin(x+2y)]

) 77 .
=717 ———~4——sin(x+2y) =——sin(x+2
1444(-4)—(-1) ( y) 5775 ( y)

1 .

Pl =—sin(x+2

=g sin(x+2y)

Pl = 1 !

X= X
> [D*-7DD?-6D"] D3{1_7D'2_6D'3}

D2 D?
1 7D 6D*]" 1 7D’ 6D"
oo o oo o)

1 7 1 x*
= | X+—(0)+: |=—XxX=—
D3[ DZ() } D? 24
Result:

Hence, the general solution is z = C.F + P.1

x* 1.
Z —¢1(Y'X)+¢z(Y'2X)+¢3(Y+3X)+£+7—SSIH(X+ZY)

24. Solve (D? - DD'-2D2 Jz = 2x+ 3y + 2™

[AU N/D 2013]
Solution:
The auxiliary equation is m*—=m—-2=0
(m+1fm=2)=0
m=-1 2
CF=f(y—-x)+f,(y+2x)
To find P.1
1
Pl <S55 507 (2x+3y)
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' 2 ' 12)?
l+(g+2DDz j+(g+2DDz j +_.}(2X+3y)

_1+ I;}(Zx +3y)

2x +3y +%(2x +3y)}

3
= 2X+3y+—
| D}
2x2 3x2
— 43Xy +—
2 2

_5%°+9x%y
6

l 2x+4y D - 2
R e
D? - DD'-2D" D'>4

e2x+4y

T 4-8-32

e2x+4y

36
Result: -.Z=C.F+P.l

P.I,

P.I, =

P.l,=—

2x+4y

36

5X°+9x’y e

Z =fi(y - X+ (y+2x)+

25. Solve: (D? —2DD'Jz = X3y + e [AU N/D 2014]
Solution:

The AE is. m*—2m=0
m(m-2)=0
m=0,2
CF=1f(y+0x)+ f,(y+2x)
Pl =P.l +P.l,
1 3

Pl =%y
' D?-2DD
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- -1
1 2D
=—|1-= | %
D? D } y

"D o

:é_x3y+%(x)2}

1 2
- L fey)e 2oy
_xXy, ¢
20 120
_Xy X

20 60

1 T
Pl, =——£&85"
2 D?2-2DD

1| 2p 4ap? ]3
Foerea, Xy

_ 1 e2xy
- 2
(2" -2(2)(-1)
— 1 er—y
4+ 4
1
=—e
8
Result: .. z=C.F+Pl +Pl,

2X-y

5 6

yx° x° e
=f(y+0x)+ f(y+2X) + —+—+
LY+ OQ . (Y + S+ o0t g

2x-y

26. Solve the equation (D°® —7DD”?-6D" )z = sin(x + 2y)
Solution: [AU N/D 2011,2012,2014]

Given (D® -7DD"*-6D")z =sin(x +2y)
Put m=1, wegetl-7-6+0

Put m=-1 weget-1+7-6=0
-.m=-1isaroot

-1 0O 0 -7 -6
0O -1 1 6

0
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ie,m+1=0

m=-1
Remaining equation is m*-m-6=0
(m+2)(m-3)=0

m=-2, 3
m=-1-2,3
C-F:¢1(y'X)+¢2(y'2X)+¢3(y+3X)
1 .
Pl = {57 _7DD7-60"] sin(x + 2y) replace D’y —1° = -1
1 .
= 2 DD'by—-(1)(2) =-2
“D+28D12ap TMOHAY) y=ME)
=———9i DD'by-(1)(2) =-2
27D+ 24D X 2Y) y-M(2)
= -sin(x+ 2
27D% +24DD x*2)
_ Dsin(x+2y)
—27-48
_cos(x+2y)
-75
Result:
z=C.F+Pl

z=¢1(y-x)+¢2(y-2x)+¢3(y+3x)—7i5cos(x+2y)

27.Solve the equation (D> +4DD'-5D ")z =sin(x—2y) +e>"’
Solution: [AU A/M 2018]
Given (D*+4DD'-5D")z =sin(x—2y) +e>"
AE is m’+4m-5=0
(m+5)(m-1)=0

m=-51
m=-5,1
C.F =, (y-5%X) +¢,(y+x)
1 .
Pl = (D7 +4DD'—50"] sin(x—2y) replace D’y —1° = -1
1 .
= -2 DD'by-(1)(-2)=2
“1ra) 54y -2 y-0=2)
sin(x—2
= % replace Dby —2° = —4
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[D?+4DD'-5D"]
er—y

[2* +4(2)(-1) -5(-1)°]

e2x—y

9

P, =

Result:
z=C.F+P.l

2x-y

9

1. e
z :§01(y'5X) + @, (y+x) +ESIH(X—2y)-—

28. Solve: (D? —3DD'-2D'?)z = (2 + 4y)e*?
Solution:
Given (D?—-3DD'-2D?)z = (2 +4y)e*"?
The AE is m*-3m+2=0

[AU A/M 2015]

(m-)(m-2)=0
m=12
CE=1f(y+x)+f,(y+2x)
P.l=—5 L — (2+4x)e?
[D?-3DD+2D*]
_ X2y - 1 > (2+4x)
(D+1)° -3(D+1)(D'+2)+2(D'+2)
= o¥%t% ‘ ! ‘ - ‘ (2 +4x)
D?+2D+1-3DD -6D-3D -6+2D" +8D +8
=%y ‘1 ‘ - (2 +4x)
D?-4D-3DD +5D +2D" +3
_ e S (2+4%)
/. 4 3D 5D 2D° 3
Dl1-—- t— 5t
D D D D D
[ (4 30 sp 207 3|
e+
= 1-| —+ - - -— 244X
D? D D D* D?* D? ( )
e (4 30 sp 2% 3
= 1+ —+ — — -— ||(2+4x
D? D D D* D* D? ( )
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ex+2y

4 3
-5 [(2+4X)+B(2+4X)_F(2+4X)}

2

X+2y

©_[2+ax+8x+32x2 —3x2 - 2x°]
D

X+2y

eDZ [2+12x+29x% - 2x°]

5
= e x* +2x° By X
12

10
Result: The general solution is z=C.F +P.l

29 X°

Z=F(y+X)+ F(y+2X)+e* | x2+2x3 + = x* -

(Y +x)+ f,(y+2x) { TREET

. 3 2 ' 2X 2
29.530|Ve. ([) —'2[) [) )23: 28 +‘3)( y [/\lJ hA/J 2([16]
Solution:
Given:

(D® - 2D?D ')z = 22 +3x%y
The Auxillary equation is
m®-2m® =0
(m-2)m* =0
m = 0,0,2
C.F = f,(y+0x)+xf,(y+0x)+ f,(y+2x)
P.I, =% 2x0y
[D® -2D°D]

1 2x+0y

[8-0]

1
— e2x+0y
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D3 D
2
- 2fey)ee
5 6
:3yX_+6X_
60 360
5 6
Xy +x_
20 60
Result: . Z=C.F+P.l, +P.l,
er XSy XG
Z = f (y+0x)+xf +0x) + f(y+2x)+ +— 4+ —
(Y +0x) + xf,(y +0x) + f,(y + 2x) 2 "0 "o
30. Solve (D2 + Dlz)z = x2y? [AU N/D2015]
Solution:
Given that

(D2 - Dlz)z = x*y?
Auxiliary equation ism®+1=0

me i
e i
CF=1f(y+ix)+ f,(y—ix)
Pl = ;‘szy2
D*+D
1 2.,

D’ Y
D2[1+D2}
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1], , 2x*
_ X —
DZ{ d 12}

I
2
N
1
>
N
<
N
[
cn|><>
1

|
O+
1
=<
wl<’
N
[
oo|><
o ol
| |

xXyr_ X
12 180
Result: Complete solution
Z = Comp. function + Particular Integral

. . x’y? X
=f(y+ix)+ f,(y—ix)+ ——
Ly +ix) + f,(y —ix) { B 180}
31. Solve (D2 +2DD* + Dlz)z —2c0sy - xsiny [AU N/D 2015]

Solution:
Given PDE is
(D? +2DD'+ D)z = 2cos y— xsin y
Complete Solution= CF+PI;-Pl,

To find CF:
The Auxiliary equation  is
m>+2m+1=0
(m+1)m+1)=0
m=-1-1
Therefore
C.F =f,(y—x)+xf,(y—x)

1
. PIl: 2 1 12
To find Ply: (D?+2DD'+ D)

2cos Yy

1

=715 572C0sY
iO +2(0) -1 )
=-2C0SYy

To find Pl,:

P.l, = ! xsiny
2 (D2+2DD'+D'2)

:—(D 1D')2 xIPe”*V
+
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— I Pe0X+iy ; X

(D+D'+i)2

1
X
-1+ D?+D"* +2iD+2iD'+2DD’

=(-1)1P(cosy +isin y)[l—(D2 +D"?+2iD +2iD’+ 2DD’)]71 X

— | Pe0x+iy

= (-1)IP(cos y +isin y)1+ D? + D'? + 2iD + 2iD’ + 2DD’|x
= (=1)IP(cos y + isin y)[x + 2i]
=—2C0SYy —Xxsiny
Result: The general solution is
z=C.F+P.I
= f,(y —x)+xf,(y —x)—2¢cosy — 2cos y — xsin y
= f,(y—x)+xf,(y —x)=4cosy - xsin'y

32.Solve (D?+2DD'+D'"?)z = X2y +e*” [AU A/M 2017]
Solution:
Given that

(D2 +2DD' + D’Z)z =x’y +e*
Auxiliary equation is (m+1)° =0
m =-1-1

CF=f(y=x)+xf,(y—x)

Py, 2= - - X7y
» P
D°+2DD 4D
PV e : ——— X%y
,| D +2DD +D
D o2
L 2 1
1 2D D )
= F 1+ —+F Xy
1 : 2D D’
= F 1—[—4'?}4‘ .............. }Xzy
1, e
= —| X ——IX
D? b ( y )}
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s ey 2
D? | D |
= Ly 20
D? | 3 |
N '
T [*Y e
_ 1)y 2xf
Dl 3 3*4
4 5
pi = | XY X
12 30
x-y
PI, = A
D? +2DD +D
PutD=1and D’ =-1
X-y X-Yy
Pl, =— ¢ _ &l
(1" +2MED+(-D) 0
Pl = an ORG _xe”
e D+2D" - 2(1)+2(-1) 0
XZex-y
Pl ==
Result :
Z = Comp. function + Particular Integral
X4y X5 XZex—y
= f,(y—x)+xf,(y—Xx)+ —— |+
(Y =) +xf,(y - %) { 1 30} 5
33. Solve (D°+2DD'+D”)z=xy+e” [AU N/D 2017]
Solution:
Given that

(D2 +2DD'+ D’Z) Z=xy+e”’
Auxiliary equation is (m+1)° =0
m =-1-1

CF=f(y—x)+xf,(y—x)
1

P.l = . — X

! D’ 120D +D2 Y
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1
- - X
D?+2DD +D? y
DZ

[ (20 D[
o o7 Y

D?+2DD +D”
PutD=1and D’ =-1
X-y X-y
) - : ¢
(1) +20ED+ (=D 0

g xe* ™ xe* ™
D+2D' = 2(1)+2(-1) 0
XZex—y

2

PI, =

PI, =

Result :
Z = Comp. function + Particular Integral
X" | xe?

X3 4 2
Z= fl(y—x)+xf2(y—x){7y—ﬁ}+ 5

Non- Homogeneous Partial Differential Equation
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34. Solve (D*—-DD'+2D)z =e*" +4 [AU N/D 2012]
Solution:

Given (D* —DD+2D)z =e** +4

D(D - D'+2)z = > + 4%

(D —0D'-0)[D - D'~(=2)]z =2 + 4%

By working rule,

If(D-mD'—¢)z =0, then z =€ f (y + mX) where c is arbitrary.
m =0,c,=0
m, =1,c,=-2

C.F =e”f,(y+0x)+e > f,(y+x)

= fi(y) +e T, (y +x)

P.I, :2;&*+y
D--DD'+2D
= Lllﬁe“+y - %ez“y (D—2,D'>>1)
-2+
P.1, _2;4(30“(”
D--DD'+2D
1 0x+0y 1 0x+0y
=X——4e =X—4e =2X
2D —-D'+2 2

Result: -.z=C.F + P.I

z=f,(y)+e > f,(y+x)+2x +%e2”y

35. Solve: (D? +2DD'+D*?-2D —2D')z =sin(x + 2y) [AU M/J 2016]

Solution:
Given (D? +2DD+D?—2D -2D) = (D+D D+ D -2)
If (D-mD=a,)(D~mMD~a,)z=0 6,

z=e%"f (y+mx)+e“*f,(y+m,X)

Formula :
Here m, =-1, a; =0
m, =-1, o, =2
C.F=e"f,(y-1x) +e f,(y-1X)
= f,(y-x)+e f,(y-x)
1
Pl = , , sin(x + 2
' (D+D'fD+D -2 (x+2)
— : 1 : IP ei(x+2y)
(D+D'\D+D -2

1 ix+i2y

P(D+D'XD+D'—2)

Department of Mathematics Mailam Engineering College Page 50



MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

ix+i2y

e

=I.P( : Replace D —i, D — 2i

i+2i )i+2i-2)
1 _
— |P iX+i2y
3i@-2)
__i (3| + 2) ei><+i2y
3 (3i+2)(3i-2)
— |P_—I(3I + 2) ei><+i2y
3 -9-4
—3+2i ei><+i2y
39
-3+2i

=1P

~1.P [cos(x + 2y) +isin(x+ 2y)]

= ;-;’sin(x + 2y)+%cos(x +2y)

Result:
The general solution is
z=C.F+P.
z=f,(y-x)+e> f,(y- x)_—35in(x + 2y)+£cos(x +2y)
39 39
36. Solve (D? —3DD'+2D"?+2D —2D")z = Sin (2x + V) [AU A/M 2017]
Solution:
Given (D?-3DD'+2D"*+2D -~ 2D")z = Sin(2x + y)
To find C.F:

Take (D -2D')(D-D'+2)z=0
By waorking rule,
If (D-mD'—c,)(D-m,D'-c,)z=0
Then z = € f . (y+ mx)+e? f,(y+ m,x)
Here m =2 ¢, =0
m,=1 ¢, =-2
C.F=e"f (y+2x)+e > f,(y+X)

1
Pl = in(2 laceD*by — 2% = —4
(D’ —3DD=207+20—2D)] "XtV replacel by
1 .
PI = 2 D ) —_ = —
[(4)-32+2D+2D_20) Y Dby=(2)) =-2
1 L
- D2by—(1)? =—1
2D_2D|S|n(2x+y) y—(1)
(2D +2D") sin(2x +y)

~ (2D-2D')(2D + 2D")
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_ (2D(sin(2x +y)) + 2D"(sin(2x + y))
- (4D% —4D"? )
_ (2(Cos(2x+y)2) +2(Cos(2x +Y))
(4(-4) - 4(-1)
_ 6Cos(2x +Y)
Y

Result:
z=C.F+P.l

z=f(y+2x)+e>f,(y+Xx) —%cos(2x+ y)

37. Solve (2D* - DD-D”?+6D +3D')z = xe’ [AU N/D 2010]
Solution:
Given (2D? —-DD'-D"*+6D +3D')z = xe’
=[(2D+D')(D-D')+3(2D4 D')z = xe*
(2D+D")(D-D'+3)z = xe’
TofindC.F:(2D+D')(D-D'+3)z=0

= {D —(“71 D'H[D ~D'~(-3)]z=0

here,m, =1,¢c, =-3,m, :7,c2 =0
CF=e>f(y+x)+ fz(y—%x)

i 1 y
Pl 2D%-DD-D"?+6D+3D' Xe

e’

— ey 1 X
= = v
2D -DD-D-D°-2D-14+6D+3D+3

_aY 1
245D+D-2D%-DD-D?

1
2D-D(D-AHD+Y+6D: D) X replaceD'by D+1

e’ 1
_< X

2 1+;(5D +D+2D? - DD-D")

y -1
:%[1+%(5D +D+2D - DD'—D'Z)} X

y
:%[1—%(5D +D+2D° - DD'—D'Z)}X
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e’ 1 e’ 5 ¢
=—|X—=(51)+0+0)|=—| Xx—=|=—(2x-5
2[ 5 60) )} 2[ 2} , (2x=5)
Result: The general solution is z=C.F+P.I

y
2= (y+ %)+ fz(y—%x)+%(2x—5)

38. Solve (D? - 2DD'+D"?-3D + 2D '+2)z = e**"? [AU N/D 2001]
Solution:
Given (D?-2DD'+D'*-3D +2D'+2)z =e**?
To find C.F:

Take (D-D-1)(D-D'-2)z=0
By working rule,
If (D-mD'-c,)(D-m,D'-c,)z=0
Then z = e f (y+ myx)+ e f,(y+m,x)
Here m =1 ¢, =1
m,=1 ¢,=2
CF=e"f(y+x)+eZf,(y+X)

P.I= L g
(D-D'-1)(D - D'-2)
_ 1 er—y :lezpy
2+1-1(2+1-2) 2
Result: .. z=C.F +PI

z=e"f (y+x)+e* fz(y+x)+%ezxy

Formation of Partial Differential Equation
39. Form the PDE by eliminating the arbitrary constants ¢ from

(x> +y? +12°,ax+by+cz) =0

Solution: [AU N/D 2010]
Given u=x*+y?*+7° vV =ax+bhy+cz

ou oz ov 0z
—=2X+27— —=a+C—
OX OX OX OX
8—u:2x+22p a—V:a+cp
OX OX
8_u:2y+22@ @=b+cg
oy oy oy oy
a—u=2y+22q @=b+cq
oy oy

Required PDE is given by,
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ou ov

x ) _g
au ovl -

oy oy
2X+2zp a+cC
2y+21zq b+c§‘ -
(2x+2pz)(b+cq)—(a+cp)(2y+29z) =0
2bx+ 2cqx+2pbz+2pczq—-2ay —2aqz—2cpy—2cpqz=0
(2bz—2cy) p+ (2cx—2az)q = 2ay — 2bx
(bz—cy) p+(cx—az)g=ay—bx
40. Form the PDE by eliminating the arbitrary function ‘f* and ‘g’ from
z=x f(y) + y*9().

[AU N/D 2013]

Solution:
z=x*f(y)+y*g(x) (1)
p=22=2xt(y)+ y'g'lx) .(2)
4= =2 1)+ 2y8(0) (3
r=af—zay=2xf'(y)+2yg'(><) -(4)
S=szf=2f(y)+yzg“(><) .(5)
t=2 0w () o280 o)
@)= 1= )
@=a- 20K g

Substituting (7) and (8) in (4),

r=2X[L92(X)y}+2y{p—2f(y)X}

X y?

_ 2{ y(a-2g(x)y)+x(p-2f (y)X)}

Xy
Xyr = 2[qy + pX— 2[yzg(x)+ X2 f (y)]]
xyr = 2[ px + qy — 2z]

41. Form a PDE eliminating the arbitrary function from the relation
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1=y’ +2f(£+logy}
X
Solution: [AU N/D 2011, M/J 2007, 2014]
Given: z=y’ + 2f[£+ log y}
X

P.dw.rto ‘x’ & “y’ we get,

oz 1
=—=0+2f" lo
-5 -ovar{ ey i)
=—2f[+logyj
X X

—px’ f[ +Iogyj (D)
X

2

0z 1 1
q :—=2y+2f'(—+log yj{—j
oy X y

2f'(1 )
=2y+—1| —+logy
y X

~2 1
(a=2y)y zy)y - f'(;ﬂog yJ - 2)
)
@ _ -
(2) (a-2y)y
2
= sz b |
(g-2y)y
Result: — px*=qy-2y?

pX? +qy = 2y° is the required p.d.e.
42. Form the partial differential equation by eliminating fand ¢ form z =xf (1j+ y¢(x)
X

[AU N/D 2016]
Solution:

Given: z = xf (%j+ yo(x)

Differentiate with respect to ‘x’ and ‘y’
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o3 2 o2
p =—% f(%)+ f (¥j+ yo (X)...(1)

(2]

a= 1 (L]+4(x).-2

Differentiate once again with respect to ‘x’ and ‘y”
0%z
OX?
Differentiate (2) with respect to ‘X’

_ ;X;Zy _ GJ(_X_VZJW'(X).._(?,)
- 2; f@j@ ..... (4)
(1)xx+(2)xy gives

pX+qy = —yf (y}+xf(ij+xy¢'( )+ yf (yJ+y¢( )

= xy¢ (x)+xf (%)+ yo ()
PX-+qy = Xyg'(X)+Z.....(5)
use (4) in (3)
s=—%xt+¢'(x)

XS+ yt
X

=¢'(x) use this ¢'(x)in (5)

[xs+yt}
PX+Qy = Z + XYy
X

PX+Qy = Z+ XyS+ y’t
Z=px+qy—xys—y’t isthe required equation.
Result: z = px+qy— Xxys— y’t

43. Find the Partial differential equation of all planes which are at a constant distance
‘k’ from the origin. [AU N/D 2016]
Solution:
The equation of the plane in normal form is IX+my +nz =k (1)
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Where I, m ,n are direction cosines of the normal form the origin to the plane.
Then I +m?+n=1 (or)n=+1-1°-m’
.. (1) becomes
Ix+my+(x/1—l2 -m? )z =k ..(2)
Differentiating (2) partially with respect to ‘x’ and ‘y’ we get

I+(x/1—lz—m2)p=0 and m+(\/1—lz—m2)q:0...(3)
|=_(M)p and m:—(\/l—lz—mz)q...(4)
Let us consider, 1% +m? =(\/1—I2 —mz)(p2 +0°)

12+m® = p®+ ¢ —(1°+m?)(p* +9*)
(17+m*)(1+p®+0*)=p*+0’
12 4m?2 = g
1+ p°+q°

1P —m? =1 p’+9q°
1+ p°+q°
_ 1
1+ pi+q

¢ s A
J1+p*+¢q° J1+p°+0°
Substituting the values of I,mand 1—-1>—-m? in (2) we get

= PX - ay + L z=Kk
\/1+ p°+q° \/1+ p°+0° \/1+ p°+q°
Z=px+qy+ayl+ p®+q° isthe required PDE.

Result: z= px+qy+ay1+p?+q°

Non-Linear Partial Differential Equation
44. Solve p® +q° = x* +y? [AU N/D 2009 M/J 2003, 2005]
Solution:
Given p® +q° = x* +y?
Type (4) =F (x,p) = F, (y,q)
Letp®-x* =y*-q° = a2

p>-x*=a’ p=+x’+a:

y'-q'=ac q=qy"-a:

From (4), | = and m=

Department of Mathematics Mailam Engineering College Page 57



MAB8353-Transforms and Partial Differential Equations Unit —1 Partial Differential Equation

Sub (1) and (2) in (3) We know that Z = Ip dx +qu dy

z:J\/x2+a2 dx + J}/yz-az dy
2

2 2 2 2 _ a2
Result: z= a?sinh‘l(i}x\/x *a +y\/y2 a -a?cosh‘ll+b

a 2 a
Whichis C.lI thereis no S.1
45. Solve 9pqz* =4(1+7°) [AU M/J 2007, 2008]
Solution:
Given9pqz* =4(1+2%) ... (1)

Type F(z,p,q) = 0 9pgz* =4 (1+2°%)
Let Z = f(x + ay) be the solution of (1)
put Xx+ay=U
.
OX

Sub (2) in (1)we get

9(6—ZJ(aQJ 2 =4(1+2°)
ou ou

[dzjz _4(1+7%)

du 9az*
_ 4 (1+7%)
E N 3
dz 2 Yirz
TS e
ﬁ 3z°dz :jdu
2 \1+7°
put 1+2z° =t
3z%dz = dt
ﬁ EZu+b
2 1

% 2t =x+ay+b

Result: va+/1+2z% =x+ay+b (-t=1+2%
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Which is C.1
46. Solve x*p® +xpq=2° [AU M/J 2009,2010]
Solution:
Given x’p® +xpq=2°
(xp)’+(xp)a=z> .. (1)
Type (5), F(zx",p,y" q)=0
Herem=1
put X = logx
ox_1
oX X
let P= a—x
OoX
0z 0z oX
Now — =——M
ox OX 0oX
p= P l
X
Xp="P ... (2
sub (2) in (1) we get
P&+RBo=2* b il(P)
f(z,p,q) =0
let Z = f( X +ay)
u=X+ay
Mg ; N-oa
X oy
P :g :%a_u - 2
OX 0Ou oOx ou
dy ou dy  au

Sub (4)in (3)
(dzj2 dz dz __,
— | *—ha—=12
du du du

G_,
du . f(1+a)
%:+ du
2 J1+a)
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dz _ du
2= J_rJ‘
z J(1+a)
1
logz =+ (uW+b = = (X+ay)+b [ ~U=X+ay]
(1+a) J(1+a)
Result: logz =+ ! (logx +ay)+b
V(1+a)
Which is C.I
47. Solve X°P* +y*q* =2° [AU M/J 2014]
Solution:
Given x*p® +y*q* =2°
xp? +(yq)? =22 .. (1)
Type (5), F(z,x",p,y" q)=0
Here m=1, n=1
put X = logx Put Y = logy
x_1 o 1
ox X oy Yy
0z 0z
letP =— =
oX Q oY
oz _ o0z oX oz _ oz oY
Now —=——.— — =
ox oOX X oy oY oy
1 1
p=P = q=0Q -
X y
Xp=P yq=Q
sub in (1) we get
P2+Q° =27° . (2
f(z,p.q) =0
u=X+ay
a_u :1 X @: a
X oy
_o2_orou_ o
OX 0Ou 0ox ou
o- @ a_a (0
oy ou oy ou

Sub (3)in (2)

[dzjz ( dz jz_ )
— | +|la— | =2z
du du
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du
dz z
— =+
du (1+a?)
dz _ du
— =%
2
J‘%:ij‘ dU

z (1+a%)
logz == ! (u+b

(1+a%)

(X+ay)+b [ . U=X+ay]

1
= +—
V(@+a?%)
Result: logz= i;
J(@+a?)

(logx +alogy)+b

whichisC.I

48. Find the singular integral if z = px+qy ++/1+ p® + >

Solution: [AU N/D.2010, 2013 M/J 2013]
Given Z= PX+ay++1+ p~+af
This is of the form z = px+qy+ f (p,q) (Clairaut’s form)

Hence, the complete integral is z = ax+by + v1+a® +b?

Whereaand b are arbitrary constants.
Singular solution is found as follows.

z=ax+by+vi+a®+b> ... (1)

Diff (1) w.r.to a & b, we get

a
V1l+a®+b?

0=x+

b
0=y+—o
v1+a®+b?
a
=2 )
Vi+a®+b?
b
T 22
a’ +b?
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» 2 a’ +b’
e
1_)(2_y2=1+a2+b2—a2—b2
1+a%+b?
2 2 1
XY Sy
1- x> —y? IR S
vi1+a®+b?
1-a*-h* = 1
1-x2—y?
(2) &(3) because

X =—a,/1-x* - y?
y=-byl1-x*-y?
X

- -y
a= b=
\/1_ X2 _ yz \/1_ X2 _ yz
subin (1), weget

L 2 R 4 1
\/1—x2—y2 \/1—x2—y2 \/1—x2—y2
_ 1_X2 _y2
1_X2 _y2
7=41-x*-y*
222102 _yz

x?+y>+2° =1 is the singular solution
Note: Put b=¢(a)in (1)

z=ax+¢(a)y+\/1+a2Jr[qﬁ(a)]2 .. (4)
Diff (4) P.w.r.to‘a’, we get
0=x+¢'(a)y+ [2a+2¢(a)¢'(a)] L)
2\1+2% +[p(a)
Eliminate *a’ between (4) & (5), we get the general solution.
49. Find the general solution of z = px+qy + p° + pg +q° [AU A/M 2017, 18]

Solution:
Given:  z=px+qy+ p*+ pgq+q?
This is of Clairraunt’s form
The complete solution is z =ax+by +a*+ab+b* .....(1)
Diff. partial with respect to ‘a’ and ‘b’
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g:x+2a+b: 2a+b+x=0
oa

%:y+a+2b:>a+2b+y:0

Solving for ‘a’ and ‘b’

a b 1
1 x| |x 2 ]2 1
2yl |y 1| 1 2
a_ _ b _ 1
y-2x x-2y 4-1
a_ _ _1
y—-2x x-2y 3
a 1 b i
== and ==
ie y-2x 3 Xx—2y 3
a= Y2 and b=X=2Y
3 3
Sub. in (1)
2 2 _ Z _ _ _ 2
Xy -2x"  xy-2y +(y 2x) +(y 2x)(x 2y)+(x 2y)
3 3 9 9 9

z :é[3xy—6x2 +3Xy —6Y° + Y% —4xy +4X° + xy —2y* = 2X* + 4xy + X° —4xy+4y2]

9z = 3xy —3x* —3y?
3z=xy-x>—y?
Which is a Singular Integral.
Result: 3z =xy—x"-y°

50. Solve ZA(p®+g%)= x*+y? [AU N/D 2011, “15]
Solution:

Given z2°(p°+9°)=x*+Vy?

(zp)? +(zq)® = x* + y? )
Thisequationis of theform f (x,z"p) f,(y,z"q) (type6)
herem=1

S Z=1""
Z=1°

9z _Za

ox oz X
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p=2zp :>; =1p
Similarly %: 2p

substitutein equation(1), we get

5o
2 2
P?+Q% =4(x* +y?)
P? —4x* =4y* -Q°
This equation is of the form f,(x,P) = f,(y,Q) (type4)
o P2 —4x* =4y* - Q% =4a’(say)
P?=4x? +4a%, Q=4y?—4a’
p=2Jx’+a’, Q=2,y*-a°
dZ = Pdx+Qdy
dZ = 24/x? +a’dx+ 24/ y* —a’dy
J.dZ =2J\/x2+azdx+2H 2 _a’dy

Z=2 gx/x%az +— 5 smh : - y\/ cosh*l y} +b

X }
Result:  z? =xy/x*+a® +a’sinh " =+ y4/y* —a® —a’cosh 1Y iy
a a

a
51. Solve z = px-+qy+ p*g’ and obtain its singular solution. [AU A/M 2015]
Sol:
z=px+ay+ pq’°
This is of the type
z=px+ay+f(p,q)

= xyx2+ad + y\/y2 g2 +a2[sinh‘1§—cosh11}+b
a

The C.l is
Z=ax+by+a’b’ s @)
To find singular integral:
oz
i) - —=0=x+2ab*=0.ccecvrvrrnn. 2
@ o~ 2)
oz
—=0=y+2a°h=0..ccccrvurrrnnn. 3
o y 3
()= x=-2ab’..eeieeae, @)
B)= Y=-2aDiieeirirerrnn. )
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X 'y 1

—===-2ab=— (sa

b a . 53

a=ky,b=Kkx ... (6)

Put (6) in (4)
x = —2ky(kx)*
= 2k3yx’

-1

K = — e, 7
2y @)

Put (6) in (1)
z = kyx+ kxy + (ky)* (kx)*
= 2kxy+k*x*y?

:2kxy+k(_—ljx2y2 from (7)
2xy
= 2kx —lkx
= ZKXY > Yy

3
=—kx
> y

3 3
7% =| Zkx
(2 yj

_ zksxsys

:ﬂ[—_ljxsys
8.\ 2xy

2
=——X

16 .

Result: ~ 16z° +27x°y* =0 is the singular solution

52. Find the singular integral of z = px+qy+ p* —q° [AU N/D 2014,17]
Solution:

z=px+qy+p° -’

This is of the type
z=px+ay+ f(p,q)

The C.l is
Z=ax+by+a®—b%...oeeree, @)

To find singular integral:
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:0:>x+2a=0:>a=7

——:&:y—szmzb:%%

Substituting (2) in (1), we get

2 22 2
2 2 4 4
X2 y?
T4 4
Result: y>—x* =4z WhichistheS.I
53. Obtain the complete solution of p” +x*y*q® = x*z° [AU A/M 2015]
Solution:
Given p®+x°y*q® =x%z°
=X =
X—Z pZ + y2q2 — ZZ
_ 2
(x lp) +(yg) =22 ! @)

This is of the type F(z,xm P, y”q)zo
Here m=-1, n=1

Put X =x"" Y =logy
X =x?
oX oy 1
b L — 4
ox ay vy
Let P 4 Q 7
oX oY
0z 07 oX oz 62 oY
Now — =——— —
oX OX ox oy oY oy
1
p=P(2x) q=Q§
XTP=2Puiiieinn, 2 Yq=0Q..cceerrrren, (3)
Sub. (2) and (3) in (1), we get
AP? 4+ Q% = 7% e (4)
Let z=f(X +aY) pe the solution of (4)
Put u=X+aY :a—uzl,@:a
oX oY
wz="1(u)
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p_fz _drou o @ dau
oX duoX’ oY duaY
dz dz
P=— = A
du d ®)

Sub. (5) in (4)

2 2
(2] (8]
du du

© 0o N o o1 M~

dz
Z  \J4+a?
logz= " p
V4 +a’
Iogz:X+aY+b
V4 +a’®

Result: logz

V4 +a?

2
_xiralogy

- Solve x(y ~z)p+y(z - x)q = 2(x - y)
. Solve

(mz -ny)p + (nx -12)q = ly - mx

oz oz
. Solve (3z-4y) — =+ (4x-22)— =2y -3X
ve ( y)ax ( )6‘y y

. Solve (X -yz)p+(y*-2zx)q=2" -xy
.Solve  X(y* +2)p-y(x* +2)q = z(x* - y*)
.Solve (x*-y?-z°)p+2xyq-2xz=0

. Solve (Y =X2)P +(y2 -X)q = (X +Y)(X -Y)
.Solve pzx+qzy=y’-x°

. Solve x(z2- y?)p+ y(x2—2%)q = 2(y>— x2)

Which is the Complete Integral.
ANNA UNIVERSITY QUESTIONS

[AU N/D 2011, 2014, A/M 2018] [Pg. n0.19]

10. Solve x*(y-z)p+y*(z—x)q=z*(x-Y)
11. Solve the partial differential equation (X—2z)p+(2z—-y)gq=y—x

12. Find the general solution of X(y*—2z%)+y(z>—x*)q=z(x* —y?)

13. Solve: (Y’+z9)p-xyq+xz=0

Department of Mathematics

[Pg. no.19]

[AU N/D 2008 ] [Pg. no.20]

[AU N/D,,2015, 2016] [P9- no-21]

Mailam Engineering College

[AU M/J 2013] [Pg. no.22]
[AU N/D 2001] [Pg. no.23]

[AU M/J 2005] [Pg. no.24]
[AU A/M 2009] [Pg. no.25]
[AU N/D 2016] [Pg. no.26]

[AU N/D 2010] [P9- 10.26]

[AU N/D 2017] [Pg. no.27]
[Pg. no.28]
[AU N/D 2013] [Pg. no.29]
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14. Solve the Lagrange’s equation (x+2z)p+(2xz—y)g=x*+y. [AU M/J 2014] [Pg. no.30]
15. Find the general solution of (z° —y® —2yz) p + (Xy + zx)q = (Xy — 2X)

[AU N/D 2015, A/M 2017] [Pg. no.31]
16. Solve (D?-DD'-30D" )y = xy +e®* [AU M/J 2004, 2000] [P9- n0-31]

17. Solve (D?-6DD -5D" )z =€” sinhy+Xxy AU N/D 2006 , A/IM 1997] [Pg. n0.33]

18. Solve (D°-4D2 D’ +4DD")z = 6sin(3x + 6Y) [AU N/D 2010, A/M 2009] [Pg. no.34]
19. Solve r+s-6t=ycosx (or)(D*+DD -6D? )Z =y cosx

AU M/J 2013, 2014, N/D 2016, A/M 2018] [Pg. no.35]
20. Solve (D’ -5DD"+6D*)z = ysinx [AU N/D 2017] ] [Pg. n0.36]

21.Solve (D®-2D°D)z=2e"" +3x°y [AU N/D 2001] [Pg. n0.37]
22. Solve the equation (D3 +D?’D'-4DD*?-4D" )z =C0s(2x+Y) AU N/D 2010] [P9: no-38]
23. Solve the equation (D® —7DD'*—6D" )z = cos(x +2y) + X

[AU N/D 2011,2012] [Pg. no.38]
24. Solve (D2 - DD'—2D'2)z = 2X+ 3y +e”+ [AU N/D 2013] [P9: n0.39]

25. Solve: (D? —2DD'Jz = X°y + €% [AU-N/D 2014] [Pg. no.40]

26. Solve the equation (D® —7DD'>~6D" )z = sin(x + 2y)
[AU N/D 2011,2012,2014] [Pg. no.41]
27. Solve the equation (D*+4DD'-5D")z =sin(x—2y)+e” Y [AU A/M 2018] [Pg. no.42]

28.Solve: (D* —3DD'-2D'?*)z = (2+4y)e*¥ [AU A/M 2015] [Pg. 10.43]
29. Solve; (D* - 2D?D )z = 2% +3x%y [AU M/3 2016] [Pg- n0.44]
30. Solve (D2 + Dlz)z = x2y? [AU N/D2015] [Pg. no.45]
31. Solve (D?+2DD! + Dlz)z =2c0sy — Xsiny [AU N/D2015] [Pg. no.46]
32.Solve (D?+2DD'+D'? )z = x2y +e*” [AU A/M 2017] [Pg. no.47]
33.Solve (D’+2DD"+D”)z=xy+e™” [AU N/D 2017] [Pg. n0.49]
34. Solve (D*-DD'+2D)z=¢"*" +4 [AU N/D 2012] [Pg. no.50]
35. Solve: (D? +2DD'+D"*?*-2D 2D )z =sin(x + 2y) [AU M/J 2016] [Pg- 10.50]
36.Solve (D*~-3DD'+2D"“+2D -2D")z =Sin(2x+Yy) [AU A/M 2017] [Pg. no.51]
37. Solve (2D? —~DD-D'*+6D +3D')z = xe’ [AU N/D 2010] [P9- n0.52]
38.Solve (D?-2DD'+D"?-3D +2D'+2)z = **? [AU N/D 2001] [Pg. no.53]
39. Form the PDE by eliminating the arbitrary constants ¢ from

d(x* +y? +2% ax+by+cz) =0 [AU N/D 2010] [P9: n0.54]

40. Form the PDE by eliminating the arbitrary function ‘f” and ‘g’ from
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41.

42.

43.

44,
45.
46.
47.
48.

49,

50.
51.

52.
53.

z = X2 f(y) + y?g(x). [AU N/D 2013] [Pg. no.54]
Form a PDE eliminating the arbitrary function from the relation

z=y?+2f (L log y} [AU N/D 2011, M/J 2007, 2014] [Pg. no.55]
X

Form the partial differential equation by eliminating fand ¢ form z = xf (1J+ y¢(x)
X

[AU N/D 2016] [Pg. no.56].
Find the Partial differential equation of all planes which are at a constant distance
‘k’ from the origin. [AU N/D 2016] [Pg. no.57]

Solve p® +q° =x* +y° [AU.N/D 2009 M/J 2003, 2005] [Pg. no.58]
Solve 9pqgz* =4(1+2% [AU M/J 2007, 2008] [Pg. no.58]
Solve x’p® +xpq=2* [AU M/J 2009,2010] [Pg. no.59]
Solve X°p% +y%q° =2° [AU M/J 2014] [Pg. no.60]
Find the singular integral if z = px4qy ++/1+ p®+9*> [AU 2013 M/J 2013] [Pg. no.61]
Find the general solution of z = px+qy + p° + pq+q*[AU A/M 2017, 2018] [Pg. no.63]
Solve Z3(p*+q%)= x*+y? [AU N/D 2011, “15][Pg. no: 64]
Solve z = px+qy+ p°q” and obtain its singular solution. AU A/M 2015] [Pg. no.65]
Find the singular solution of z = px+qy+ p°—q° [AU N/D 2014,2017] [Pg. no.66]

XNilp

Obtain the complete solution of p” + x*y*q® = x*z° [AU A/M 2015] [Pg. n0.66]

PARTIAL DIFFERENTIAL EQUATIONS
PART = A (2-Marks Questions)

Form a PDE by eliminating the arbitrary constants from z = (x +a)* + (y —b)?[Mar/Apr
2009]]

Form a PDE by eliminating a and b form z=(x*+a®)(y* +b?) [Nov 2009]
Form a PDE by eliminating the arbitrary constants in z = (x—a)® +(y—b)>+1 [Apr 2011]
Form a partial differential equation by eliminating the constants aand bform

z=ax" +by"

Form a partial differential equation by eliminating the constants aand bform

z =ax’ + by’ [AU M/J 2014]
Form a PDE by eliminating the arbitrary constants from z = (2x* +a)(3y —b)

Form a PDE by eliminating the arbitrary constants in (x—a)® +(y—b)* +z° =1 Apr

2011,
Find the PDE of the family of sphere having their center on the line X=y=12

[AU Nov 2004]
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9.

10.
11.

12.

13.

14.

15.

Obtain the PDE by eliminating the arbitrary constant aand bfrom?Z =Xy + ¥V X*-a’ +b
[AU Nov 2011, Apr 2007]

Form a PDE by eliminating the arbitrary function from z = f(x* —y?) [AU Apr 2008, ]
Form a P.D.E by eliminating the arbitrary function from z = f(x*+y?) [ AU Apr 2008]

Form a PDE by eliminating the arbitrary function ¢ from ¢(x -y, x+y+2z)=0
[AU Nov 2005, May 2004]

Eliminating the arbitrary function f from z = f[ﬁJ and form the PDE. [Apr 2007]
z
Solve 2—2 _sin x [May 2008, Apr 2007]
X
PDE by Form a eliminating the arbitrary function f from the relation

z=x +Zg(%+long

16.Solve /p +4/q =1 [May 2010, Mar

2008]

17.Find the singular integral of P —9 = 109(x+Y) [Oct 95]

18. Solve z = px+qy +2/pq [Mar 2007, Dec 2004]

19. Solve the equation yp = 2yx + log g [Apr 2005, Nov 2001]

20. Solve the equation ptanx+qtany =tanz

21. Find the solution of pv/x +qy/y =+/z [May 2010/ Mar 2007/2006]

22. Find the solution of 46—25 —if =0 [Apr 2006, May 2005]
oX= oy

23. What is the C.F of (D> -4DD +4D*)z =x+Y [Oct 98]

24. Write the particular integral of (D? — DD )z =sin(x + Y)

25. Solve (D2 +DD' -2D*)z=0 [Nov 2009, May2007]

26. If the auxiliary equation f(m)=0 hasrequalroots m =m, =m, =---=m,

27. what is the corresponding part in the complementary function?

28. Find the P.1 of (D2 +2DD +D°*)z=¢*" [BDN, Apr 97]

29.Find the PDE of the family of spheres having their centers on the z-axis.

30.

31.

Solve the equation (D—-D)*z=0

Form the PDE by eliminating the arbitrary function from z> —xy = f(EJ
z
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32. Solve (D? —7DD+6D"* )z =0
33. Find the complete integral of p=2gx

34. Solve (D-)(D-D'+1)z=0 [Nov/Dec 2012]
2 2
35.s0lve 2 2- 02 % _g [AU N/D 2013]
ox2 oxdy  Ox
36. Solve (D*~D")z=0 [AU M/J 2014]

37. Define Clairaut’s form

38. When PDE s said to be Linear

39.Distinguish between homogenous and non-homogenous p.d.e
40.Solve pcotx +qcoty =cotz

PART-B
1. (@)Solve x(y-2z)p+y(z-x)g=z(x-Y) [Dec 2011, Apr 2008, May 2018]
(b)Solve  (mz -ny)p + (nx -1z)g = ly - mx [Nov 86 / Apr 86]
2.(a) Solve (3z - 4y) 2—2 + (4X - 22) % =2y -3x [Dec 2008 / May 2000]
X y

(b) Solve the partial differential equation (x=22)p+(2z-y)q=y—X
[AU N/D 2017]
3.(a)Solve  x(y* +2)p-y(x* +2)q = z(x* -y?) [Nov 2008 /May/June 2013]

(b).Solve (X -y®-z°)p+2xyq-2xz=0

4. (a)-Solve (y-xz)p +(yz-x)q = (X + Y)(x - y) [May 2005,Apr 2004]
(b)Solve pzx+qgzy=y*-Xx* [Dec 2008,Apr 2009]

5. (a) Solve (D’+2DD/+D")z=xy+e"” [AU N/D 2017]

(b). Solve (D -5DD"+6D®)z= ysinx [AU N/D 2017]

6. (a).Solve (D*-4D?D +4DD")z = 6sin(3x + 6y) [Dec 2010,May 2009]
(b).Solve r+s-6t = ycosx [AU M/J 2013, 2014, 2018]

7. (a). Solve the equation (D*+4DD'-5D")z =sin(x—2y) +e” [AU A/M 2018]

(b). Form the PDE by eleminatin g the arbitary function g from relating

g (X,Xz hy? 422 J 0 [Mar 2007/Apr 2001]
X
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8. (a).Solve p?+q? = x? +Yy? [Dec 2009 / May 2005, 2003]
(b).Solve 9pgz* =4 (1+2°) [May 2008,June 2007,Mar 2003]

9. (a).Solve x°p” +xpq=1z° [Apr 2010 / 2009]
(b).Solve Xp* +y*q* =2 [AU M/J 2014]

10. (8)Solve (D°-2D°D’)z =2e* +3x°y [Nov/Dec 2001]
(b).Solve (D2—-2DD'+D"?-3D +2D'+2)z = e2*¥ [Nov/Dec 2001]

11.(a) Find the singular integral if z = px +qy ++1+p*+q®> [M/J2013,N/D 2013]

(b).Solve x*(y-z)p+y*(z-x)q=2*(x~-y) [Nov/Dec 2010]
12.(a).Form the PDE by eliminating the arbitrary constants ¢from
¢(x* +y* +2°,ax+by+cz)=0 [Nov/Dec 2010]
(b).Solve (2D* —~DD-D'*+6D +3D')z = xe’ [Nov/Dec 2010]
13.(a)Solve the equation (D3 +3°D'-4DD"*-4D" )z =COoS(2X +Y) [Nov/Dec 2010]

Find the general solution of z = px+qy + p*+ pg+q”[AU A/M 2017, 2018]
(b).

14.(a).Solve the equation (D*® ~7DD'*—6D")z = cos(X + 2y) + X
(b).Solve the partial differential equation (X—2z)p+(2z—y)g=y—x [N/D 2011/2012]
15. (a).Solve (D*—~DD'+2D)z =" + 4 [Nov/Dec 2012]
(b).Find the general solution of = x(y*~z?)+y(z* —x*)q=z(x* —y*) [ Apr 2001]

D2 - DD'-2D2)z = 2x + 3y + &>
16.(a)Solve ( ) y [AU N/D 2013]

(b)Solve: (y*+z9)p-xyq+xz=0 [AU N/D 2013]

17.(a). Form the PDE by eliminating the arbitrary function ‘f" and ‘g’ from
Z = x* f(y) + y’g(x). [AU N/D 2013]
(b).PDE by Form a eliminating the arbitrary function from the relation

z=y" +2f (£+ log y} [Nov 2011, May 2007, M/J 2014]
X
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18. a). Solve the Lagrange’s equation (x+2z)p+(2xz—y)q= x> +Yy. [AU M/J 2014]
b). Solve (D-D’-1)(D-D’-2) z=e*"Y

19. @) . Solve (2DD’ + D’? -3D") z = 3 cos (3X — 2y)
b). Solve Xx’p+y’q =z

20. a).Solve 2 (P° +87) =x"+y*
b). Solve (zp + X)? + (zq +y)* =1

21.a) Solve z = px+qy+ p°q’ and obtain its singular solution. [AU A/M 2015]

b)Find the singular solution of z = px+qy+ p®—q° [AU N/D 2014, 2017]
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MAB8353-Transforms and Partial Differential Equations Unit- 11 Fourier Series

PART-A

1. State the sufficient condition for f (x) to be expressed as a Fourier series.

Solution: [A.U A/M 2017]
Any function f(x) can be developed as a Fourier series

a, < =
?°+Zan cosnx+ »_b, sinnx
=1 n=1

where a_, a,, b, are constants provided it satisfies the following Dirichlet’s conditions
(N f (x) is periodic, single valued and finite.
(i)  f(x) hasa finite number of finite discontinuities in any one period and has no
infinite  discontinuity.
(ii)  f(x) has at the most a finite number of maxima and minima.

2. Obtain the first term of the Fourier series for the function | () =X", —7<x<m
Solution: [A.UNOV. 2009]

Given f(X)=x*, —m<X<7x
Here f(—x)=(=x)?, therefore f(x) isan even function.
Hence b, =0

So we get f(x)= %+Zan oS NX

n=1

First term of the Fourier seriesis = % +8,COSX i @
%zgjumw
%
= ijzdx
4 0

_2(xY
7r30

2
a,=—n’

3
a, =£jx2 cosn xdx
T
aizgszcosxdx
T
=3jﬁd@nm
ﬂ:O

:E{xz (sin X)_zx(—cos x)+ 2(—sin X)}

T
7[ 0
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2 (22(-1))

T

— T

sub.in @) f(x) =3T+(—4) CoS X

2

=2 _4cosx
3
2 o0 _1 n 2
3. If x2=”—+4zucosnx,deduce that © AL _7 [A.U.MAY 2010]
3 = n Y 3 6
Solution:
Deduction : Put x =7 is a point of continuity
2 o0
o=y () ()
3 =N
2 o0
s T 1
nt=—+4) —
3 ; n’

4. Find the constant term in the expansion of cos’ x as a Fourier series in the interval
(-m, 7).
Solution: [A.U.NOV. 2010]

. 1+cos2x . L .
Given f(x)=cos’*x = % is an even function in the interval (-x, )

Tofind a,:

aozgjf(x)dx
%

:Ejl+ COS 2X X .
Ty 2

a, :lj(1+ cos 2x)dx :l(x+
T 0 T
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5. Find the Root mean square value of f(x)=x%in (0,1) [A.U.NOV. 2010]

Solution:

6. Give the expression for the Fourier series coefficient b, for the function f(x) defined in
(-2,2).
Solution: [A.U MAY 2011]
Here 21 =4,1=2

|
b, =2 [ £ (x)sin 2 x
1 |
2

2 . Nnax
=— | f(x)sin ——dx
T

0
2
= [ (x)sin "2 dx
) 2

b the Fourier coefficients of Fourier series, for the

n’=n

7. Without finding the values of a,,a
function f(x)=x” in the interval (0,7) Find the value of i§+i(a2+bz)'
2 G\

Solution: [A.U MAY 2011]

2

T

1 2
- = do 1S 2 2
We know that ﬂJ'(f (x)) dx Tjé(an*bn) ................... (1)

0
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5Y A2 =
j(xj _ 23 (al+b)

5 n=1
2”4: itz)-i‘i( 2+b2)
5 2 ~ an n
8. Find the RMS value of the function f(x)=x in (0,1). [A.U.DEC 2011]
Solution:
b
[ (01 dx
R.M.Svalue =|&+—
W
3
9. Define RMS value of a function f (x) over the interval (a,b) . [A.U A/M 2018]
Solution:

j [f(x)]2dx

a

b-a

Let f(x)be a function defined in an interval (a,b) then

RMS value.
10. Determine the value of a_ in the Fourier series expansion of f (x) =x’in (-z, 7).

Solution: [A.U MAY 2008]

is called the

Let f(x)=x°
f(=x)=-x°
=—f(x)
Therefore f(x)is an odd function
Hence a, =0 and a, =0
11. If f(x)=2x inthe interval (0,4), then find the value of a,in the Fourier series

expansion .
Solution: [A.U NOV.2008]
Here 21=4,1=2
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21

a, =+ f(x)cos % dx
"7 |
4
a, == f (x)cos " dx
21 2

4
a, =%.[2x00527m(dx
0

4
- Ixcomxdx
0

. 4
Sin X COSm X
=4 X +~ e

T T .

=0

12. The Fourier series expansion of f(x) in (0,2z) is f(x)= zsm ke

n=1

value of f(x) intheinterval (0,27) [A.U NOV.2008]

. Find the RMS

['e]

Solution: ORI
n=1

n

From this we get a,=0,a, =0,b, :%
RMS of f(x)in (0,27) is

oo

v =225 (arb))

_Ls(1)
2\n
1+cosx

13. Let f(x) be defined in the interval (0,27) by f (x) = {— O<x<z

T—X
COSX, m<X<2rx

f(x+27) = f(x) Find the value of f(z) [A.UMAY 2009]

Solution: Is the discontinuous point in the middle .
f(n-)+ f(n+)

f(x)= S Q)

lim 1+cosx 1+cosz 0

X—>mr w-X -7 0
By using L Hospital rule
lim —sinx lim

sinx=0

X—>r -1 X—>7T

O+cosz -1
1 f(X)=—— =—
(b)= =" 5
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14. Find b, in the expansion of xas a Fourier series in (-7, 7) [A.U A/M 2018]
Solution:
Given f(x)=x*is an even function in the interval (-z,z) ..b, =0

15. If  (x)is an odd function defined in (-1.1) ,what are the values of ag, an.

Solution: [AU Dec 2005
Given f(X)isan odd function in the interval (=1.1)
. aO = 0, an = 0

16. In the Fourier series expansion of

2X
1+—, -7 <x<0
f(x)= 72[x in (-7, 7) Find the value of b, [A.U MAY 2005]

1-—, O<x<n«
T

1+§,—7r<x<0

Solution: Given f(x) = i
1-—, 0<x<nxm
T
X), — x<0
Let f(x)= A =A< X<
& (X), O<x<m
2X 2X
Where ¢, (x) =1+—,¢,(x) =1-—
A s

Here ¢,(-X) = 1+2 = ¢,(x)
T

The function f(x)1is an even function. Hence b, =0.

17. Find the half range sine series for f (x) =k in O<x< . [A.U MAY 2001]
Solution: The sine series of f(x)in (0, ) is given by
FOs, > b, Sicm U .......... @)
n=1

Where b, = E_[ksin nxdx
o

b =%{—cosnx}”

n
T n J,

_ _%{cosnn—coso} =%{l—(—1)n}

{ 0 when n is even
b —

n

4—k when n is odd
Nz

o0

4k . 4k & sin(2n-1)x
f(x)= —sinnx  f(X)=—)» ———2=
®=2 =72 =5
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MAB8353-Transforms and Partial Differential Equations

18. If f(x)=3x—-4x%in —2< x < 2then find the value of a, . [A.U DEC. 2009 ]

Solution:
In the Fourier series expansion

f(x)=3x—-4x’in —2<x<2
f(=x) = 3(~=x) - 4(-x)’
f(-x)= —[3x — 4x3]
=-f(x)
Therefore given function is odd function.

Hence a, =0, a, =0

Therefore a, =0.
19. Write down the complex form of the Fourier series for f(x) in (-1,1).
[A.U N/D 2017]

Solution:
The complex form of the Fourier series for f(x) in (-I,I)

inzx

fx)=> Ce '

|
Where C, =%j f(xe ' dx forall n=0,+1+2,......
i

20. State the Parseval’s theorem in Fourier series.

—inzx

[A.UMAY 2011]

Solution:
Let f(x) be a periodic function with period 27z defined in the interval (-, ) .

Then
2
1% a: 1& (0,0
Py _”f ()] dx= 7+5;(an +bn) Where &,,and b, are Fourier coefficients of f(x)

i ) 0 for—-7r<x<0 .
21. If the Fourier series of f(x) =1 . is
sinx forO<x<nx

1.2 (cos L +%sinx)Find b, [A.UMAY 2011]

f(x)=——— .
T T h=1 n-—
Solution:
We know that f(x) = a—2°+ > (a, cosnx +b, sin nx)
n=1
Given: f(x)=l—E [cos 22nx +£sinx}
T T n“-1 2
Comparing we get b =0 (if n#1)
1
h=—=
T

Page 7
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|
22. If f(x)is expanded as a half range cosine series, Express j(f (x))zdx in terms of

a,and a, .
Solution: II[ f ()] dx_ z
23. Find the RMS value of f(x)=1-x in0<x<1 [A.U MAY 2010]
Solution:

Given f(x)=1-x in 0<x<1

2
_2 1

IO

yzzlij'[l x| dx
j[l 2x+x}jx
g
1
_5

A"

-

24. 1f f(x) is an odd function in the interval (-11) , what are the values of a,and a, .

Solution: [A.U MAY 2010]
f(x) is anodd function

8, =0and a, =0.
25. Check whether f (x) =1+x+x” is odd or even.
Solution:
f(x)=1+x+x°
f(=X) =1- X+ (—x)?
f(X)=1-—x+x°
f(—x) = -1 (x)
. It is neither even nor odd.
26. Find the coefficient a, of cos 8 in the F.C.T of the function ' (X)=SIN8X jn (q 7).

Solution:
Given f(x)=sin8x is an odd function.
na, =0
a, =0 Since it is odd function.
Department Of Mathematics Mailam Engineering College Page 8
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27. Determine b, in Fourier series expansion f(x) = %(7[ - x) in the interval

O<x<2r.
Solution:
12”[7r Xj
—j sin nxdx
Tyl 2
1 —COoSNX —sinnx )|
e
2r n 0
_i{nco 2nrx ncoso}
2 n
=" f+1)
2nrw
b =1
n
H © 2
28. Ifx=2{smTX—sz2 + o } in 0 < X < 7. Prove that Ziz:%
Solution:

1 n+l
The sine series of f (x) = x is given by f(x)= 22( n) sinnx

n=1

The Parseval’s Identity

2_2” 2
an_ﬂl[f(x)]dx

D1 IR
ASHh— = < |l
nzzlln2 ﬂ(BJO
> 4 27’
;F_ 3
0 1 7[2
27

29. Finda, in expanding e ™ as Fourier series (—z,x).
Solution: Given f(x)=¢e™
f(-x)=e ™ =g

. f(x) is neither even nor odd function

a, _1 J f (x) cos nxdx
T

175
=—Je * cos nxdx
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(1 +n

ke o

=£{_(_1)nen N (—1)”3”}

1 e . ’
= —{—2 [~ cosnx + nssin nx]}

| 1+n? 1+n?
- o] = E osinna]
z(@+n?) z(l+n%)
30. Find the value of a in the fourier series expansion of f(x) = e*in (0,27) .
Solution: [AU Nov 2013]

Given f(x)=¢e"

1271
8, =— [ f(x)dx
ﬂO
2r
=1_[exdx
ﬂO

T

31. What is the sum of the Fourier series at a point x = x, where the function f (x) has

a finite discontinuity .
Solution:
Let f(x) can be expanded has a Fourier series

%+i[an cosnTnX+bnsinnTﬂxJ in (c,c+2l)
-
In the series converges to
f(x,) If x, isa point of continuity
f(x,+0)+ f(x,-0) T
2
32. Inthe expansion of f(x)=sinhxin (—z,7) as a Fourier series, find the
coefficient of b, .
Solution:
f (x) =sinhx, f(—x)=sinh(-x)=sinhx = f(x)
Since f(Xx) — even function, the Fourier coefficient b, =0.
33. Find the Fourier constantsh, for xsinx in (-z, ). [A.U DEC 2013]
Solution:

X," 1S a point of discontinuity

Given f(x)=xsinxin (-, x)
f (—x) = —=xsin(—x)
= Xsin X

Department Of Mathematics Mailam Engineering College Page 10
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f(=x) =f(x)
f (x) is an even function
Hence b, =0

34. State Parseval’s Identity for the half range cosine expansion of f(x)in (0.1).
1 2 )
Solution: _[[ f (x)] dx :i+32a§
5 4 2

35. State whether y =tan x can be expanded as a Fourier series. If so how ?If not why?

Solution:
Tan x cannot be expanded as a Fourier series. Since tan X does not

satisfies Dirichlet’s condition.

36. Write a,,a_ in the expansion of x + x*as a Fourier series in (-z, 7). [A.U DEC 2010]

Solution:
f(x) =x+x°
f(-x) = —x=x°
= —(x+x°)
=—f(x)

. f(x)is an odd function in (-x, x)
Hence a, =0 and a,=0

37.If f(x) = x+ x?is expressed as a Fourier series in the interval (—2,2) to which the

value this series converges at x=2. [A.U MAY2003]

Solution:
X = 2 is a point of discontinuity in the extreme.

f) _ f(-2+1()

b RV 2
_[(2)° +(-2)]+[2° +2]
2
_[4-2]+[4+2]
2
=4
38. Find the sine series of function ' (X)=1 0<x<7 [A.U N/D 2015, N/D 2016]

Solution:
The Sine series of f(x)in(0,x) is given by

£(x)= > b, sin nx
n=1
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T

_ 2 [—cosnx]”
= n

Where b, = Ejsin nx dx
0

nrz

0if nis even
b =

n i if nis odd
Nz

o0

AR ICERY 4 sinnx

n=odd nrz

4 &1 .
f(X)=— -
(x) ﬂn;wdnsm nx
4 & sin(2n-1)x
f)=— Y sin(2n-1)x

T n=123,. 2n-1

39. Find the half range sine series expansion of f(x) = 1 in (0, 2) [A.U Nov 2013]

Solution:
In Sine series of f(x)in (0,2)

= . nax
f(x)=)> b, sin—
(x) Z; n |
Here | =2
2% _nax
Where bn:TIf(x)sdex
0

2
NnzX
—COS——

2
nrx
7 |

—2{ n;zx}2
= ——Jcos—
nrw 2 J,

D YL | QY (2
= n7{{003 5 1} n7[(( 1) 1)

2
2

-2 (1)

nrw
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40. What do you mean by Harmonic analysis? [A.UMAY 2010/MAY2013]
Solution:

The process of finding Euler Constants for a tabular function is known as Harmonic

analysis.
cosx if O<x<7m ]
41. 1f f(x) = ) and f(x)= f(x+2x) for all x Find thesum of the
50if m<x<2rm
Fourier series of f(x) at x=7r. [A.U NOV 2007]
Solution:

ToFind f(x) atx= r:
x = IS a discontinuous point in the middle

f(r) = f(”‘); M) O

fro= ™ty M fropyeat
4 " h—>0 ~h—>0 d E

lim lim
f(7r+)=h 0f(x+h)=h 050:50
. iy

—-1+50 _ 49

0= T =— 5

42. To which the value, the half range sine series corresponding to f (x) = x> expressed in
the interval (0,2) convergesat x=27?
Solution:
Given f(x) =x°
X.= 2 is a point of discontinuity and also it is an end point.
2
since f(x)={ X 0<X<?
-X°,-2<x<0
The half range sine series corresponding to f (x) = x* expressed
in the interval (0,2)
converges at X =2is M
f(xX)  f(0)+f(2)

l.e., =
(e.) atx=2 2
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MAB8353-Transforms and Partial Differential Equations Unit- 11 Fourier Series

0 if0<x<rx

43. If the Fourier series for the function f(X)=9 . .
sinx if 7 <x<27

1 2|cos2x cos4x C0s6x 1
f(X)=—"+— + + + e +—sin x
r m| 13 3.5 5.7 2
Deduce that = — L 4+ _  _%=2 [A.U MAY 2004]
1.3 35 57 4
Solution:

Put x :% IS a point continuity.

1 2 1 1 1 1
O=——+—|——+——4£= 1. +—
T 7[[ 1.3 35 57 }

+—— = X —
1.3785 5.7 2 2
R,
e
44.1f f(x)=+1-cosx in 0<x< 2z has a Fourier series expansion,
2 4 1
\/_ \/_z cosnx, find the value of Z
) — l(4n — ) 1 )
22 42&
Solution: Given: f(x) = - (00157 1 P CHPRRRI 1
( ) T ;(4“2 _1) ()

Put x=0(is a point of continuity)

atfx(i)o} = Jl—cosx =41-1=0
“(1) implies 0= Zf _ 4;/? il (4n21_1)
2f 47[2 nz(wl_ )
nZ=;‘ 4n3_1 :%
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45. State the Dirichlet’s conditions for the existence of the Fourier expansion of f(x), in

the interval (c,c+2l). [A.U.NOV 2011, N/D 2016, N/D 2017]
Solution: Any function f(x) can be developed as a Fourier series in c<Xx<c+2l
a, < = . e
?‘3 +>a, cos@ + > b, sin @ where a_, a,, b, are constants provided it
n=1 n=1
satisfies
the following Dirichlet’s conditions
(i)

f (x) is defined and single valued except possibly at a finite number of points
in (c,c+2l).

(i)  f(x)is periodicin (c,c+2l).
(iii)  f(x)and f'(x) are piecewise continuous in (c,c+2I).
(iv)  f(x) has no or finite number of maxima and minima (c,c+2l).

2 ®© )
46. If (7 —x)? =%+4Z; COr’]San in 0<x< 27 then deduct that Ziz

n=1

[AU NOV/DEC 2014]

Solution: Let f(x)=(r-x)* and x =0 is point of discontinuity
2 o0
> T i
Ti=—+4 Y
3 nz‘nz
2 o0
e
n=1
Tt Sl
) ;nz
F(x) = f(0)+ f(27)
2
=t )
= =T
2

47. If the fourier series of the function f(x)=x, — 7 <X < x with period 27 is given by
() = Z(Sin . sm22x . sin 3 5|n44x . J

then find the sum of the series l—l+l—%+
[AU A/M 2015]

3

Solution: let x :% is point of continuity

Department Of Mathematics Mailam Engineering College Page 15



MAB8353-Transforms and Partial Differential Equations Unit- 11 Fourier Series

T _ Z(Sin o sin 2(73) , sin 3(z5) sin4() . J
2 2 3 4

48. The instantaneous current "i"at time t of an alternating current wave is given by
i=lsin(ot+o,)+1,sin (wt+az)+ 1 sin (ot +a;) +... find the effective value of the
current "i" [A.U A/M 2015]

Solution: i=>1,sin(ot+a,)

R.M.S value of i*= _[f(x)
0

s

j f ()] dx
(or)
l to+T 5
iy = \/? t{ V@7 dt
49. Find the root mean square value of f(x)=x(I-x) in 0<x<l.  [A.U.N/D 2015]

Solution: Given f(x)=x(l-x)

5 5 5
r,r.r
3 3 4 5
- |
|2

/30
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0in (-c,0 .
50. Find the value of the Fourier series of f(x)= {1 i ((0 c)) at the point of
I 1
discontinuity x=0. [A.U. M/J 2016]
Solution:

0in (-c0 . - .
Given f(x):{ ! (~c0) at x=0 is a discontinuity point,

X+ in (-7,0)
—x+7x in (0,7)
[A.U. M/J 2016]

51. Find the value ofb, in the Fourier series expansion of f(x):{

X+ in (-7,0)

Solution: Given f(x):{ ik in (0.)
- T T

52. If the Fourier series of the function f(x) = x+ x?, in the interval (-7, 7) is

2 0
%+Z(—1)” [izcos nx—zsin nx} then find the value of the infinite series liz+2—12+?+ .........
n=1 n n

Solution: [A.U. A/IM 2017]

2 0
Given f(x)= %+Z(—1)” [%cos nx—%sin nx}
n=1

let x =7 is point of discontinuity

T 4 g4ni-m+na’ )

_+ pu— =

3 Z‘nz 2

= 4 , 7w 2’

D ==

~'n 3 3
1,11, =
gty 5
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PART-B

PROBLEMS IN THE INTERVAL (0,27)

FORMULA : f(x)—?°+2ancosnx+2bnsinnx
n=1

n=1

=l

a, lj f(x) dx,

0

.5\

1 2
a,= —jf(x) cosnx dx

0

.5\

1 2r
b, :—j (x) sin nx dx
4 0
1. Find the Fourier series expansion of f(x) = \ for0<x<z Also, deduce that
2r—x formr<x<2r
E S S SO S 1
Ertgp g tgr e F
Solution:
Formula: Fourier series f(x) _70 Z n Cosnx + Z bp sinnx
n=1 n=1
To find ay:

12z
ag=— [ f(x)dx
70

_ /4 2n
1|7 2 1|( x2 x2
=—| [xdx+ [@r-x)dx|=—|| —| +|2mX-——
Tl0 T || 2 2

L 0 Vs
_2h ﬁ+4 2_£_ gﬂz_ﬁ C1]2n®
T 2 n| 2
Q=7

To find a,:

12n
an = (j) f(x) cosnx dx

I
1 [x cosnx dx + j(2n X) cosnx dx}
0

2l et (]
o] e

/'\
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‘—42 if nis odd
a, = y7zn
0 if nis even

To find by:
12m
b, == [ f(x)sinnx dx
0]

T 2n :
=—| [xsinnx dx + [(27 — x) sinnx dx
|0 T
T 2n

-1z

- - - - a (x) (x) -
Hence required Fourier series is () =70+ 2. ap cosnx + > bp sinnx
n=1 =

o0 o
f(x) = L > iz cosnx

2 n=odd mn?
4 © 1
f(x):E—— > —cosnx
2 mn=odd n2
== Tl os2n—)x
2 mn=l(2n-1 2
2" part:
Put x=0 is a point of discontinuity
0 fO+fem _0+o_g
2 2
0-T_4 °§°: 1
2 mn=l(2n-1)?
4, 1 yis
mn=l(zn-1)- 2
1,1,1 1, =
Result: 12 32 52 72 8

Hence Proved.
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. . ) lforO<x<m
2. Find the Fourier series for f(x) = [AU Nov 2013]
2 for m <x<2x

Formula:  f(x)= a—2° + (a, cosnx + b, sin nx)....(1)

Solution:
1 . n=1
To find ao: aoz—j f (x)dx
%
V3 2
:ljf(x)dx+lj f (x)dx
Ty T
T 2z
:ljldx+lj2dx
4 0 T n
=[x + 2 [exf
T T
a,=3
To find an:
l 2
a, =—j f (x) cos nxdx
T %
V3 2
=£jcosnxdx+lj2005nxdx
7 0 7 T
_i[sin nx}” +g[sin nxr
rl nER 7| M
ai=0
2
To find by b, = lj f (x)sin nx dx
T 0

T 2r
=L [ Gosinnxax+= [ F(sinnxax
T T

ln— 1271'
:—jsin nxdx +— j 2sin nxdx
Ty T

1 [—cos nx}” 2 [—cos nxr

P n 0 T n
b :(_1) -1
" nrz
-2 )
—, nis odd
b, =1nz

0 , niseven

)= f(x):%—i S cosnx

7T n=odd
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3. Find the Fourier Series of period 27 for the function f (x):xcos xin0<x<2x

[A.U. AIM 2017]

Solution: Given f(x)=xcosx
Formula: f(x)— +Za COS NX +Z b, sinnx
To find ag:

w2

=—j X €CO0S X dx

_ ;[x(sin x)-(1)(-cosx)]"
1

-2 (1-1)

T
a,=0
To find a,:

= —j cosnxdx

== j X COS X €0S nxdx
n

= Z}[ x[ cos(n+1)x+cos(n—1)x] dx

. 2
, i sinnx) cosnx |
Consider I X cosn x dx = +—
n n
0

= iz[cos 2nz —c0s0] =0

>

2”[0+0] On#l .. )

lﬂ'
Now, a,= —jxcosxcosnxdx
T
1271'
But a = —jxsinzxdx
%

1% (1+costJ
= | x| ————=" | dx
2r 2

1 2r 2r
= —dex+.[x0032x dx}
2 0

0
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Fourier Series

1]x ]
= — 0 sing (1
an (0 using (0

H

To find by:

—j sm nx dx

== j X COS XSin nxdx

= i!x[sin(n +1)x+sin(n-1)x] dx

V3 . 2
R S —xcosnx) sinnx
Consider j X sinn x dx = 4
0 n n 0

= l[—27r cos2nr | = —2r
n n

To find by: b= —jxcosxsm xdx
= —jxsian dx
h 1| T L
2r 2 2
f(x) :az0 +a, CoS X+ sinx++> a cosnx+ Y b sinnx
n=2 n=2
Result: f(x)= xcosx— X _os n;zlnnlx
n=2 -

Department Of Mathematics
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PROBLEMS IN THE INTERVAL (-x,7)

f(x) = a—2° + ian cosnx + ibn sin nx
=1 =1

aozijf(x)dx, an:%jf(x)cosnxdx

-7 -7

-, —m<X<0

4. Find the Fourier series of the periodic function defined by f(x) :{
X, O<x<rm

2

Deduce that =+ = + = 4. +oo=" [A.U NOV 2009]
1 1 1 8
. . -, —r<x<0
Solution: Given f(x) ={
X,0<Xx<rm
for -7 <x<0,f(—x)=-7 # f(X)
for O<x<m, f(—x)=—1(x)
Therefore f(x) is neither even nor odd.

Formula: f(x)=% +>(a, cosnx + by, sin nx)

n=1

To find ag:
l 2r
a,== [ f(x)dx
T %

To find a,:

a, :ij f (x) cos nxdx
7[ =T

0 T
1 j (=) cos nxdx+l j X cos nxdx
T - T 0

ERCSRICONE S|
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e 1
x| n?  n?

if nis odd

a, =47 n?

0 if niseven
To find by:

b, :ij f (x)sin nxdx
4 -

0 ks
L j (=m)sin nxdx+£jxsin nxdx
T Ty

e )

:i[l—(—l)” —(—1)"}

n
1

b, ==[1-2(=)" |

n

A F(X) =

( E i [1—2(—1)”}sinnx ———————— @)

n=0dd zn’? ne N

Deduction: Put x=0 in f(x),
We get at x=0 is a point of discontinuity in the middle.
L H(x) at x=0}= f(o‘); r(0)

O=-2-T-2% 113121y

2 4 ﬂ'nOddn _1n
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Hence proved.
5. Expand the function f (x)=xsinx as a Fourier series in the interval (-7, ).

[A.U. Nov 2000]

Solution: Given f (x) =xsin x is an even function
b, =0
a < .
Formula: f(x)=?0 +Y_a, cosnx + by sin nx
n=1
Let the required Fourier series be f Z COS NX
n=1
To find ay:
_
a

sin x dx

& &
A

:;[x(—cos X)=(1)(-sinx) |’

To find ax:

:—j X) oS nx dx

:—jxsin X COS NX

:£jxcos nxsin x dx

= Zif[x[sin(nﬂ)x—sin(n—l)x] dx
T
1% ) ]

= ;jx[sm(n +1)x-sin(n-1)x] dx

] (o, oot (oot s

2 + 2
n+1 n-1 (n+1) (n-1)
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1 cosnzr cosnm
— 7[ —_—
T n+1 n-1

-y |2
- (_1)” [nz_il} ,n=l
anz[;fl}gaf,n¢1

j—(—O—o)}[O—ow]

n
| 2
a,= (-1)" =l
- ]
. 27 .
To find ay: a, = —jxsm X oS X dx
T

= ijxsian dx
0

cost ( sin2x) |
4 0

N
T S'”f”L
&5
)

0+oﬂ

f(x) =%+a1cosx+2a11 CoSs Nx

n=2
—2_Jcosnx
(n*-1)

—1— %cos X + 22(—1)("”) {ﬁ] COS NX

:%——cosx+z (n+3)

Result: f(x)zl—lcosx—z +
2 1.3 2.4 3.5

6. Find the Fourier series of f(x)= x in -z < x < 7. [A.U. M/J 2016]

COS2X CO0S3X  COS4X }

Solution: Let f(x)=x, f(-x)=—x=-1(x)

Therefore  f(x)is an odd functionin (-, 7)
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Hence a, =0 and a,= 0 forall n>0,

a & :
Formula: f(x)=?0 +Y_a, cosnx + by sin nx
n=1
Let the required Fourier series be

f(x)= ibn sin nx
n=1

0

> f(x)sin nxdx

n=1

Where b, =

3N

2% .
:—jxsm nx dx
7[0

By applying Bernoulli’s formula

u=x X v=sin nx
- —COS nX
u=1 : v, - —
n
. —sin nx
u =0 @ v, = 5
n

juv dX=Uuv—Uuv, +UV, —..

2 [ (cos nx [sin nxjﬂ”
£ iy +| =
T n n ;

sin nx
n-1 n
© (_1 n+l -
Result: f(x)=22 - sin nx
n=1

7. Find the Fourier series for %) =|cos x| in the interval (_”‘”). [A.UM/J 2016]
Solution:

Given f(x) =|cos X
f(x) is an even function, b,=0
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a, & .
Formula: f(x)=?0 +Y_a, cosnx + by sin nx
n=1

0

f(x)=%+2an COSNX — ———— )]
n=1
To find ag:
3 == [ (e =2 [|cos xix
T Ty
A p
_2 I c0sx dx+-2 I —cosx dx
Ty ﬂ%
2 (1o T% o T—ciny T }
_”{[smx]O +[ smx]%
2
=—|1+1
2f1.41]
4
a():_
T
To find an:

a, _1 j f (x) cos nxdx
- =T

= Eﬁcos x| cos nx dx
T 0

2 7 2 ¢
=— I cosx cosnxdx+— j —COSX cosnx dx
T T
0 7z
1 7 f
== I[cos(n +1)X + cos(n—l)x]dx—“cos(n +1)x+ cos(n—1)x]dx
T 0 %
i{rin(n +1)x , sin(n —1)x}% _[sin(n +1)x  sin(n —1)x}” }
V4 n+1 n-1 |, n+1 n-1 7
Nz nz
5| oS- cos—-
_2|7 2 T
7| n+l n-1
nz
_2cos7— 11
7 |[n+l n-1
2cosn—ﬂ- 2 4cosn—”
= 2| _~ } a =——— 2 whenn=l
2 n 2
r  Ln*-1 7(n?-1)
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When n=1,
31:%,[ f (x) cos xdx
=£j|cosx| cos X dx
T
2 7 T
-Z jcoszx dx—j cos?x dx
T 0 %
2 / 1+ c052x ' 14co0s2x
Tl : 2
i Z
1 X+sin2x}%_[x+sin2x}”
T 2 0 2 %
a=0
2 © 4COSnl
Result: fx)==-3 CoS NX

7 Srn’-1)
8. Find the Fourier series expansion of f (xX) =x+x* in (-, 7) and hence deduce the value
1 1 1

of 1—2+?+3—2+... [A.U. N/D 17]
Solution: Given f(x)=x+x’
f (—X) ==X+ X
f(=x) = f(x)

Therefore, f(x) is neither even nor odd in (-7, 7)
a > !
Formula: f(x)==—2 +) a_cosnx + b_sin nx
(x) > le " "

To find ag:
a, =lj f (x)dx
4 -7

:lj(x+x2)dx

7[*71'

=£jx2dx since x is odd and x?is even
_2[xf

7| 3 0

27?
3

a0=
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To find a,:

1 w
a, :—j f (x) cos nxdx
4 -7
1 w
== j (X + x*) cos nxdx
7[ =TT
27 . .
=— j x>cosnxdx  [.- xcosnx is odd x*cosnx is even]
T
0

=£{X2 (sm nxJ_ZX(—cog nx)+2(—3|2nxj}
w n n n )

a, = F(_l)n

To find by:
b, :lj f (x)sin nxdx
7 =
:lj(x+ x?)sin nxdx
T -7
:ijsin nxdx [ xsinnx is even x*sinnx is odd]
4 0
=£{X(—COS nx}(l)(—sw;nx)}
T n n o
-2

b, =— (-1)°

D) = f(x) =a—2°+Zan cosnx+ Y b, sinnx

n=1 n=1

ED_

:”—+i 4(-1) oS nx+zﬁsin nx

2
n=1 n

2

2 w (_1\" w (_1\"
Result: f(x)=%+4zﬂcosnx—22%sinnx
=1

n=1

Deduction:
X=1
7l 21 f(x)+ f(-n)
—+4)y —=
3 ng‘nz 2
2 o 2 2 2
7z_+4zi2=7z+7r +tnt - _ 2z = 2
3 ~='n 2 2
=1 7° 3r?-nx? 27t
4 —:7[2——= =
nz;‘nz 3 3 3
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=1 N
1?22 3 6
9. Find the Fourier series for f(x) = x* in -z <x<z. Hence show that
1 1 1 1 rt
1" 2" 3 4 90
Solution:
Given :  f(x)=x*
f(—x):(—x)2 =x* = f(x)
Therefore f(x) is an even function in (-x ,m). b, =0
Formula: f(x)=a—20 +Zan cosnx + b, sin nx
n=1
.. The Fourier series of is f (x)=%+2an COS NX
n=1
To find ap:
j f (x)dx
O
» X_ 4/
n| 3 3
To find an:

a, = EI f (x) cos nxdx
T 0

2 T
:—sz cos nxdx

e )|

T
4 .
an_?(_l)
2 0
f(x)=ﬂ—+zi2(—1)”cosnx
3 “n

Parseval identity is

2 T 2 0
;j[f(x)]zdx =%+nz_1:a§

-
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MAB8353-Transforms and Partial Differential Equations

T x2 de_—{—-l‘ iaﬁ}

= ARz
%%K%}m%ﬂ
27r

°°16
i
°°16
45 n=14
=1 7zt

1 1 1 T
1—4+2—4+3—4+4—4+...=%
Hence proved.
1-X-7<x<0 . |
10. Iff(x)= find the Fourier series of f(x) and hence deduce
1+x0<x<nxm

1 1 T
that—2 + —2 +...... = —
1 3 8 [A.U. MAY 2011, NOV 2013]

Solution:
Given that
1-x for -7 <x<0 L :
f(x) , which is an even function b, =0

" l1+x for0<x<nr

3, & .
Formula: f(x)=70 +> @, cosnx + by, sin nx
n=1

So, the required Fourier series is

=2 5 +Za COSNX —————————
n=1

To find ag:
%zgjumw
%

:Ej(l+x)dx
%

2 x2 |
=—| X+—
7[|: 2:|0

a,=2+nm
Page 32
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To find an:
a, =£j f (x) cosnx dx
T

:EI(1+ X) cos nx dx

oo(i) 2]
E ;

"_nn - _1]

a,= zn’
0 if niseven

f(x)= Z cos NX ————— — ol (2)

n= odd

if nisodd

2" part:

Put x=0, f(x) =1

1% =D =
2 ”n:oddnz
2—-2-1 T =1
SEOs

7’ = 1
8_n;dn2
1.1,
12 32 ...... 8

Hence proved.
11. Find the Fourier series of f(x)=[sinx in—z <x <z of periodicity 27 .[AU A/M 2015]

sinx 0<x<r
—sinx —7<x<0

f (=x)=[sin(-x)| =[sin X|= f (x)
Therefore f (x) is even function .hence b, =0

Solution: Given f(x)=lsin x| ={

a & .
Formula: f(x)=?0 +Y_a, cosnx + by sin nx
n=1
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a 0
Let the required fourier series is f(x) = 70 Zan COSNX  ------mm-mm-m-- Q)

To find ag:

27 27 . 2 P
a, j (x) dx m[smx X ”[ cos x|,

8 =—
T
To find a,:

a, :—jsm Xcosnx dx

2 Tsm (n+1)x—sin(n—1)x] dx
43 0

[ —cos(n +1) x ). cos(n-D)x |
n+1 n-1 0

1
7l
:1_(—cos(n+l)7r+cos(n—1)7r)_[ -1 ﬂ
b n+1 n-1 n+l n-1
1 1
7
1
T

(b )
n+1 n-1 n+1 n-1
i——}[l ()"

n+1 n-1

L R[] (1) QRS - 1
”(nz_l)[ (D"
-4
a, =4m(n”-1)
0 f nis odd

if \n is even

Tofind a;:

alzgjsinx cos xadx = EI(SmZXde
Ty Tyl 2

1 [—cos ZX} =_—1[—c052x]g
2 0

V4 2r

a=0
f(x)——0 i COSNX

n=1

f(x)= 7"+a1 COSX+Y_a, CoSNX
n=2
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Result: f(x)= 2, Z cos nx
T n= even
2 4 _cosnx.
f(9==-=>

T n=even (n 1)

PROBLEMS IN THE INTERVAL (-1, 1)
12. Find the Fourier series expansion the following periodic function of period 4
2+Xx —-2<x<0 1 1 1 r?
f(x)= . Hence deduce that — +—+— +...= —. [A.U. N/D 2015]
2-x 0<x<2 1° 3 O 8
Solution:  Let ¢, (x)=2+x; @,(x)=2-x
X); —2<x<0
f(X)= (Pl( )
0,(x); 0<x<2
@1(_)() 2-X —Wz( )
- f x) is an even function
”b i

n

Formula: f(x)=% +Z(an cosnx + by, sin nx)
n=1
Let the required Fourier series be

f(x)=a—2"+ian coS nx

n=1

To find ag:
22
a, :ij(x) dx
0
22
:—_[(Z—x) dx
0
2 2
o
0
:4_%
=4-2
a, =2
To find a,:
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o'-—,r\)

2— —d
= |( x)cos2 X

By applying Bernoulli’s equation

Here Uu=2-Xx ; jdv cos—7ZX

2 nﬂxJ ( nm(j[ 4 J
—2 xsm——cos— o
n7r 2 2 n°r 0
(o]

COS
n 7[ 0
4

(cosz —cos 0)}

v

ah, . .
2 3 zﬂz,lntSOdd

N n
0 : if nis even
8

7[

_|>-\~1

n’

-\~1

L
=

a

n

n?
f(x)= ?°+ ian cosnX
n=odd

2

(2-x) = _i cosnx

7T n=odd

Put x=0

8 & cos0
221+ —
7[2 n;d nz

1 7r2
Result: =
1?2 3? 52 8

Hence proved.
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PROBLEMS IN THE INTERVAL (0, 7)

a o0
Formula  f(x)=—>+> a, cosnx
n=1

a0=3jf(x) dx
7[0

a, :Ejf(x) cosnx dx
7[0

2

27 . &2
=1 00] dx:%+§an

0

13. Find the half-range cosine series of f (x) = (7 = X)” in (0, 7). Hence find the sum of the

1 1 1

_ [A.UNOV 2009, N/D 2015]
Series 1—4+?+3—4+ .............. 0
Solution: Given f(x)= (7 =x)’
Formula: f () =%+ian COSNX————————— @
n=1
To find ap:
8, =— j f (X)dx
0
== j (7 — x)? dx
4Im
2[=-x*T
V4 -3 |,
27t
% 3
To find an:

anzgjf(x)cosnxdx
T

=£.[(7r—x)2 cos nx dx
T%

o= el 2]

n 0
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Unit- 11 Fourier Series
2| 2r
4
8=
2 0
f(x) - izcosnx
3 “In
2" part
By Parseval’s identity
2
27 & &,
— | f(X)] dx=—+)> a
4
T ' 1&16
—||r—x|dXx=—+=) —
_ 577 4 o0
1| (r-x) _ mak i4
T -5 [ 489 ~=n
™ ot &1
2L N g\
5 9 én‘*
g1
“~n* 90
4
Result: %+i4+i4+ ........................................ -
T 273 90
14. Find the half-range cosine series of the function f (x) = x(z —x) in the interval
192 1 !
0< x < 7. Hence deduce that —4+2—4+3—4 - gy [A.U. A/M 2018]
Solution: Given f(x)=x(z-x) in O0<x<x.
f(X)=mx—x

Formula:  f(x)= % +ian COS NX
n=1

To find ag:
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To find a,:

2
=—|f d
a, ”'! (x) cos nxdx

= %I(nx ~x°

)
Z%_(ﬂx_XZ)[S‘”n”X}—(n—2x)[_cgfnx}+(-2)[_8;2 nxﬂﬂ
Ekadl

cos nx dx

0if nis odd

-4 . .
— if nis even
n

() =%+Zan CoS Nx
2 )
= %—4n;‘mn—lzcos nx

Using parseval’s identity
T 2 o
%j[ f (x)]zdx =%+Za§
0 n=1
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== T
2% 9
i-i-i-i-—+...=7z.—4
¢ 2t 3! 90

Hence proved.

15. Obtaion the half-range cosine series for f (X)= X i (0’”)and hence Prove that

1 1
gt [A.U N/D 2017]
Solution: The half range cosine series is given by
Formula: f(x)= a—2°+ > a, cos nx
n=1
To find ap:
2 w
=—| f(x) dx
=10
= gjx dx
4 0

2e]
| 2

0
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To find a,:
a, :ijcos nx dx
5
ZE{X[sm nx}_(l)(—cozsnxﬂ
s n n o

2[ sinnx cosnx]”
X +—

T n n® |,

2 ) cosnx |”
== | xsin nx+

nr n |,

&3]

0 if n iseven

™ 7174 it nis odd
n’m
f(x) = Z+ i — 4 cos nx
P n = odd nzﬂ
Result: f (x)= i — i > €0s (2n—1)x

n =odd nrz
T & AED"
T = —+
2 n=zodd nzﬂ
T 2 4
T = —+
2 n=zodd nzﬂ
T 2 4
T - —= —
2 n=zodd nzﬂ
r? = 1
8 _n=zodd nz
1,17
12 32 3
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16. Expand f(x) = X for 0.< XSlas a series of cosines in the interval (0,2).
2—x forl<x<2
Solution: [A.U. N/D 2016, A/IM 2017]
Given f(x) = X for 0<x<1
2—x forl<x<2
. . a, X
Formula: Fourier series f(x)=—2+ Y ap cos X
Here I=2
To find ap:
22
a, =— f(x)dx
20
_ - 2
. 2 2\ 2
=|[xdx+[(2-x)dx|= 5 + 2x—7
L0 : - 0 1
_|4 4_ﬂ_[2_1J :F
2 2 2)] |2
a,=1
To find an:

2
ap = % [ (X) cosn%x dx
0

1 2
={jxcosmdx+j(2—x)cosnixdx}
0 2 2

oot M = e o]

=i2[2cosn—”—(—l)n —1}
n’n 2

a, =0 ifnisodd
a,= 42[200571—1—1]:__4

2
°n T

a, =
A
TCZHZ

[2c0s27 -1-1] =0

a, = 242 [2c0s37-1-1] = 6_2162

Tn 4
4

2
T

4
7'[2

f(x):i— cos;rx+0+lcos%
2 9 2

f(x)= 1 [cos;rx +ECOS371X}
2 9

Result:
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17. Find the half range cosine series of f(x) = xin 0 < x<. [A.U DEC 2010]
Solution:
Half range cosine series is
Formula: f(x)= +Za cos X
To find ag:
8, == [ (%) dx
0
7 2"
a, =ijdx—z{x—} =7
Ty T 2|,
To find a,:

a, =£j f (x) cosnx dx
T

-
Wn-D"  idfm .
_n{ n? nz} n’rx [( b’ 1]
— s odd

a, =<7zn’
0 if niseven

2[ (sin nx —cosnx\ [
:—J'xcosnx dx = x
0

Required half range cosine series is

f(x)——+ Z

n=odd 7T

T 4 1
f(X)=——— —- COSNX
( ) 2 7l n=odd n2
Result:
T 4 1
f(X)==——— cos(2n—1)x
(9= 5 2 g 2"
) . . X O<x< %
18. Find the half range sine series of f (x)= . Hence deduce the sum of
T —X % <X<7m
the series [AU A/M 2015]
Z_;‘ 2n - 1)
Solution: Let the half range sine series be

b
= Z_llbnsin nx — —————= (1)
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To find by:

v

b :Ejf(x)sin nx dx

n
4 0

% z
b, = g{[xsin nxdx+j(;r—x)sin nxdx}
0 %

T
:g_x(—cosnx}(l)(—sir; nxﬂ% +g{(ﬂ_X)(—cosnxJ_(_l)(—sirl nxﬂ”
| n n 0 T n n %

nx . NX
COS— Sin—

_2|=x 2 | _(_ 2 _
=— - + - (-0+0) 7[(0+0)

sin[%rj if nis odd
0 if n.is even

Deduction

f(x)= > ir sin(%}sin nx

n=odd

f(x)= i i sinL(2n gl)ﬂjsin(Zn ~1)x

n=1 (Zn —1)271'
Result: f(x)=i[sin X—M+w—--}
n 3
PROBLEMS IN THE INTERVAL (0,1)
19. Find the half range sine series  f(x)=Ix—-x* in (0,1) [AU Nov 2013]

Solution:
Formula: f(x) =ibn sin (@J....(l)
To find by: -
b, = Izj f(x)sin(@}dx
0
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2 oy [ NTX
= T!(Ix—x )sm(l—de

:IE (|X_X2) %n?xj 124 SinEnTX) ) cos(nTxJ
I

2| 2°(-1)" 2P
:T n37[3 " n37r3
412 n
=n3—7z-3|:1+(_1) :|
2
N =, niseven
- T

0 , nisodd

Result:
M = f(x)=% ) sin[@j

n=even

20. Find the half-range cosine series for f(x) = (x—l)2 in 0<x<1.

Solution: [A.U. MAY 2013, Nov 2014]
The required Fourier cosine series be
Formula:  f(x) =%+Zan COSNZXevrrerenen, )
I
a, = 2 [ £09 dx
0
1
=2 j (x—1)"dx

To find a,:

a, =£.[f(x) cosnx dx
72.0
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1
=2j )’ cosnzxdx
0
. 1
22{ - 1 smnnxj_Z(X_l)(—cozsnznxj+2(—3|2 ng;mﬂ
nz n'z 0
" n?x?

> 4
)= f(X) ==+ ) ——cosnrx
@) ()3;,”27[2 T

Result:
1 4&1
f(X)==+— ) —-cosnzx
9 3 7t nz:i‘nz "
21. Obtain fourier cosine series of f(x)=x, 0<x<4 hence deduct that %+i4+5i4+ .+ 00
Solution: Given f(x)=x, 0<x<4 [AU NOV 2014]
. _o Nnzx
Formula: f(x) = 1an cos( %)
Here | =4
To find ap:
2 |
a, :ij Xx)dx

:—jxdx

_E
2
2

_l[
2

0 =

To find ay:

a, =IEI£X cos(n”%bx
a, :%Ix cos(n%bx
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Ao (£ )|

o Ber o)
- =l -)

{ 0 ifniseven

4
nz

a. =

n

53 if nis odd

By Parseval’s identity

0 2 =1
4 2
Liagho16,1 5 1)
5 4 2. 5San'rw
3H ,128 50 1
4 3 0 4n=oddn4
1( 4° 1 1
gl n | vy
4 3 T n=oddn
6 , 128 « 1
3 7[4 n=oddn4
4.128 5 1
3 2 n=oddn4
4
Result: %+i4+i4+.. -
1"<§ B 96

x for0<x<1
22. Obtain the Fourier series for the function f(X)=

2—x forl<x<2
x for0<x<1

f(X)={
(or) Expand 2-x forlsx<2 as a series of cosine in the interval (0,2)
[A.U MAY 2011, 2013,N/D 2016, A/M 17]
Solution:

x for0<x<1
2—x forl<x<2

Given f(x)= {
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Fourier Series

Here =1

- NTX & . NX
Formula: f(x)= °+Zancos|—+2bnsm—

To Find ag:

To find a,:

2
a, :}j f(x)cos@dx
0

O e =

2
X C0S N7z XdX + j(z — X)cos Nz xdx
1

) {(X)sin N7 X +(1){cosnnxj] +{(2x)5i” N X

nz (rm)2 i nz

, iIf niseven

-4 ]
nz—nz’ if nis odd

To find by:

+(_1)[ () ﬂ
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21

b = !f(x)3|nanx

n

—n—x

[N

jxsm nnxdx+j (2—x)sin nzxdx
0

| o ol 2 e 22

1

_ —CoS nz + Cos Nz

nr nrx
b =0
f(X)=% Z - cos|—+205m X
= n=1
f(X):E_Z 4 COS@
A5 |
fX_{I—x for 0< x<I
23. Obtain the Fourier series for the function 0 forl<x<2l
[A.U N/D 17]
Solution:
l-x forO<x<l|
. f(x)=
Given forl <x<2l
Formula: f(x) =%+Zan COS@+ZbH sin JVEX
n=1 n=1
To Find ag:
lZI
== | f(x)dx
3, |£ (x)
1] f 2
=TL|;f(X)dX+_!.f(X)dX}
1 |
={J.(I—x)dx}
0
fo]
| -2 |,
1 2
=]
_!
% 2
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To find an:
12
I—j f(x)cos—dx
0
|
=EU x)cos—dx}
I 0
-
N X
n —C0S ——
:} ( Sln ”/ el
| e
| I )
(Y, 1
nZﬂ_Z nZﬂ_Z
0 ., if niseven
a =
" n22|2,|f n is odd
T
To find by:
12
TI f(x)sm—dx
0
1
:% I(I x)smmdx}
L0
-
. NnrX
1 —cos— sml—
=1/ 10— (0 L
)
I .
_L
nr
| i 2 nzx | 1 Nz X
f(x)=—+ C + — |sih——
() 4 n=§5,.. ‘n’ I rlzﬂ[nﬂ} I

x for 0<x< %
24. Obtain the sine series for the function f(x)=

| —x for%ﬁxﬁl

Solution: [A.U. May 2011, 2013]

The sine series for the function f(x) in (0,1)is given by
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2N
F la: f(x)=>b —
ormula (x) n; \Sin =
To find by:
|
b, = IE-([ f (x)sin @ dx
JA I
= g.fxsin nrx dx +EI(I—x)sin X dx
K | i,

H#)(C@J—[n!—;j(sm@jf

.2 { - X)( il J(_ COS”T”XJ " (ﬂ(#}(‘ sin nTﬂXH

12 2
_ 2| cosn—”+%sinm —(-0+0)
[\ 2nz 2 nzm 2

n2r? 2 4 nr? 2
= 4 . nz| . nrx
f(x)= ; {nz—ﬁmn?} sml—
4] & 1 . nz| . naXx
il ?HZ:; {an?} smT

f(x)=0when n iseven f(x)= s [isinn—”} sin 7%
7[2 n=odd n2 2 I
f(x) - 4_|2i 1 zsin(2n+1)7z Sin(2n+1)7zx
7" 55| (2n+1) 2 |

Result:  f(x)= 4_Ii L (—1)n)2 } sin (2n +1)zx

25. Find the Fourier series expansion of f(x)=1-x? in the interval (-1,1) [A.U DEC 2010]
Solution:

Given f(x) = 1-x% in (-1,1), Which is an even function hence b,=0
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The required Fourier series is

a o0
Formula: f(x)= 70 +>a, cosnT”X

n=1

Here 2l=2=1=1

To find ag:
1
a, == [ £(x) dx
0
1
1 3
=2[(1 x2)dx—2[x-—] :2[1-3}: [3}
0 3 1, 3 3
Q4
° 3
To find a,:

a, =2[(L=x*)cosnzx dx
g 2{(1_ Xz{sin nnx)_(_zx)(—cos n7ZXj+ (_2)(—si? nsfzxﬂ
Nz n°z .

n‘z>
- 2[— 2(2_1);]

2 & ng
2 4 0 (_1 n+1
Result: ) =—+= cos nzx
&) 3 71'2,.,2:;‘ n®

_ [A.U. M/J 2016]
26. Find the half range sine series of f (X)=xcoszx in (0,1).
Given  f(x)=xcoszx in (0,1)

F la: f(x)=)> b, sin—
ormula (x)=>_b, sin i

Solution:
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1
=2jx coszx sinnz X dx
1
=2jx sin Nz Xcoszzx dx
x (2sin nz xcoszx)dx

x [sin (n+21)zx-+sin (n—2)x Jdx

Ot o O ey
o

By applying Bernoulli’s formula
u =X ; Idv:sin (n+2)zx+sin (n—1)zx

_cos(n+m  cos (n—1)mx
n+1 n-1

sin(n+8)ax  sin (n=1)mx

(n+1)? =4
Iuv dXx=uv—-uv, +u'v, —

CEEVRAN 1 7 R o
e e ]
- {(—1{(;13:1 ; (_nl_):l}(ow)}

S i e

n+l n-1

_ (_l)mz(n —12+ n +1J

n--1

0.~ ([ 2]

n--1
put n=1

1
b =2 jx cos X sinzx dx
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Fourier Series

x (2sin 2xcoszx)dx

Il
O ey

[

= jx sin 27zx dx
0
By applying Bernoulli’s formula

u=x ; Idv:sin 271X
U =1 ; v Ccos 271X

2
U =0 ; v, _sin 27x

4

juv dXx=uv—-uv, +uv, —..

[ cos2z X sin2rx XT
| —x T

2 4
Z[(_l)cos&r( ) sin2x

S }—@+o)

0

=Gl N7 X
=b,+> b, sm%
n=2

Result : f(x)=_7l+ y (—1)”[n22n 1Jsin n7x
. _

-

PROBLEMS IN COMPLEX FORM

FORMULA N ]

1 | —inzx

.= [f(x)e ' dx

27. Find the complex form of the Fourier series of

f(x)=e™in-1<x<1
Solution:

[A.U. N/D 2009, A/M 2015]
Given f(x)= e in-1<x<1
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Formula:  f(x)= i Ce'

n =-ow

Here =1

L f(x)=Sc, e

n=-o

-1

B U
_ (Y [et e
_(1+in7z){ 2 }

» V"
i (1+in”)[smhl ]

()= 3 {ﬁsmm }

ol l+ing

Result:  f (x)=sinh1 )’ {(‘1”1“ n ) }im

1+n%7?

n=-w

28. Find the complex form of Fourier series for the function f(x)=e™ in the interval

. = (-1)
(-7,7) Where ais a real constant. Hence, deduce that (2 ) S
—.a +n asinhar

Solution: Formula: f(x)= >'C, e™ [A.U.N/D 2015]

n=-w
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Where C, =%niwf(x)e " dx
1 f ax _Inx
:Eje e dx

& 27r(a—in)[eaﬂ e _efaﬂein”]
~ 2n( al—ln)[ el _eia”(—l)n]
(-1 Je - snhgo| & €
~ z(a-in) } < sin hg { > }
_EY(a+in)

Sin
ﬂia +N ’

n
( Y (a+| )sm har e
z|a® +n?
: sinhar & a+in
Result: e, e =220 N ()
esu ie.,e . n;@( )a2+n2e

29.Expand f(x)=e™ in theinterval (~z,7) asacomplex form of Fourier series
Solution:

Given f(x)=¢e™

Formula: f(x)= >C, e [A.U.N/D 2016]

n=-w

Where C, = 1 3 f(x)e™ dx
Y/ —
:ije—axe—inx dx

2r *.
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Unit- 11 Fourier Series
:iﬂe(—a—in)x dx
2r
_i e(—a—in)x 4
© 27| —a—in .
_ 1 (—a-in)x "
- 27z(—a—in)[e Lr
_ 1 (-a—in)z —(-a-in)z
27z(—a—in)[e 1 ]
— 1 —ar  N-inz armAinm
_27r(—a—in)[e © ©¢ }
1

- Zﬂ(—a—in)[eaﬁ (-1) e (_1)"}

" n+1 ar _ n-ar 0 -0
= ( 1) - ° 3 +sin hf = G ©
n(—-a—in) 2 2

c - (-1)"" (-a+in)

sinha
T P R
n+1 .
f(x)= (-1) 2(_ajm)sinha7r alll§
n(a +n )
: _ sinhar & na —a+in
Result: e, e = €1
esu ie., e I n;w( ) T

30. Find the complex form of Fourier series f (x) = ™ in the interval -l <x <
Solution:

Given f(x)=e® —l<x<I

Formula: f(x)= i C,e'

n=-x

[A.U.A/M 2017]

| —inzx

1 oy
=§J;e e |_dX
=%Ie[al+'im} dx
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S —(al+inz) _ —(al+inz)(-1)
—2(al +in7z)[e © ]

1

_ = | pgmd p-inm _ naljing
- —2(a|+in7r)[e © e }
-1

- 2(al +in7z)[eal (_1)“ -e (_1)”}
)

e? g0
=——2sinhal »sin hg =
(al +|n7r) 2

y (-1)"(al -inx)

sinharn
(@ +(nz)*)
. . 2 . al-int -
ie., f(X)=sinhal -1) ———e!
) nzz,w( ) (al)? + (nz)?
) . - . al-ing
Result: ie., e =sinhal ) ———e!
nZ‘w( ) (ah)? +(nz)’
31. Find the complex form of the Fourier series f(x)=cosax in —z <x<r.
Solution:

[A.U. MAY 2013]
Given the Complex form of Fourier series of
f(x)=cosax Iin -z <x<s isgiven by

Formula: f(X)= Ce™ i, o)

1 7 ; 1 7 ;
C. =— | f(xX)e"™dx — | cosaxe"™dx
" 2r -[T ) 21 -[T

1 e—inx z
=2— ﬁ(—incosax+a8in aX)
Tl{hIrn +a

1 —inz emﬂ T
S P ~(—incosax+asinax)———(—incosax—asinax)
7T |la —n a
1

-n
=m[—in cosar(e ™ —e"™) +asinar(e™ +e") |
m(@%-n
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= ————~[2incosazsinnz + 2asinaz cosnr|
2r(a”—n")
1 H -
= —————[2asinaz cosnz| [ sinnz =0]
2r(a®—n°)

_(-1)asinar 2

@y

Substituting (2) in (1) we get,
= (-1)'sinaz.a

f)=2,

N=—o ﬂ'(az - nz)

sinara & (<1)" ..
e
T n:z—oc T (az = nz)

HARMONIC ANALYSIS
FORMULA: (T-FORM)

f(x)=1(0)= %+alcos¢9+blsin9+a2 c0s 26 +b, sin 20 + a, cos 30 + b, sin 39 +...

R

n
> ysin2x
R: -2

32. Compute upto first harmonics of the fourier series of f(x) given by the following table:

inx

Result: cosax =

X 0 T/6 T/3 T/2 2T/3 5T/6 T

f(x) | 1.98 |1.30 |1.05 |1.30 |-0.88 |-0.25 |1.98
[A.U NOV 2009]

Solution:
X B2 27X y ycoso ysin @
T
0 0=0° 1.98 1.98 0
T - 60° 1.30 0.65 1.1258
A 7/ = 60
T 21/ =120° 1.05 -0.525 0.9093
A 7/ =120
T = 180° 1.30 -1.3 0
A 7=180
2T 4r/ = 240° -0.88 0.44 0.762
A 7/4 =240
5T 57/ =300° -0.25 -0.125 0.2165
A /4 =300
Dy=45 | > ycosf =112 | > ysin6=3.0136
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2y - 2[&} <4515

S ycoso
a, =2 Zy—} _ 2[%}: 0.3733

n
> ysing
b, =2 Zy—} = 2[3'0136}1.0045
n 6
Formula: y = &ﬁtal cos@+Db, sino
2
1.5

= '7+ 0.373cos@ + 1.0045sin 6

Result: y=075+0.373c0s0 +1.0045sin0 where 6 = 22X

33. Determine the first two harmonics of Fourier series for the following data:

f(x):| 198 | 130 [105 |130 |-088 |-0.25

Solution: [A.U.N/D 2015]
X y y COS X y sin X Yy C0S 2X y sin 2x
1.98 1.98 0.000 1.98 0.000
— gN° 1.30 0.65 1.126 -0.65 1.126
7/ = 60
2%:1200 1.05 -0.525 0.909 -0.525 -0.909
7= 180° 1.30 71.30 0.000 1.30 0.000
A/ — 0 -0.88 0.44 0.762 0.44 -0.762
% =240
57/ =300° | 025 0125 0.217 0.125 0.2167
D y=45| Dlycosx=1.12| Y ysinx=3.014| > ycos2x =2.67 | Y ysin2x=-0.328

g Agh
A

12
6
COS2X
a, =2[ Y } [267} 0.89

} 0.373
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sin x
b, = {Zv_} 224 s
n

b, = 2[&} = 2[_

a _ :
Formula: y = 7°+(a1 cos X + b, sin x) +(a, cos2x +b, sin 2x)

= %+(0 373cosx + 1.005sin x)+(0.89cos 2x—0.109sin 2x)

Unit- 11 Fourier Series

0.328

}: -0.109

Result: y =0.75+(0.373cos x + 1.005sin x)-+(0.89cos 2x—0.109sin 2x)

HARMONIC ANALYSIS
FORMULA: (L-FORM)

a, X . TX 27X 27X
y=?+ alcosT+bls|nT +| a, cos— I +hb, slnT + i
Q%Zysinﬂ% ZVS'” Z”X

34. Find the Fourier series as far as the second harmonlc to represent the function f(x)

with period given in the following table. [A.U DEC 2010, 2012, N/D 2016, A/M 17]
X 0 1 2 3 4 5
f(x) 9 18 24 28 26 20
Solution:
Here the length of the interval is 2| =6, =3
The required Fourier series is
- a, X . 7IX 27X . 271X
Formula: y = > + (al cosT +b, sin I_J + (az COS—— I +b, sin TJ o

X y X 70 27X 27X X . . 27X
Cos— | sin— | cos— | sin—— | ycos— | ysin— | ycos— | ysin—

3 3 3 3 3 3

0] 9 1 0 1 0 9 0 9 0
1 |18 0.5 0.866 -0.5 0.866 9 15.588 -9 15.588
2 | 24 -0.5 0.866 -0.5 -0.866 -12 20.785 -12 -20.785
3 ] 28 -1 0 1 0 -28 0 28 0
4 | 26 -0.5 -0.866 -0.5 0.866 -13 -22.517 -13 22.517
5120 0.5 -0.866 -0.5 -0.866 10 -17.321 -10 -17.321
> 1125 -25 -3.465 -7 0.0004
yza—+alcos—+blsm—+a 0052 +b, s'nm
2 3 3 3 3

= EZ y :3(125) = 41.67
n 6

Department Of Mathematics

Mailam Engineering College

Page 61




MAB8353-Transforms and Partial Differential Equations Unit- 11 Fourier Series

TX
s

2 2
=— co =—(-25)=-8.33
a n§y 3 %)

2 2rX 2
=— co0s——=—(-7)=-2.333
&=—2.Y 3 6( )

2 . TX 2

=— sin— =—(-3.465) =-1.16

b =~ Dy 375 )

b, =23y sin 22X 2 (0.0004) = 0.00013
n 3 6

y = g—&% cos%x—l.l6sin%x— 2.333 COSZLBX+O.000135in ZLBX

27X

Result: y=20.84-833 cos% —1.16sin % W k ok cos%’ZX +0.00013sin <%

HARMONIC ANALYSIS
FORMULA: (27 -FORM)

a : .
y=-—>+a, cosX+b, sin x+a, cos2x+b, sin 2x
2

2
E —sz,

2 . 2 ;
=— sinx, b, == sin 2x
by nZy 4 nZy

35. Find the Fourier series up to second harmonic for y = f(x) from the following values

2 2
=— COS X, a = COS 2X
a nZy . nZy

x| 0 2 2% Pl | Arglgbm | 27
3 % g 3
y 1 14 1.9 1.7 13 1.2 1
Solution: [A.U NOV 2013, 2014,N/D 2017, A/M 2018]
Formula: y= %+(a1 cos X +h sin x)+(a, cos 2x +b, sin 2x)
X |y COSX sin x Ccos 2X sin 2x yCosX ysin x y COS 2X ysin 2x
0 1 1 0 1 0 1 0 1 0
T |14 0.5 0.866 -0.5 0.866 0.7 1.2124 -0.7 1.2124
3
2z 19| -05 0.866 -0.5 -0.866 -0.95 1.6454 -0.95 -1.6454
3
T |17 -1 0 1 0 -1.7 0 1.7 0
4r 15| -05 | -0.866 -0.5 0.866 -0.75 -1.299 -0.75 1.299
3
o | 1.2 0.5 -0.866 -0.5 -0.866 0.6 -1.0392 -0.6 -1.0392
3
8.7 -1.1 0.5196 -0.3 -0.1732
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2 2
=— =—(8.7)=2.
B=23y=26n-29
a

EZ Y COS X =E(—1.1) =-0.37
n 6

a, =%Z y COS 2X =%(—0.3) =-0.1

b, = %Z ysin x :%(0.5196) =0.17

Unit- 11

b, = %Z y sin 2x :%(—0.1732) =-0.06

2.9

y= ?—0.37 cos x+0.17sin x—0.1cos2x —0.065sin 2x

y =1.45-0.37 cosx+0.17sin X —0.1 cos 2x — 0.06sin 2x

36. Find the Fourier cosine series up to third harmonic to represent the function given by
the following data:

Fourier Series

X 0 1 2 i 4 5
f(x) 4 8 15 7 6 2
Solution: [A.U. M/J 2016]
Here the length of the interval is 21=6, i.e., I=3
The required Fourier series is
Formula:
a, X . TTX 21X . 2mx 37X . 3rx
y =?+[a1 cosT+ b, sin Tj+[a2 cosT+ b, sin T]+[a3 cosT+ b, sin I—)

a, X . TIX 27X . 27X 37X .
y=—-+4a, c0S—+b, sin—+a, cos— +b, sin— +a, cos— +h, sin—
2 3 3 3 3 3 3

37X

XY [ oo sin® | 622 6in?] ¥ i 37 yoos®] ysin 2 22| o[ ysin 3
| SN | o : sin 3 cos Sm_q ycos 3 ysin 3 ycos? ysm? ycos 3 ysin =
0| 4 1 0 1 0 = 0 4 4 4 0 0 0
1805|0866 | -0.5 | 0.866| -1 0 4 -4 -8 6.928 | 6.928 0
2115|-05|0.866 | -0.5 | -0866 | 1 0 -7.5 -7.5 15 -12.99 | -12.99 0
3|7 -1 0 1 0 -1 0 -7 7 -7 0 0 0
4|6 |-05|-0866| -05 |0866| 1 0 -3 -3 6 5.196 | 5.196 0
5|12 1]05]|-0866| -05 | -0866 | -1 0 1 -1 -2 -1.732 | -1.732 0
> 142 -8.5 -4.5 8 -2.598 | -2.598 0
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2 2
==>y==(42)=14
8 =2y =5(42)

a-2y ycos%ng(—B.S) ~ 2833
2rx 2

a,== Z cos—z—( 4.5) =
a3=3 cos3ig)‘=3(8) 2.667
b =5 Zysm—:—( 2.598) = —0.866
b, = 2 ysinm:—( 2.598) = —0.866
n 3
Z sngﬂ—xz—(O) 0
14 27X 27X 37X

y=—-2.833 cos X 0.8665in X —1.5 cos <2 — 0.8665in <2 + 2.667 cos 2
2 3 3 3 3 3

y=7-2833 cos?—o 8665in ?—1 i coszT”X—o 866in ZT+ 2,667 cos%”x
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ANNA UNIVERSITY QUESTIONS

X forO<x<nzm
2r - X forz <x<2rx

1. Find the Fourier series expansion of f(x) = { Also, deduce that

[Pg: No: 18]
. . . 1forO<x<nm
2. Find the Fourier series for f(x) =
2 for r <x<2x [Pg: No: 20] [A.U.N/D 2013]
3. Find the Fourier Series of period 27 for the function f (x):xcos X in0<x<2r

[Pg. No: 21] [A.U. AIM 2017]

-, —m<x<0
4. Find the Fourier series of the periodic function defined by f(x) = TS
X, O<x<m

2

Deduce thatliz+liz+liz+...+oo - % [Pg: No:23] [A.U Nov 2009]

5. Expand the function f (x):xsin X as a Fourier series in the interval (—7z,7z).
[Pg: No:25] [A.U. Nov 2000]
6. Find the Fourier series of f(x)= x in. —7 < X < 7. [Pg: No:26] [A.U. M/J 2016]

7. Find the Fourier series for T =[5 in the interval (—77).
[Pg: No: 27] [A.U M/J 2016]

8. Find the Fourier series expansion of f (x) =x+x* in (-, 7) and hence deduce the value of

1 1 1
1—2+?+3—2+... [Pg: No:29] [A.U. DEC. 2017]
9. Find the Fourier series for f(x) = x* in —z < x<z. Hence show that
1 15§ b <= n’
—t—Ft—+—F..=— Pg: No: 31] [A.U.MAY 2013,2014,2018
¢ 2t 3 4 90 P9 I ]
1-X—7<x<0 _ . .
10. Iff(x)= find the Fourier series of f(x) and hence deduce
1+ x0<x<r

thati2 + iz + e =—
1 3 8 [Pg: No: 32] [A.U. MAY 2011, NOV 2013]
11. Find the Fourier series of f(x) =|sinx in—z <x <z of periodicity 27 .
[Pg: No: 33] [AU A/M 2015]
12. Find the Fourier series expansion the following periodic function of period 4
2+x —2<x<0 2
f(x)= . Hence deduce that iz+i2+i2+...=ﬂ—.
2-x 0<x<2 1 3% 5 8
[Pg: No: 35] [A.U. N/D 2015]
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13. Find the half-range cosine series of f (X) = (7r - X)2 in (0, ). Hence find the sum of the

1 1 1

Series 1—4+?+3—4+ -------------- 00 [Pg: No: 37] [A.U. N/D 2009,2015]
14. Find the half-range cosine series of the function f (x) = x(;z—x) in the interval 0< x < 7.
4
Hence deduce that %+i4 % =
1 3 90  [Pg: No: 38] [A.U. M/J 2010, A/M 2018]

15. Obtaion the half-range cosine series for f (X)= X _n (0’”)and hence Prove that

11
St
ro¥ [Pg: No: 40][A.U. N/D 2007, 2012,N/D 2017]

16. Expand f(x) = X for 0.<x Slas a series of cosines in the interval (0,2).
2—x forl<x<2

[Pg. No. 42][A.U. N/D 2016, A/M 2017]

17. Find the half range cosine series of f{x) = x in 0 < x<m.
[Pg: No: 43] [A.U. N/D 2010]

X

O<x<7?
A . Hence deduce the sum of

18. Find the half range sine series of f (x)=
T—X % <X<7

the series " ! = [Pg: No: 43] [AU A/M 2015]
= (2n-1)

19. Find the half range sine series  f(x) =Ix=x* in (0,1) [Pg: No: 44] [AU Nov 2013]
20. Find the half-range cosine series for f(x) = (x—l)2 in 0<x<1.

[Pg: No: 45] [A.U.M/J 2013, N/D 2014]
21. Obtain fourier cosine series of f(X) =X, 0<x<4 hence deduct that

1l4+3i4+5i4+...+oo [Pg: No: 46] [AU N/D 2014]

x for0<x<1

. . . . ()=
22. Obtain the Fourier series for the function f(X) {Z—X for 1< x< 2

x for0<x<1

f(X)={
(or) Expand 2-x forlsx<2 as a series of cosine in the interval (0,2)
[Pg. No: 47] [A.U MAY 2011, 2013,N/D 2016, A/M 17]
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I—x for0<x<lI
f(X)={
23. Obtain the Fourier series for the function 0 forl<x<2l
[Pg. No: 49] [A.U N/D 17]
x for 0<x< %
24. Obtain the sine series for the function f(x)=
I —x for% <x<l|

[Pg:No:50] [A.U. May 2011, 2013]
25. Find the Fourier series expansion of f(x)=1-x in the interval (-1,1)
[Pg: No: 51] [A.U DEC 2010]

26. Find the half range sine series of T (X)=xcoszx in (0,1). [Pg: No: 52][A.U.M/J 2016]
27. Find the complex form of the Fourier series of  f(x)= e™in -1<x <1
[Pg: No: 54] [A.U. N/D 2009, A/M 2015]
28. Find the complex form of Fourier series for the function f(x)=e* in the interval
(-7,7) Where ais areal constant. Hence, deduce that > (2_1) _— o
n—=.a +n asinhar
[Pg: No: 55] [A.U. N/D 2015]
29.Expand  f(x)=e* in theinterval (~z,7) asacomplex form of Fourier series
[Pg: No: 56] [A.U. N/D 2016]
in the interval -l < x<I
[Pg: No: 57] [A.U. A/M 2017]
31. Find the complex form of the Fourier series f(x)=cosax in —z <x<rx.

[Pg: No:58] [A.U. M/J 2013]
32. Compute upto first harmonics of the fourier series of f(x) given by the following table:

ax

30. Find the complex form of Fourier series f (x) =g

X

0

T/6

T/3

T/2

2T/3

5T/6

T

f(x)

1.98

1.30

1.05

1.30

-0.88

-0.25

1.98

[Pg: No: 59][A.U. N/D 2009]
33. Determine the first two harmonics of Fourier series for the following data:

X

0

7

4

T

‘4

75

f(x):

1.98

1.30

1.05

1.30

-0.88

-0.25

[Pg: No: 60] [A.U. N/D 2015]
34. Find the Fourier series as far as the second harmonic to represent the function f(x)
with period given in the following table.
X 0 1 2 3 4 5
f(x) 9 18 24 28 26 20
[Pg: No: 61][A.U. N/D 2010,2012, 16, 17]
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35. Find the Fourier series up to second harmonic for y = f(x) from the following values

x |0 z 2r 4 L A
3 3 3 3
y 1 1.4 1.9 1.7 1.5 1.2 1

[Pg: No: 62] [A.U MAY 2015, NOV 2013, 2014,2017, A/M 2018]
36. Find the Fourier cosine series up to third harmonic to represent the function given by
the following data:
X 0 1 2 3 4 5
f(x) 4 8 15 7 6 2
[Pg: No: 63] [A.U. M/J 2016]

IMPORTANT QUESTIONS

PART-A

1. State the sufficient condition for f(x)to be expressed as a Fourier series. [A.U NOV. 2009 ],

4. Find the Root mean square value of f(x)=x%in (0,1) [A.U.NOV. 2010]
5. Give the expression for the Fourier series coefficient b, for the function f(x) defined in
(-2,2). [A.U MAY 2011]

6. Without finding the values of a,,a,,b, the Fourier coefficients of Fourier series, for the

n’™~n

i =x%1i i i : & 2 g2
function f(x) =x* inthe interval (0,r) Find the value of %+§(an+bn)'

[A.U MAY 2011]
7. Find the RMS value of the function f(x)=x in (0,l). [A.U.DEC 2011]

8. Define RMS value of a function f (x) over the interval (a,b) . [A.U DEC 2012]
9. Determine the value of a_ in the Fourier series expansion of f(x)=x%in (-x, 7).

[A.U MAY 2008]
1+cosx

10. Let f(x) be defined in the interval (0,27)by f(x)=1 , 5 ' 0 <X<%
COSX, m<X<2rm
f(x+27)=f(x) Find the value of f(r) [A.U MAY 2009]

11. Inthe Fourier series expansion of

1+%, —1<x<0

f(x)= 72[x in (-7, 7) Find the value of b, [A.U MAY 2005]
1-=2, 0<x<n7 '
T

f(x) in (c,c+2x)

[A.U DEC 2010]
13. State the Parseval’s theorem in Fourier series. [A.U MAY 2011]

12. Write down the complex form of the Fourier series for
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) ) 0 for—-7z<x<0 _
14. If the Fourier series of f(x) =1 . is
sinx forO<x<r«
f0=2-2%cos- 2™ Lsinx. Find b, . [A.U MAY 2011]
T T 4n° -1 2
15. Find the RMS value of f(x)=1-xin0<x<1 [A.U MAY 2010]

16. If f(x) isan odd function in the interval (-11) , what are the values of a,and a, .
[A.U MAY 2010]
17. Check whether f(x)=1+ x+ x?* is odd or even.

18. Find the coefficient a, of cos 8x in the F.C.T of the function | (X) =SiN8&X in (g 7).

© 2
190 If x=20"—"— Fooereerre, in O<x<7z.ProvethatZi2_”—
1 2 ~'n 6

20. Find the value of ay in the fourier series expansion of f(x) = e*in (0,27). [AU Nov 2013]

sin X sin 2x

21. Inthe expansion of f(x)=sinhxin (-, 7) as a Fourier series, find the
coefficient of b,
22. Find the Fourier constantsb, for xsinx in (-z,x). [A.U DEC

2013]
23. State Parseval’s Identity for the half range cosine expansion of f (x)in (0.1).

24. State whether y = tan x can be expanded as a Fourier series. I1f so how ?If not why?

25. Write a,,a, in the expansion of x + x°as a Fourier series in (-7, 7). [A.U DEC
2010]

26. Find the sine series of function f(X)=L1 0<x<7 [A.U N/D 2015]
27. Find the half range sine series expansion of f(x) = 1 in (0, 2) [A.U Nov 2013]
28. What do you mean by Harmonic analysis? [A.U MAY 2010,2013]

0 if0<x<rm

29. If the Fourier series for the function f(x)=1 . .
sinx if 7 <x<27

1 2|cos2x cos4x €0S6x 1
f(x)=—>+— + + + e +—sin x
r m| 13 3.5 5.7 2
Deduce that —— -~ + oo, _F~2 [A.U MAY 2004]
1.3 35 57 4

30. Suppose the function x cos x has the series expansion Z b, sin nx find the value of

bin (-7, 7) "

31. If f(x) isan odd function of x in (-2, 2), what are the value of a,,a,?

32. Find b, in the expansion x*of as a Fourier series in (-7, 7).

2 0 ©
33. If (77— X)? =%+4z COST™X in 0<x <27 then deduct that 3~ [AU NOV/DEC 2014]
n=1 n

2
n n=1
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34 . If the fourier series of the function f(Xx) =X, —7 <X < X with period 27 is given by
sin 2x + sin 3x _ sin 4x +... [then find the sum of the series 1—1+1—1+
3 3 5 7
[AU A/M 2015]

35. The instantaneous current "1"at time t of an alternating current wave is given by
i=1sin(ot+a,)+1;sin (ot +o,)+ 1, sin (ot + o) +... find the effective value of the
current "i" [A.U A/M 2015]

36. Find the root mean square value of f (x):x(l —-x) in 0<x<Il [AU.N/D2015]

0in (-c,0)

1 in (0,c)

discontinuity x=0. [A.U. M/J 2016]

X+ in (-7,0)

—x+7 in (0,7)

[A.U. M/J 2016]

39. What is the sum of the Fourier series at a point x = x, where the function f (x) has
a finite discontinuity .

f(x) = Z(Sin X —

37. Find the value of the Fourier series of f(x):{ at the point of

38. Find the value ofb, in the Fourier series expansion of f (x):{

0 s, T
[A.U NOV. 2009]

40. Obtain the first term of the Fourier series for the function

PART-B

1. (a). Find the Fourier series expansion of f(x) = {X forO<x<z

2 — X forz < x< 27

Also, deduce that

1,0, 1, -
R -

1 for O
(b). Find the Fourier series for f(x) = N7 [AU Nov 2013]
2 form<x<2m

-, — x<0
2. (a). Find the Fourier series of the periodic function defined by f (x) :{ TSRS
X, O<x<rm

2

Deduce that132+132+132+...+oo=% [A.U NOV 2009]

(b). Expand the function f (x)=xsin X as a Fourier series in the interval (—7z,7z).
[A.U. Nov 2000]

3. (8). Find the Fourier series of f(x)= x in -7z <Xx< 7. [A.U. M/J 2016]
(b). Find the Fourier series for i) :|COS X| in the interval (_”’”).
[A.UM/J 2016]
4. (a). Find the Fourier series expansion of f (x) =x+x* in (-z,7) and hence deduce the value
1 1 1
of 1—2+?+3—2+... [A.U. DEC. 2017]

(b). Find the Fourier series for  f(x) = x* in —x <x<z. Hence show that
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4
11t 1T [A.U., 2013, Nov 2014,2018]
1" 2 3 4 90
1-X—7<x<0 _ . .
5.(8). Iff(x)= " find the Fourier series of f(x) and hence deduce
1+ x0<x<r
2
thatiz+i2+ ...... -
1 3 8 [A.U. MAY 2011, NOV 2013]

(b). Find the Fourier series of f(x) =[sinx| in —7 <x <7 of periodicity 27 .

[AU A/M 2015]

6.(a). Find the Fourier series expansion the following periodic function of period 4
2+Xx —-2<x<0 2
f(x)= . Hence deduce that 12 L +iz+...=”—.
2-x 0<x<2 1> 3% 5 8

[A.U. N/D 2015]

(b). Find the half-range cosine series of f (X) = (7r - X)2 in (0, ). Hence find the sum of the

1 1 1 [A.U NOV 2009 , N/D 2015]
1—4+?+3—4+
7. (a).Find the half-range cosine series of the function f ( ) (7r x) in the interval

Series

0< x < 7. Hence deduce that %-ﬁ-% +i4+ = ﬂ— [A.U. May 2018]
T 2" 3 90
(b). Obtaion the half-range cosine series for § (X)= X N (O’” ) and hence Prove that
4
1+i +i4 b - 2 [A.U Nov 2007, 2012,2017]
2 3 " 9%
8. (a). Find the half range cosine series of f{x) = x in 0 < x< . [A.U DEC 2010]

X O<x< 7%
Hence deduce the sum of

T —X 7y<x<7r

(b). Find the half range sine series of f(x)=

1

?(2n-1)°

9. (). Find the half range sine series f(x)=Ix—x? in (0,I) [AU Nov 2013]

the series Z [AU A/M 2015]

(b). Find the half-range cosine series for f(x) = (x—l)2 in 0<x<1.

[A.U. MAY 2013, Nov 2014]
10. (a). Obtain fourier cosine series of f(x)=x, 0<x<4 hence deduct that

1. 1,1, e [AU NOV 2014]
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x for0<x<1
2—x forl<x<?2
[A.U MAY 2011, 2013]

(b). Obtain the Fourier series for the function f(X):{

I-x forO<x<I
11. (a). fx):{ [A.U. N/D 2017]
Obtain the Fourier series for the function 0 forl<x<2l
x for0<x< %
(b). Obtain the sine series for the function f(x)=
¢ for% <x<l|

[A.U. May 2011, 2013]
12. (a). Find the Fourier series expansion of f(x)=1-x in the interval (-1,1)

[A.U DEC 2010]
(b). Find the half range sine series of f(X)=xcoszx in (0,1).

[A.U. M/J 2016]
f(x)=e™in-1<x<1

[A.U. N/D 2009, A/M 2015]
(b). Find the complex form of Fourier series for the function f(x) =e® in the interval

. = (-1)
(-7,7) Where aisareal constant. Hence, deduce that > (2 ) S
=a‘+n asinhar

[A.U.N/D 2015]
14. (a). Find the complex form of the Fourier series f(x)=cosax in —z <x<x.

13. (a). Find the complex form of the Fourier series of

[A.U. MAY 2013]
(b). Compute upto first harmonics of the fourier series of f(x) given by the following

table:
X 0 T/6 T/3 T2 2T/3 5T/6 T
f(x) 1.98 1.30 1.05 1.30 -0.88 -0.25 1.98

[A.U. NOV 2009]
15. (a). Determine the first two harmonics of Fourier series for the following data:

X

0

7

4

T

‘4

75

f(x):

1.98

1.30

1.05

1.30

-0.88

-0.25

[A.U.N/D 2015]

(b). Find the Fourier series as far as the second harmonic to represent the function f(x)
with period given in the following table.

X 0 1 2 3
f) |9 18 24 28

4 5
26 20

[A.U DEC 2010, 2012]
16.(a). Find the Fourier series up to second harmonic for y = f(x) from the following values
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X z 2r 4 L A
3 3 3 3
y 14 1.9 1.7 15 1.2 1

(b). Find the Fourier cosine series up to third harmonic to represent the function given by
the following data:

[A.U MAY 2015, 2014,2017,2018]

X

0

1

2

3

4

5

f(x)

4

8

15

7

6

2

[A.U. M/J 2016]
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MA8353- Transforms and Partial differential Equations  Unit-lll-Applications of Partial Differential Equations

PART-A
APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS
1. What are the possible solutions of one-dimensional wave equations?
[AU -M/J 2006, Nov/Dec 2009/MAY-2014]
Solution:
y(x,t) = (c,e™ +c,e ™) ((c,e™ +c,e ™)

y(x,t) = (c5 cos px + ¢, cos px) ((c, cos pat + ¢, sin pat

Y(X’ t) = (ng + Clo) ((Cnt + Clz)

2 2
2. In the wave equation gt_zy =c’ ax_zl what doesc?? [AU Nov/Dec 2011, June 2013]
Solution: c2 _ rension
Mass

3. What is the basic difference between the solution of one dimensional wave equation
and one dimensional heat equation? [AU-N/D 2017]
Solution:
Solution of one dimensional wave equation is of periodic in nature. But solution of
the one dimensional heat equation is not of periodic in nature.

4. Classify the Partial differential equation

(1—x2)zXX —-2xyz, +(1-y*)z, +xz, +3x°yz,-22 =0

Solution: [AU - Nov-2014, May - 2015]

A=@-x2) B=-2xy C=(-y?)
Here

B2 - 4AC =(-2xy ) - 4[@ - x2)1- y?)]
=4x%y® —4[1- x®> - y? + x%y?]
=4x%2y? — 44+ 4x% +4y% — 4x?y?

=4x°+4y? -4
x>1,y>1 5 .
=B“ - 4AC > 0(+ve) .. Hyperbolic
x< -1y < -1
When Xx=0,y=0,B*~-4AC <0 (-ve) .. CEllptic
5. Arod 30 cm long has its ends A and B kept at 20°C and 80°C respectively until steady

state conditions prevail. Find the steady state temperature in the rod.

Department of Mathematics Mailam Engineering College

Pagel




MA8353- Transforms and Partial differential Equations  Unit-lll-Applications of Partial Differential Equations

Solution: [AU-May 2009, Apr 2008, May-2015]

Let =30 cm.

02U
When the steady state condition prevail the heat flow equation is PE =0

U(X) = aX + Do s e (1)

When the steady state condition exists the boundary conditions are
u(0) = 20; u(l) =80....cc.c. ... (2)
Applying (2) in (1), we get
A=20, u(0)=b=20.

_80
I

a

u(x) =$x+20,| =30cm

6. State the laws assumed to derive the one dimensional heat equation. (OR) State the
assumption inderiving the one dimensions heat flow equation (Unsteady State).
[AU- MAY /2014]
Solution:

1 .Heat flows from a higher temperature to lower temperature.

2. The amount of heat required to produce a given temperature change in a body
is proportional to the mass of the body and to the temperature change.
3. The rate at which heat flows through an area is proportional to the area and to

the temperature gradient normal to the curve.

2 2
7. Given 3 possible solutions of the equation zt_y =a’ Z—Z( Or) Write down the various
X

possible solutions of one dimensional heat flow equation.
[AU. Nov - 2014, M/J 2016,N/D 2016,A/M 2017, A/IM 18]

(1) u(xt)=(cx+c,)
(i) u(x,t)=e*?*(c,e™ +c,e ™)
(i) u(x,t)=e"(c, cos px +csin px)

8.Explain the term “steady state”. [A.U.NOV 2013]

Solution:
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When the heat flow is independent of time‘t’, it is called steady state. in steady state the
heat flows only with respect to the distance ‘X’.

9. write down the p.d.e equation that represents steady state heat flow two dimensional

and name the variables involved. [A.U.M/J 2012]
2 2
Solution: 6—LZJ+6—L;=O
ox~ oy

10.A rod 40 cm long with insulated sides with insulated sides has its ends Aand B kep at
20°c and 60°c .Find the steady state temperature at a location 15 cm from A.
[A.U. A/IM 2011]

Solution.

u(x):(bTajx+a,O<x<40

u(m=(gggﬁjx+m,0<x<4o

u(l5) =15+ 20 =35

11. write down the three possible solutions of Laplace equations in two-dimensions.
Solution: [A.U. N/D 2010, 2011, 17]

y(x,y) = (c,e™ +c,e™™)((c, cos py +c, sin py)
y(x,t) = (c5 cos px + C, sin px)((c,e™ +cze ™)
Y(X,t) = (CoX +Cyo) (€Y +Cyp)

12. Write down the boundary conditions for the following boundary value problem “If a

string of length 'I' initially at rest in its equilibrium position and each of its point is
0 . X .
given the velocity (a—}tl) = 0=v,sin 3(|—j in0 < x<l
t

Determine the displacement function y(x,t)? [A. U. A/IM 2010]

Solution:
The boundary conditions are

(i) y(0,t)=0,t >0
Gy y(,t)=0,t>0
(i) Y(x,0)=0,0<x<t
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(iv) (MJz O=vosin3(ﬁ|—XJinO <x<|

ot
o’u  ou
13. Classify the Partial differential equation 4 ox 2 = G_t [A.U. N/D 2009]
Solution:
o’u  ou
4d——-=
0°X ot

A=4, B=0, C=0
B2-4AC =0-4(0)(0)=0
14. Classify the Partial differential equation U xy = u.u y + Xy

Solution: [AU -A/M 2018]

Here
B? - 4AC =(1)* >0
Which is hyperbolic equation.

15. Classify the Partial differential equation.
[AU - A/M-2008]

U, +4U, -2U,+3U, =0

XX

Solution:
A= B-=4 CcC=0

B® - 4AC =(4)° - 4(3)(0)=16 >0
Which is heperbolic equation.
16. Arod 50 cm long has its ends Aand B kept at 20 and 70 degree respectively until

steady state conditions prevail. Find the steady state temperature in the rod.
Solution: [AU-,N/D 2008]

0%u

8x2:O

When the steady state condition prevail the heat flow equation is

U(X) = aX + D s e (1)

When the steady state condition exists the boundary conditions are
u(0) = 20; u(l) =70 ... (2)
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Putx=0in(1)) U(x) =0x+b = b =20

u(l)=al +b =70

Putx=x=1in(1) _ al +20 =70 = a = 0
I

Applying (2) in (1), we get
a="——, b=20. | =50

u(x)=x+20
17. Arod 10 cm long has its ends Aand B kept at 20 and 70 degree respectively until
steady state conditions prevail. Find the steady state temperature in the rod.
Solution: [AU-,M/J 2008]

02U
When the steady state condition prevail the heat flow equation is o2 =0

U(X) = aX + Do s e (1)

When the steady state condition exists the boundary conditions are
u(0) =20; u(l) = 70....ccce e (2)

Putx=0in(1) U(x) = 0x+b = b =20
u(l)=al +b =70

Putx= x=1 in(1) _ al +20 =70 = a = 0
I

Applying (2) in (1), we get
a="—ygis 20. | =10

u(x) =5x+20

18. In steady state conditions derive the solution of one dimensional heat flow equation.

[AU-Nov 2005, M/J 2006]
Solution:

When the steady state conditions exists the heat flow equation

0’u _ou
Ox? ot 1)

In a steady state condition, the temperature u depends only on x and not time t

Hence Q =0
ot
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2

(1) Reduces ZX—LZJ = 0 e (2

The general solutionisu (X) = ax + b

19. State one dimensional heat equation with the initial and final boundary conditions.
Solution: [AU-N/D 2006]

2 2
The one dimensional wave equation is Zt—zy =a’ Z—Z
X

u(x,t) is the temp, time t at a point distance x from the left end of the rod.
The following boundary &initial conditions
(i) u(0,t)=k,"c Vvt>0
(i) u(lbt)=k,’c Vvt>0,vt>0
(iv) u(x,00=f(x) 0<x<I
20. Write the boundary conditions and initial conditions for solving the vibration of
string equation, if the string is subject to initial displacement f(x) and initial
velocity g(x).
Solution: [AU-N/D 2006,2007]

0%y 5 0%y
£
ot? ox?
From the given problem , we get the following boundary &initial conditions.

(i) y(0,t)=0,vt>0

The one dimensional wave equation is

(i) y(1,t) =0, ¥t >0

(iii) [gj =g(x) VO0<x<lI
ot Jix)
(iv) y(x,0) = f(x)
21. Classify the Partial differential equation
yU,, -2xyU , +x°U, +2U,-3U =0

Xy vy

Solution: [AU — Nov-2009]

A=y> B=-2xy C=x’
Here

B® - 4AC = (=-2xy)? —4(y?)(x?)=4x’y? -4x’y =0

Hence the function is parabolic
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22. An insulated rod of length I1=60 cm has its ends at A and B maintained at 30°C and

40°C respectively. Find the steady state solution
[AU - Nov-2012]

Solution:
The heat fl tion i azu+azu 0
e heat flow equation is — =
q ax 2 ay 2
L _ o°u
When steady state condition exist the heat flow equations becomes ox? =0
i, . 94
When the steady state condition prevail the heat flow equation is PV =0
U(X) = aX + Do s s (1)
When the steady state condition exists the boundary conditions are
u(0) =30; u(l)=40................ (2)

Putx=0in(1) u(0) =0x+b = b =30
Putx=l in (1) u(l)=al+b=40

al+30=40:>a=$

a=4|—0, b=30. I =60

u(x)=$x+30

23. Arectangular plate is bounded by the linear line x=0,y=0,x=1 and y=I .Its surface is
insulated. The edge coinciding with x-axis is kept at 100° ¢ The edge coinciding

with y-axis is kept at50°c .The other two edges are kept at0°c. Write down the
boundary conditions that are needed for solving two dimensional heat flow equation.
[AU Nov/Dec 2012, 2011]
Solution:
o’y o?
'y, 2

oy
From the given problem, we get the following boundary &initial conditions.

(i) u(x,00=100"C,v 0O0<x<lI

=0

The two dimensional wave equation is

(if) u(0,y)=50°"C,v 0<x<l
@ii)) u(x,)=0"C Vv O0O<x<lI
@iv) u(l,y)=0"C Vv O0O<x<lI

24. Write down the two dimensional heat equation both in transient and Steady state.
Solution: [AU May/Jun 2012]
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2 2
a_u:LLazm VJO
ot pClox™ oy Transient state

2 2
ox* oy Steady state
25. Write down the boundary conditions and initial conditions when a taut string of

length 21 is fastened on both ends. The midpoint of the string is taken to a height b
and released from the rest in that position.
Solution. [AU-N/D 2015]

2 2
The one dimensional wave equation is gt_zy =a’ Z—Z
X

From the given problem , we get the following boundary &initial conditions.
(i) y(0,t)=0,vt>0
(i) y@2l,t)=0,vt=0

(iii) [@j =0,V 0<x<2l
ot 4

bx

s O<x<l
(V) Y(x0)=1 o
M, l<x<2l
26. Explain the initial and Boundary value problems. [AU-Apr 2009]

Solution:

In Ordinary differential equations, first we get the general solution which contains the
arbitrary constants and then we determine these constants from the given initial values. These
types of problem are called initial value problems.

In many physical problems, we always seek a solution of the differential equations,
whether it ordinary or partial, which satisfies some specified equations called boundary
conditions. Any differential equations together with these boundary conditions are called
boundary value problems.

27. State the assumptions made in the derivation of one dimensional wave equation.
Solution: [AU N/D 2016]

(i) The mass of the string per unit length is constant.

(if) The string is perfectly elastic and does not offer any resistance to bending.

(iii) The tension caused by stretching the string before fixing it at the end points is so
large that the action of the gravitational force on the string can be neglected.
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28. State Fourier law of conduction. [AU-Apr 2010]
Solution:
The rate at which heat flows across an area A at a distance x from one end of a bar is
given by
Q= iKA(a—ujx
OX

ou
K is Thermal conductivity and (a—xj X means the temperature gradient at x.

29. Distinguish between steady and unsteady states condition in one dimensional heat
flow equation.

Solution:
STEADY STATE UNSTEADY STATE
1 Temperature depends only Temperature depends on distance
on distance x and time 't
2. , ,
o°u 0 ou o2 o°u
Equationis =5 = Equationis — = ~ 2
| X’ | ot ox?
2 2
o°u o _0

30.Write all possible solutions of two dimensional heat equation gy 2 fl ox2
[AU-N/D 2015]

y(x,y) = (c,e™ +c,e ™) ((c, cos py +c, sin py)

y(x,t) = (¢ cos px + C, sin px) ((c,e™ +cge ™)

y(X’ t) = (ng + Clo) ((Clly + Clz)

_ _ ou ou
31. By the method of separation of variables solve 3X&— 2y5=0
Solution: [AU-N/D 2015]
ou ou
Gi 3X—-2y—=0 SRR |
iven o y oy @)

Let Z = X(x) Y(y) be the solution of (1).
3XYX — 2yXY' =0

X' Y
IX—=2y—=K(sa
LA (say)
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log X =§Iogx+logc1

v’
2 —_—
y Y
Similarly the above steps

logY =%Iog y +logc,

2 2
o‘u o°u
32 . Classify the Partial differential equation %X + axy = f(X,y)
Solution: [A.U. N/D 2009,2016]
o’u d%
+ = f(x,y)
O XX OXy
A=1, B=1, C=0

B? - 4AC =12 —4(1)(0) =1(+ve)

Which is a hyperbolic

33. By the method of separation of variables solve & = ZE-HJ

Solution:
G ou 28u+u
Iven — =4
OX ot
XT =2XT +XT =0
X 2T +T
e = =K (sa
3 : (say)
X—:k:X'zKX
X
L dX
X dx
jidX=jkdx
X
log = kx + loga

Department of Mathematics
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PART-B
1. ZERO INITIAL VELOCITY (METHOD-1)
Key Words (I) Displacement of any point of the string (Il) Initially Displacement
1. Tightly stretched flexible string has its ends fixed at x =0 and x = | apart. Motion is

Started by displacing the string in to the from Yy =Kk(IX—X?*) from which it is released at

time t=0. Find the displacement of any point of the string at a distance of x from one
end at time t. [AU - May -2013,N/D2013, MAY-2015, N/D 17, A/M 18]

Solution:

2 2
The one dimensional wave equation is itzy a2 Z—Z
X

From the given problem ,we get the following boundary &initial conditions.
(i) y(0,t)=0,vt>0
(i) y(I,t)=0,vt>0

(iii) [@j —0, ¥ 0<x<I
Ot Jx0)

(iv) y(x,0)= k(lx —x?*) 0<x<I
The correct solution on the boundary condition is

y(x,t) = (c, cospx+c, sin px) (c, cospat+c, sin pat)........ 1)

Applying condition (i) in (1), we get
y(0,t) =c, (c, cospat+c,sin pat) =0

¢, =0 (c,cospat+c,sin pat) =0
Substituting ¢, =0 ineqn(l)
y(x.t)=c, sin px (c, cospat-+c,sinpat) @
Applying condition (ii) in (2), we get
y(l,t) =c, sin pl (c, cos pat+c, sin pat) =0
Here, (C; cos pat +c, sin pat) =0
Therefore, either ¢, =0 (or) sin pl =0
Suppose, we take €, =0 gng already we have C; =0 then we get a trivial

Solution.

we consider €, #0 and sinpl=0
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. . nz
sinpl=0 ,pl=sinnz ,pl=nz = p=|—
I nr .
Substituting p = in (2) we get
nzat nzat
y(x,t)=c, sm (c cosS——+c¢, Sin—)
I TR (1
Differentiating (3) partially w. r.t ‘t’.
VL) i M (0, R (gip Ly, R o 1
.............. (3)

Applying condition (iii in (3) , we get

Here C; =0 already explained
. nax . - Nzx
smT;t 0 it is defined forall x =5 # 0 all are cons tants

there fore  Ca =0

Substituting €, =0 in (1) we get

nzat
y(x,t)=c,cC, sm I cosT

nzx . nzat
=C, sml—cosT , Where c,c, =c,

The most general solution (4) is

R @)

Applying condition (iv) in (4) we get
y(x,0) = chsinnT7ZX =k(Ix - x?)
n=1

To find expand C,: expand k(Ix—x?) in a half range Fourier sine series in the interval

0<x<l

k(x—x?) = b, sin ”T”X
n=1

where b, = IgJ: k(Ix —x?)sin %x
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From equations (5) and (6) , we get b, =c,

C, = IEJ'OI k(Ix —x?)sin %x

2k I n7zx |2 nzx I
¢ = {(Ix X {—ECOSTJ—O—ZX)(—nZ—ﬂZJSIn— (- 2)( jCOSTL
2k 2|3 213
I HO O_n37r3 cosnyr+n3ﬂ3H

:%( 2 ][1 cosnr] =5 [1 1]

| \ n®73

0 , Whennis even
c, =< 8kl _
o whennis odd

. . 8kIZ . nax nzat
Substituting the value of C,in equation (4) y(x,t) = 4 n3ﬂ33m I cos I
n=odd

= 8kI> . nax _ nnat
Result: Y(xt)= Y ——sin——=cos

n=even I I

2. A Tightly stretched flexible string has its ends fixed at x =0 and x =1. At the time t=0,

the string is given by a shape defined by f (x) =kx* (I = X),where k is constant , and then
released from rest . Find the displacement of any point ‘x’ of the string at any time t>0.

Solution: [AU / MAY -2010,2008]

2
The one dimensional wave equation is (Zt—y =a’ a_y

ox?
From the given problem ,we get the following boundary &initial conditions.
(i) y(0,t)=0,vt=0
(i) y(I,t)=0,vt>0

(iii) [@j =0,V 0<x<I
6t (X,O)

(iv) y(x,0)= kx*(1-x) 0<x<I
The correct solution on the boundary condition is
y(x,t) = (c, cos px+c, sin px) (c, cos pat+c, sin pat)........ (D

Applying condition (i) in (1), we get
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y(0,t) =c, (c, cospat+c,sin pat) =0
¢, =0 (c,cos pat+c,sin pat) #0
Substituting ¢ =0 ineqn()
y(x,t) =c, sin px(c, cos pat+c, sin pat)
Applying condition (ii) in (2), we get

y(l,t) =c, sin pl (c, cos pat+c, sin pat) =0
Here, (C5 cos pat +c, sin pat) #0
Therefore, either ¢, =0 (or) sin pl =0

Suppose, we take €, =0 gpqg already we have C; =0 then we get a trivial

Solution.
we consider C; #0 and sinpl=0

. . nrz
sinpl=0 ,pl=sinnz ,pl=nzr :>p=|—

Substituting p:nl_n in (2) we get

. N nzat . nrat
y(x,t) =c, sin— (c; cos——+C, Sin——)
I I 5 (1
Differentiating (1) partially w. r.t “t’.
v O4h) 4 ¢, sin L (c, E(—sin n;zat) +c, 78 cos n;zat)
I I I I L (3)
Applying condition (iii in (3) , we get

Here C, =0 already explained
..n o . n
smTﬂx #0 itis defined forall x T”X # 0 all are constants

there fore  Ca =0

Substituting ¢, =0 in (1) we get

. Nax __ nzat
y(x,t) =c,C, sin I—COST

. Nax __ nrat
=C, sin I—cosT , Where ¢,C, =cC,
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The most general solution is

nzat

N @

Applying condition (iv) in (4) we get

y(x,0) = icn sin X _ kx? (I - x)
= L, (5)

To find expand kx*(I —x) in a half range Fourier sine series in the interval 0 < x </

(=% =b, sin#
n=1

where b, = IgJ: kx? (I - x)sin %x
From equations (5) and (6) ,we get b, =c,
c, = IgJ: kx? (I - x)sin %x

2

(¢ — x*)(lcos ") — (21— 3x%)| =
nz I n“x
| 1* . nax
+ 6| ——sin—
| [n47r4 | ]

T 3 3
=2—k -4l ! —— cosnz ! 2h
I b T nend

n7r

3

|
sin %j + (21 - GX){% cos %j
I n°rz

3
=2|_kx%[—4lcosn7r—2l]
n’z

Cn_ 4k| [1 e 1)]

Substituting (7) in (4) , We get

y(x.1) Z“’: 4k1®

n=1 nﬂ'

nrat

[1+ 2(-1)" ]sm Tcos

RESULT: y(x,t):i"_;1r - [1+ 2(-1)" ]sm—cos I
-t N7

nrat

3. A Tightly stretched string with fixed end point x =0 and x =1 is initially in a position
given by y(x,0) = y, sin® % If it is released from rest from this position.

Find the displacement y at any distance x from one end at any timet. [AU/DEC -2012]
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Solution:

2 2
The one dimensional wave equation is Zt_zy =a’ Z—Z
X

From the given problem ,we get the following boundary &initial conditions.
(i) y(0,t)=0,vt>0
(i) y(l,t)=0,vt>0

(iii) [@j =0,V 0<x<I
6t (X,O)

(iv) y(x,0)= y,sin® Iﬁ 0<x<I
The correct solution on the boundary condition is
y(x,t) =(c, cos px+c, sin px) (c, cos pat+c, sin pat)......... @
Applying condition (i) in (1), we get
y(0,t) =c, (c, cospat+c, sin pat) =0
¢, =0 (c,cospat+c,sinpat) =0
Substituting & =0 ineqn(l)
Y(X, t) =C, sin PX (Cs cos pat+c, sin pat) ................... 2)
Applying condition (ii) in (2), we get
y(I,t) =c, sin pl (c, cos pat+c, sin pat) =0
Here, (C; COS pat+c, sin pat) =0
Therefore, either ¢, =0 (or) sin pl =0
Suppose, we take €, =0 and already we have C; =0 then we get a trivial

Solution.
we consider C; #0 and sinpl=0

nrz

sinpl=0 ,pl=sinnz ,pl=nzr :>p=|—

Substituting p :nl_n in (2) we get

. N7axX nzat . nrat
y(x,t)=c, sin T (c, cosTJrc4 sin T)
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Differentiating (1) partially w. r.t “t’.
N =c, smn—nx(c @( smn—ﬂat)Jrc @cosn—ﬂat)
l l l L ©)
Applying condition (iii in (3) , we get
ay(at,O) =C, sin nTﬂX (c, %) =0

Here C,#0 already explained

. nnax . . nax
sml—;tO it is defined forall x ,I—;tO all are constants

there fore  Ca =0

Substituting €, =0 in (1) we get

nzx __ nnat
y(x,t) =c,C, Sin— I cosT

nzx __ nzat
=C, sm—cosT , Where c,c, =c,

The most general solution (4) is

VD= e, sinteos M @

n=1

Applying condition (iv) in (4) we get

y(x,0) = Zc sin ﬂx—yosm 2

We know that Sin’ X = % (3sin x —sin 3x)

. axy, 1 7X 3nX
sin® — =—| 3sin — —sin—
< 4 | |

From (5) and (6) we get

chsinn—ﬂxzﬁ 3sin & _sin S
—, I 4 I I
. 7X . 27X . 37X Yo oo X . 37X
C,SINn—+C, SIN—— + C, SIN — +.....= =*| 3sin——sin —
I I I 4 I I
3Yo

Equating like coefficients on either side, we get ¢, = 7

c,=0,c, =%,c4 =0,c,=0,c,=0
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. X wat . 2nx  2rat . 3nx _ 3rat Anx  Arat
y(x,t):clslnTcosT+c2SInTcos—+c38|nTcos +c, sin— COS— = )
- o ¢ _0c,==Y2 ¢, =0,c,=0,c, =0 in(5
Substituting the above values of € ===, €, =0,6;=—=,¢,=0,6=0,C; = in(5)
rat 3rat
y(X, t)_—smlﬁcosl——%sm%zxcosﬂl—

4. Astring of length 21 is fastend at both ends. The mid point of the string is taken to a

height b and then released from rest in that position. Show that the displacement is
© _ n-1 _ _
y(xt)= &Z 1) sin((2n le)ﬂxj cos((2n le)”atj

Solution:

[AU A /M -2017]

D(1,b)

AQ0.0) c(1,0) B(21,0)

Equation of AD is

Y-V _ X— X
Yo=Y XX
-0 x-0
b-0 1-0

Y=EX

I
Equation of DB is

y_—b:(X_—lJ(_b) yob i Dl bX zzb—%yﬂ{z'_x},

0-b I
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bx O<x<l

Y= 1pal

I , l<x<2l

2 2
The one dimensional wave equation is Zt—zy =a’ Z—Z
X

From the given problem ,we get the following boundary &initial conditions.
(i) y(0,t)=0,vt>0
(i) y2l,t)=0,vt=>0

(iii) [@j =0,V 0<x<2l
ot o)

% O<x<l

. — I ,
(iv) y(x0)= b(L—X) l<x<2l
Vi

The correct solution on the boundary condition is
y(x,t) = (¢, cos px+c, sin px)(c, cos pat+c, sin pat)......... @

Applying condition (i) in (1), we get
y(0,t) =c, (c, cospat+c, sin pat) =0
¢, =0 (c,cospat+c,sin pat) #0
Substituting & =0 ineqn(2)
y(xt) =c, sin px (c, cospat+c,sinpat) @)
Applying condition (ii) in (2), we get
y(2l,t) =c, sin2pl (c, cos pat+c, sin pat) =0
Here, (C; COs pat+c, sin pat) =0
Therefore, either ¢, =0 (or) sin 2pl=0
Suppose, we take C, =0 and already we have C; =0 then we get a trivial

Solution.
we Consider CZ ¢0 and Sln2p|=0

nrx

sin2pl=0 2pl=sinnz 2pl=nz = pzj
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Substituting p= 7 in (2) we get

21
y(x,t) =c, sin n (c, cos nmat +C, sin _nnat)
2l 2l 2l (1
Differentiating (1) partially w. r.t “t’.
Yy _ c, sin nx (c, @(—sin n;zat)+c4 78 os n;zat)
2l 2l 2l 20 © (3)
Applying condition (iii in (3) , we get
Y(x.0) =C¢, Sin nx (c, @) =0
ot 21 2l

Here C, =0 already explained
sin%;to it is defined _forall x
there fore  Cs =0

Substituting ¢, =0 in (1) we get

! 2v3 ol —2|
. Nax  nzat
=C, Sin = CcOS——
2l 21
The most general solution (4) is
y(xt) = ch sin nm cosﬁ
n—-1 2| 2| ............

Applying condition (iv) in (4) we get

Nnzx

y(x,0)=> ¢, sin
n=1 2'

nza
,7 # 0 all are constants

, Where ¢,c, =C,

To find expand f(x) in a half range Fourier sine series in the interval 0 < x <2l

%, O<x<l

b(21-x)
I

From equations (5) and (6) ,we get b, =c,

21
¢, == [ (x)sin 2 dx
1) 21

n
, l<x<2l nt 20
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b nx, b7 . nax
:I—Zl‘x3|n7dx+l—zjl'(2I —x)5|n2—dx

21

bl | €S~ _sin "X b —cos " _sin "
:ITXTZI -1 —22| +|_2 (21 —x | I ) R

O ——
Nz 2 nrx 2

—9]? 2 92 2
:%( 2 cos” + ;“2 sinn—ﬂ]—(—OJrO)JrE (0-0) A-ce_ 4 sin”
| 2

n°rx 2
8 . nzm
Co =37 sin ==
o 8b sin nz if nis odd
N = —— if nis odd.
nr? 2

Substitute the value of c, in equation (4) we get

= 8b . nz . nnx Nz at
Re sult : X, t)= sin sin cos
y( ) n:zo;,d nr? 2 21 21

I
5. Ataut string of length L has itsends X=0 and X = fixed . The point where X =~

0? 0?
is drawn aside a small distance h, the displacement Y(X,t) satisfies Yoa2?)

~—Z=-a
ot? ox?
Determine Y(X.t) at any time t.

[AU / MAY -2010]
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solution:
First we find the equation of the string in its initial position.

The equation of the line (or string ) OB

Y-V, — X=X
Yo=Y X, =%

y-0 x-0

h0 1_,
3

3xh
y:_

|
, O<x<5

The equation of the line (or string ) BA is

Y-V, — X=X
Yo=Y X, =%

3h I
= —Y =), —<x<|
y 2I( ) 3

3xh 0<x<4
- |
f(x)= 3h I
E(' <4 § <x<l
o’y o%y
The one dimensional wave equation is =a’—=
ot ox?

From the given problem ,we get the following boundary &initial conditions.

(i) y(0,t)=0,¥t>0
(ii) y(I,t)=0,vt>0

(iii) [@j =0,v 0<x<I
ot (x,0)

3xh O<x<i

(iv) yx0) =1, |
L0 Loy
3

The correct solution on the boundary condition is
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y(x,t) =(c, cos px+c, sin px) (c, cos pat+c, sin pat)........... @
Applying condition (i) in (1), we get
y(0,t) =c, (c, cospat+c, sin pat) =0
¢, =0 (c,cos pat+c,sin pat) 0
Substituting €, =0 ineqn(l)
y(xt)=c, sin px(c, cospat+c,sinpat) )
Applying condition (ii) in (2), we get
y(l,t) =c, sin pl (c, cos pat+c, sin pat) =0
Here, (C; COs pat + ¢, sin pat) #0
Therefore, either ¢, =0 (or) sin pl =0
Suppose, we take  C, =0 and already we have C, =0 then we get a trivial

Solution.

we consider C; #0 and sinpl=0

sinpl=0 ,pl=sinnz ,pl=nx = p:nl_fr
I nr .
Substituting p = in (2) we get
y(x,t) =c, sin L, (c, cosn—ﬂat+ c, sin n_nat)
l VTR TRTRRTRTORRTR (1
Differentiating (1) partially w. r.t ‘t’.
D) gy in ™ (e, 2 i ") 1., M oM
.............. 3)

Applying condition (iii) in (3) , we get

_ay(ax,O) =¢, sSin nTﬂX (c, ?) =0

Here C,#0 already explained

. nax . . nzx

sml—;to it is defined forall x ,I—;tO all are cons tants
there fore  Ca =0

Substituting ¢, =0 in (1) we get
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nzat
y(x,t) =c,cC, sm I cosT

nzx _ nzuat
=C, sin I—cosT , Where c,c, =c,

The most general solution is

nzat

T @

Applying condition (iv) in (4) we get
y(x,0)=>c,sin nm
n=1

To find expand f(x) in a half range Fourier sine series in the interval 0 < x <|

3xh O<x<4%
= . Nax I
nZﬂ:bnsm—l =13h

From equations (5) and (6) ,we get b, =c,

|
c, =3jf(x)sin@dx

I 0

2| L N ' . nzTX
7 L3f(x)3|anx+lff(x)S|nl—dx

3

== J' 3—hxsm—dx+-[—(| — x)sin nﬂde

3

2| ¢ 3hx 3h . NzX
_Z j —sn—d J'E(I—x)smilt—dx

Nz | Nz
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2 2
! cosn—ﬂ+%sinn—”—(0+0)
6h 3anzx 3 nzm 3

|2

I_Z nr . nNzw
+—|:( -0- 0) ( (I__)_COST_WS"]T)}

eh[ 12 nt 12 . nz 12 nzx 1>  nx
2 7 2 oiN—- 0 2 2
| 3nrxz 3 nxz 3 23nxz 3 2n‘rw 3

9h . nx
C, =——sin—
Nz 3 e ABE @)
Equation (7) in (4)
y(x,t)_g—zizsmn—smn—ﬂxcosn—ﬂat
- = N I I
RESULT:
y(x,t)=9—gzizsmn—smnTﬂXcosnl—ﬂat
n=1 n '

6. A String is stretched and fastened to points at a distance | apart the motion is

started by displace the string in form y=asin Iﬁ,.o < X<! from which it is released at

atime t=0 find the displacement at any time t [AU/ MAY -2014]
Solution:
62y — a2 a_y
ox?

From the given problem ,we get the following boundary &initial conditions.
(i) y(0,t)=0,vt=>0
(i) y(I,t)=0,vt>0

(iii) [@j =0,V 0<x<I
6t (X,O)

(iv) y(x,0) = asm%. 0<x<I

The correct solution on the boundary condition is

y(x,t) = (c, cos px+c, sin px) (c, cos pat+c, sin pat)......... ®
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Applying condition (i) in (1), we get

y(0,t) =c, (c, cospat+c,sin pat) =0

¢, =0 (c;cos pat+c,sin pat) #0

Substituting ¢ =0 ineqn()

y(x,t) =c, sin px(c, cos pat+c, sin pat)

Applying condition (ii) in (2), we get

y(l,t) =c, sin pl (c, cos pat+c, sin pat) =0

Here, (C; COS pat +c, sin pat) =0

Therefore, either ¢, =0 (or) sin pl =0

Suppose, we take €, =0 gng already we have C; =0 then we get a trivial

Solution.

we consider € #0 and sinpl=0

sinpl=0 ,pl=sinnz,pl=nr

Substituting p:nl_n in (2) we get

nzx

. nzat .
y(x,t)=c, sin . (c, cosTJr c, sin T)

Differentiating (3) partially w. r.t ‘t’.

oy(x;t) nzx @( . Nrat

=C, sinT (Cq

—SIn

Applying condition (iii) in (1) , we get
@:czsinnl—”"(%?):o

Here C, =0 already explained
sin#;«to it is defined forall x

there fore  Ca =0

Substituting ¢, =0 in (1) we get

. Nax __ nzat
y(x,t) =c,C, sin I—COST

nrz
=P =I—
nzat
.............................. ()
nza __ nrat
—)+C, ——C0S—)
I L (3)

nax
,T #0 all are constants
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nzx _ nzuat
=C, sin I—cosT , Where c,c, =c,

The most general solution (4) is

Y000 =2, sin M08 ML @)
Applying condition (iv) in (4) we get

y(x,0) = Zc sin 7% I —asmlﬁ

........................................ (5)
The most general solution is
= . Nax . 7X
Y(X,O)=Z cnsmTzasmT ........... (6)
n=1L
. TIX . 27X . TIX
clsmT+c25|n|—+ ...... =asm|—
Equating the coefficients, we get
¢=a ¢,=0 ¢=0
. X mat . 27X 2mat 3nx  3rat . 4nx  Arat
y(x,t)=c13|nTcos|—+czsmTcos I +C,Sin— I cosT+c4sm|—cos— ..... ©)

Substituting ¢,=a €,=0 ¢;=0j,(3) we get

. at
y(x,t) = asmT7ZX cosﬂT

2. NON ZERO VELOCITY (METHOD-2)
KEY WORDS (i) Equilibrium Position (ii) Given velocity (iii) Initially at rest
7. A tightly stretched string with fixed end points x = 0 and x = 1 is initially at rest in its
equilibrium Position. It is set vibrating string giving each point a velocity lx(l— x)
Solution: [AU / MAY -2013]

2 2
The one dimensional wave equation is thy =a’ ZXZ

From the given problem we get the following boundary conditions are
(i) y(0,t)=0,vt>0
(i) y(I,t)=0,vt>0
(iii). y(x,0)=0,0 < x <

(iv)%(x,O): ax(=x)=F(),0<x<1.
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The correct solution on the boundary condition is

y(x,t) =(c, cos px+c, sin px) (c, cos pat+c, sin pat).......... ®

Applying condition (i) in (1), we get
y(0,t) =c, (c, cospat+c, sin pat) =0

¢, =0 (c,cos pat +c, sin pat) #0
Substituting ¢ =0 inean()
y(x,t) =c, sin px(c, cos pat+c, sin pat)

Applying condition (ii) in (2), we get
y(l,t) =c, sin pl (c, cos pat+c, sin pat) =0

Here, (C; cos pat +c, sin pat) =0
Therefore, either ¢, =0 (or) sin pl =0
Suppose, we take  C, =0 ang already we have C; =0 then we get a trivial

Solution.

we consider C, =0 and sinpl=0

sinpl=0 ,pl=sinnz ,pl=nx = pznl—ﬂ
Substituting p =n|_7z in (2) we get
y(x,t) =c, sin nm (C, cosn—ﬂat+ c, sin n_;zat)
l L (3)
Applying condition (iii) in equation (3) we get
y(x,0)=c, sin @cs =0
Here sin @ #0 [-- Itis defined for all x]
c,#0 [-- c2 = 0 we already explained]
Therefore ¢ - o
Substitute C; =0 in equation (3) we get
y(x,t)=c,c, sin @sin nnl_at
=c, sin @sinnﬂl—at, where c,c, =C,
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The most general solution we get

y(x,t):icn sin @sinnﬂTat ............................... ()
n=1

Partially diff w. r.to ‘t’ we get

%(x,t):icn sin n:zx cos 7 [nna}
n=1

(4)

Now we apply condition (iv) in (4) we get

% (0)- Z;‘ C”(nfajsm % S ©)

Now to find ¢, expand lx(l - x) in a half-range Fourier series , we get

f(x):i bn sin?:j,x(l —x) ............................................. (6)

From equations (5) and (6) we get

Equating like co-efficients, we get

€= b(gj ....................................................... 7

b =IEIAX(I —x)sinnTﬂde
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Zof o] 22 ]
Cﬂ[@J:MI [1 ]

c,=0 if nis even.

=8 s nis 0dd. (8)
n'z
Substituting (8) in (7)
3
N N T i S @
nma an‘r

Substituting (9) in (1)

2 8A> . nzx. nrat
X,t)= sin sin
y( ) nzo(;d an47l'4 | |

RESULT y(x,t)=

7 oIn | |

2 8AI° . nmx_. nrat
Z sin
n=odd an'n

8. A string is stretched between two fixed points at a distance 2| apart and the points of the

CX.
—in 0<x<l

string are given initial velocities v where v =
“ 2l -
in 0<x<2l

X being the distance from one end point. Find the displacement of the string at any time.
[AU / DEC -2010]
(OR)
PUT C=1
A string is stretched between two fixed points at a distance 21 apart and the points of the

X.
—in 0<x<l

string are given initial velocities v where v =
(A -x).
in 0<x<2l

X being the distance from one end point. Find the displacement of the string at any

time. [AU A/M -2016]
. . . .. 9%y 0%y
Solution: The one dimensional wave equation is PO =a’ =
X

From the given problem we get the following boundary conditions are
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(i) y(0,t)=0,vt>0
(i) y(21,t)=0,vt>0
(iii). y(x,0)=0,0 < x </
(iv). %(x,o)= F(x),0< x<2l,
The correct solution on the boundary condition is
y(x,t) = (c, cos px+c, sin px) (c, cos pat+c, sin pat)......... ®
Applying condition (i) in (1), we get
y(0,t) =c, (c, cospat+c, sin pat) =0
¢, =0 (c,cos pat+c,sin pat) #0
Substituting ¢ =0 ineqn(D
y(x,t) =c, sin px(c, cos pat+c, sin pat)
Applying condition (ii) in (2), we get
y(2l,t) =c, sin2pl (c, cos pat+c, sin pat) =0
Here, (C; cos pat +c, sin pat) =0
Therefore, either €, =0 (or) sin2pl=0

Suppose, we take  C, =0 ang already we have C, =0 then we get a trivial

Solution.

we consider C, #0 and sin2pl=0

sin p2l =0 ,2pl=sinnz 2pl=nz = p=r12—7|[
I nz .
Substituting p =or in (2) we get
. N7axX nzat . nrat
y(x,t) =c, sin— (¢, coS——+cC, Sin——)
2l 2l 2l (3)
Applying condition (iii) in equation (3) we get
y(x0)=c, sin ¢, =0
21
Here sin %‘ +0 [-- It is defined for all x]
c,#0 [-- c2 = 0 we already explained]

Department of Mathematics Mailam Engineering College

Pa963 1




MA8353- Transforms and Partial differential Equations  Unit-lll-Applications of Partial Differential Equations

Therefore ¢, - o

Substitute C; =0 in equation (3) we get

nzx . nzat
y(x,t)=c,c, sin —=sin ——
2l 2l
nzx . nrat
=c, sin—-sin——, c,c, =C,
2l 2l

The most general solution we get

= nzax nrat
X,1)= D> €, SIN——SIN—— .., [
y(xt) 3 o7 SN 0)

Partially diff w.r.to ‘t’ we get

t
(x £)= ZC i n;rx(n;rajcos nrza
21 \ 21 2l R 4)

Now we apply condition (iv) in (4) we get

CX.

» nx nl I—ln O<xxl
(x,0)= 3¢, sin———==

22 IE(zl—x)in | < x < 20 B e B 5)

2|2

Now to find c, expand f(x) in a half-range Fourier series , we get

o
—in 0<x<l

f(x):i bnsin%: : I = e (6)
= 2l @ —x)in 1<x<2l

From equations (5) and (6) we get

....................................................... (7
To find B, expand f(x) in a Half range Fourier sine series in the interval (0, 2I)
2 7 nzx
b, :(?.([ f(x)sin ?dx

21
sin 2—dx +J.|£(2I — x)sin %(dx}

| 21
C . nmX . nmX
_ L d 21 = x)sin Xy
|2{ 21 Xﬂ( xJsin 4 X}
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|2 nrx 2 nrx Nz nrx 2
B 2
c 2l . nrw 8c nz
=—22— SIn— | =———8In——
| nrz 2 n-rx
bn_Cn@
21
21 21 c . ¥ 16 cl . nrx
c. B, = i —— = ———— -
nra nrga n°rx 2 n°“z°a
. 16cl . nz . 'nax . nzxat
6)= y(x.t)=> ———sin sin sin
~ n°r-a 2 21 21

16cl & 1 . nzm . nzax . nrat
X,t)= sin .-
y(x.t) 7 a nzzlln3 2 21 21

16cl & 1. nz . nax . nrat
RESULT: y(x,t)= > —-sin sin sin
y(x.t) ra $hn’ 2 21 21

9. A string of length | is initially at rest in its equilibrium position and motion is started by
giving each of its points a velocity given by
I

cX if0<x<—
V= | 2
cl—x) if =<x<I
2
Find the displacement function y (x,t). [AU M/J 2007, N/D 2010]
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. . . .. 9%y 0%y
Solution: The one dimensional wave equation is e a’ o
t X

From the given problem we get the following boundary conditions are
(i) y(0,t)=0,vt>0

(i) y(I,t)=0,vt>0
(iii). y(x,0)=0,0 < x </
). 2 (x,0)= f(x),0< x<l.
ot
The correct solution on the boundary condition is
y(x,t) =(c, cos px+c, sin px) (c, cos pat+c, sin pat)......... ®
Applying condition (i) in (1), we get
y(0,t) =c, (c, cos pat+c,sin pat) =0
¢, =0 (c,cos pat+c,sin pat) #0
Substituting ¢, =0 ineqn(l)
y(x.) =, sin px (c, cospat+c,sinpat) @)
Applying condition (ii) in (2), we get
y(l,t) =c, sin pl (c, cos pat-+c, sin pat) =0
Here, (C; cos pat + ¢, sin pat) =0
Therefore, either ¢, =0 (or) sin pl =0
Suppose, we take €, =0 ang already we have C; =0 then we get a trivial

Solution.

we consider C,#0 and sinpl=0

. . nz
sinpl=0 ,pl=sinnz ,pl=nx :>p=|—

Substituting p=n|—7Z in (2) we get

y(x,t) =c, sin nl_nx (c, cosnTﬂatJr c, sin nTnat)
Applying condition (iii) in equation (3) we get

y(x,0)=c, sin @cs =0
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Here sin @ #0 [-- It is defined for all x]

c,#0 [-- c2 = 0 we already explained]

Therefore ¢, - o

Substitute C; =0 in equation (3) we get

nzx . nrat
y(x,t)=c,c, sin—— I smT

nzx . nrat
=c, sstm I , C,C, =C

The most general solution we get

2 nzx . nzat
y(x,t)=>"c sstm% .................................... ()
n=1

Partially diff w. r.to ‘t’ we get

(x t)= Zc sin 1% nﬁacosm

' = SN ./ (4)
Now we apply condition (iv) in (4) we get
| .. cX if0<x< !
o 0)=2c, s BFE -  C
n=1 C(I—X) if ng<| ........................ (5)
Now to find ¢, expand f(x) in a half-range Fourier series , we get
. |
nzx _ o AR ST (6)

f(x)_Zb sin —= O
c(l - x) if ESXSI

From equations (5) and (6) we get

Equating like co-efficients, we get

ar
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) |
=— Ixsin wdx+[(l — x)sin ¥ g
0 I JA I

I nr 2 n’z? 2
S BTN B nr _ A4cl? in N7
" nma " nman?z? 2. n’rla 2
2 4Acl? . nz . nax . nrat
(D)= Xt)=>» ———sIn—sin——sIn——
M y( ) nz,;‘nsﬂga 2 | |
41’ & 1 . nzr . nax . n
y(x,t)= 03 Z—Ssm—”sm—ﬂxsmﬁ..
T a o N 2 I |

4¢1>° & 1 . nz . naX . hzat
. Z—Bsm—sm—sm—
= 2 | |

RESULT: y(xt)=

10. If a string of length | is initially at rest in its equilibrium position and each of its points is

%y

given the velocity (—J =V, sin’® Iﬁ 0 < x < |, determine the transverse displacement (or)
t=0

displacement of a point distant x from one end at time*t’.

Solution: [AU N/D 2008/NOV-2013,2014]
2 2
The one dimensional wave equation is thy =a’ ZXZ

From the given problem we get the following boundary conditions are
(i) y(0,t)=0,vt>0

(i) y(I,t)=0,vt>0
(iii). y(x,0)=0,0 < x </
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(iv)%(x,O): ax(=x)= F(0),0<x<l.
The correct solution on the boundary condition is
y(x,t) = (c, cos px+c, sin px) (c, cos pat+c, sin pat).......... ®
Applying condition (i) in (1), we get
y(0,t) =c, (c, cospat+c, sin pat) =0
¢, =0 (c;cospat+c,sinpat)#0
Substituting & =0 ineqn(l)
y(x,t) =c, sin px(c, cos pat+c, sin pat)
Applying condition (ii) in (2), we get
y(l,t) =c, sin pl (c, cos pat+c, sin pat) =0
Here, (C; COs pat+c, sin pat) #0
Therefore, either ¢, =0 (or) sin pl =0
Suppose, we take - C, =0 and already we have C; =0 then we get a trivial

Solution.

we consider G2 #0 and sinpl=0

sinpl=0 ,pl=sinnz ,pl=nx = p=n|—7Z

Substituting p=nl—ﬂ in (2) weget

y(x,t) =c, sin nx (c, cosn—ﬂatJr c, sin n_nat)

l l L (3)

Applying condition (iii) in equation (3) we get

y(x,0) = c, sin @cs =0

Here sin @‘ 40 [- It is defined for all x]
c, #0 [ c2 = 0 we already explained]

Therefore ¢, - o

Substitute C3 = 0 in equation (3) we get

. nzXx . nrat
y(x,t)=c2c4sm|—sm|—
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. nzx . nrat
=c, sstm I c,C, =C,

The most general solution we get

= . nax . nrat
y(x,t):chsml—ﬂXsmT— ............................... 0
n=1
Partially diff w. r.to ‘t’ we get
o _ % ¢ sin M 7@ oo nzat
5t(X't)_nZ::1€nsm e 4)

Now we apply condition (iv) in (4) we get

ﬂ(x,O): icn sin X DRy gjn2 &
ot o I I

................................... 5)
>'b, sin % —y, sin? 2
n=1 I I
b, sin G b, sin 2 + b, sin I o= 3sin[ﬂj - sin[3—ﬂxj
I I I 4 I |
Equating the co-efficient on both sides
b, :3%,@ ——VZO b,=b, =b, =...=0
m 3V
bl = Cl I— = To
c - LF’L}
ma| 4
3ra Vv
b,=c,| — |=——=2
o[22
PSRLIN B
* 3ma| 4 12ma
From equation (1), we get
y(x,t)=C,sin Iﬁsin m%t +C,sin 3I—m(sin ﬁ
(x,t)= Vol i P gin AL _ Vol 32X ) 3L
RESULT 4ma I | 127a I I
11. A Tightly stretched flexible string has its ends fixed at x =0 and x = 1. Atthe time t=0,
ZTKX if 0< x <1
the string is given by a shape defined by y(x,0) = ol | where K is constant
2k - if 5 <x<|
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, and then released from rest . Find the displacement of any point “x’ of the string at any

time t>0.

Solution: [AU/ NOV -2015]
o’y _ 0%

The one dimensional wave equation is —=a’—
ot OX

From the given problem ,we get the following boundary &initial conditions.
(i) y(0,t)=0,vt>0
@i) y(I,t)=0,vt>0

(iii) [@j =0,V 0<x<I
6t (X,O)

2

(iv) y(x,0) =

The correct solution on the boundary condition is
y(x,t) = (c, cos px+c, sin px) (c, cos pat+c, sin pat).......... ®
Applying condition (i) in (1), we get
y(0,t) =c, (c, cos pat +c, sin pat) =0
¢, =0 (c,cospat+c,sinpat) #0
Substituting & =0 ineqn(l)
y(x,t) =c, sin px(c; cospat+c,sinpat) )
Applying condition (ii) in (2), we get
y(l,t) =c, sin pl (c, cos pat+c, sin pat) =0
Here, (C; COs pat+c, sin pat) =0
Therefore, either ¢, =0 (or) sin pl =0
Suppose, we take  C, =0 and already we have C; =0 then we get a trivial
Solution.
we consider C; #0 and sinpl=0

. . nz
sinpl=0 ,pl=sinnz ,pl=nx :>p=|—

Substituting p:nl_n in (2) we get
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. N nzat . nmat
y(x,t)=c, sin T (c, cosT+c4 sin T)

Applying condition (iii) in equation (3) we get
y(x,0)=c, sin @cs =0

Hweﬂn%§¢0 [- It is defined for all x]

c,#0 [-- c2 = 0 we already explained]
Therefore ¢ - o

Substitute C; =0 in equation (3) we get

. nzx_. nrat
y(x,t)=c2c4sm|—sm|—

. hzx . nrat
=cnsstm|—, where c,c, =C,

The most general solution we get

nnx nrat

y(x,t):iCn sin Tsinl— ............................... ()

Partially diff w. r.to ‘t’ we get

%(x,t): icn sin n:zx cos "7 [nna}
n=1

(4)
Now we apply condition (iv) in (4) we get
T ) 2 ifoax<t
@(XIO):Z Cn ﬂajsin_ﬂxz I 2
ot pry I I 2kx .. |
2k —— if —<x<I
I 2
...................................... (5)
ZTkX ifo<x< 12
Now to find c, expand kx | in a half-range Fourier series, we get
2k —— if —<x<I
I 2
) 2 pex<d
f=> bnsin?: | o | e, (6)
E 2k—TX if S <x<l

From equations (5) and (6) we get
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%
b, =g J.(z—b(jﬂnﬂ(dx-i-j(Zk—z—b(jSinde
A I , I I

|
2k %2 nX nX
=|—2 Ixs I dx+I - X sdex
L© P
% |
nx . NxX nrx . nNxnX
2k —COST SI T —COST sin ——

|2 nr 2 n’r? 2
=, 8k Nz . Nnnx nrat
MUES X, t)= > ——sin sm—cos—
= 8k n nsat
RESULT: y(x,t)=>" ? =S sm—m(cosﬁ
n=1 T I | ]

12. If a string of length I is initially at rest in its equilibrium position and each of its points is

given the velocity [Zt—yJ =V, sin[ngXJ cos[lﬁ} , 0 < x < |, determine the transverse
t=0

displacement (or) displacement of a point distant X from one end at time*‘t’.

Solution: [AU N/D 2016]

2
The one dimensional wave equation is M =a’ ZXZ

From the given problem we get the following boundary conditions are
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(i) y(0,t)=0,vt>0
(i) y(I,t)=0,vt>0
(iii). y(x,0)=0,0 < x </

(iv). [a_yJ =V, sin[g—m(} cos[ﬁ}, O<x<l
ot ), | I

The correct solution on the boundary condition is
y(x,t) = (c, cos px+c, sin px) (c, cos pat+c, sin pat).......... ®
Applying condition (i) in (1), we get
y(0,t) =c, (c, cospat+c, sin pat) =0
¢, =0 (c,cos pat+c,sin pat) #0
Substituting €, =0 ineqn(l)
y(x,t) =c, sin px (c, cos pat+c, sin pat)
Applying condition (ii) in (2), we get
y(l,t) =c, sin pl (c, cos pat+c, sin pat) =0
Here, (C; cos pat +c, sin pat) =0
Therefore, either €, =0 (or) sin pl =0
Suppose, we take  C, =0 and already we have C; =0 then we get a trivial

Solution.

we consider C,#0 and sinpl=0

sinpl=0 ,pl=sinnz ,pl=nz = p:nl_n

Substituting p =n|_7z in (2) we get

y(x,t)=c, sin nx (c, cosn—ﬂat+ c, sin n_;zat)

I I L (3)

Applying condition (iii) in equation (3) we get

y(x,0)=c, sin @cs =0

Here sin @‘ 40 [-- It is defined for all x]
c,#0 [-- c2 = 0 we already explained]
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Therefore ¢, - o
C3;=0in equation (3) we get
nzX . nrat

sin ——

Substitute
y(x,t)=c,c, sin—=

nzx nnat
=C, sin —-sin——, ¢,c, =C
| 2¥4 n

The most general solution we get
nrat

Zc sin —sm -

Partially diff w.r.to ‘t’ we get
ma nrat
................ 4)

(xt) Zc sin nzrxnl cos —

Now we apply condition (iv) in (4) we get
oy . Nax

X,0
at ( ) - n I

< . Nmx . 3nx X
> b, sin - =V sm[Tj cos(l—J
n=1

¢ (@)

X 27X
bls|n|—+bzsm +Db, smT+ 5

Equating the co-efficient on both sides

vl
b, = O
2ma
v
{3
B,=B,=0
c, =¢C, 50
v
" C4 = ?
_[ Yol
‘| 8ma
From equation (1), we get
vl ax . mat V| . 4nx . 4nat
y(x,t) = =2=sin ==sin = — —%— sin ——sin ——
27a I | 8ra I I
4nx . 4mat

Vol . ax . mat vl :
(x,t) = —2=sin Tsml——SL sin —=sin ==
ma
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3. HORIZONTALLY INFINITE PLATE
KEY WORDS (i) An infinitely Plate (iii) A long rectangular plate (ii) short edge x =0
13. An infinitely long rectangular plate with insulated surface is 10cm wide. The two long

edges and one short edge are kept at zero temperature, while the other short edgex =0 is

. 20y , for0<y<5
kept at temperature given by u = find the steady state
20(10-y), for5<y<10
temperature distribution in the plate [AU / MAY -2014]
Solution:
. . . pAllio
The two dimensional heat flow equation is a—2+ W =0 -—————————— *
X

From the given problem we have the following boundary conditions
(i) u(x,00=0 for all x
(i) u(x,)=0 for all x
(iii) u(eo,y)=0 for x —>o00,u—>0

2ly , for OSySIE
(iv) u(0,y) =

21(1-y), forIESySI

The correction solution of (*) which satisfies the first three boundary conditions is

u(x,y)=(Ae PXt Be‘“XC cos py + Dsinpy) —————————————— @
Applying condition (i) in (1) we get,

u(x,0) =(Ae P*+ Be "**)(C) =0

C=0 o (Ae P Be"”)io(it is defined for all x)

Substituting C=0 in (i) we get,

u(x,y) =(Ae "*+Be *) (Dsinpy) —————————————— )
Applying condition (ii ) in (2) we get,

u(x,1) :(Ae Pxy Be’px) (Dsinpl) =0

(Ae "+ Be "”) #0it is defined forall x
D=0 .+ if D=0,alredyC =0 Then we get trivial solution

. sinpl=0 sinnz =0
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Nz
Substituting P =77 in (2) we get,

u(x,y) =[Ae $+ Be ”,*j [Dsin nl_ﬂyj ______________ 3)

Applying condition( iii ) in (3) we get,

u(eo, y) =(Ae “+ Be ‘°°) [Dsin nl_nyj =0

sin @ # 0 itisdefined forall y

D=0 (if D=0 already explained)
As y — o, u— 0 (condition (iii))
This is possible only when  A=0 if B=0 we getu— oo

Substituting A=0 in (3) we get,

u(x,y) =[Be "J [Dsin@j

:[cne_ | sinnTﬂyJ, C.aHBD

The most general solution can be written as

nzXx

u(x,y):%cnsin@e_ . S A (4)
Applying condition (iv) in (4) we get,
uO.y) =X, sin " = 1(y) | e ©
To find c, expand f(y) ina half range sine series
Ly e ©)
n—1
c,=b, using(®)&®6) ~———————————- (7

2 .
Now, br =|—j f(y)sin T”ydy
0
'
2 |
=|g IZIysin@dyﬂZl(l—y)sin% dy
0 i

2
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|
n .. N > n .. N !
—cosTﬁy —sml—ﬁy 2 —cosl—”y —sml—”y
=4 - +(l-y) — |- (-1
o s (=9) = |~ i
I |2 0 I |2 IE
nr . nrx nz
ICOST sm7 cosnz —sinnzx I COS?
=4 {—— + +<—( -1 - - -=
2| nm n‘z’ =b nz n’z’ ( ( z)j nz
I |2 I |2 I
. nrx
sin —
_ 2
n2ﬂ_2
|2
|2 T 12 . nx 2 T 12  nr
=4— COS——+——SIN—+ COS ——+——5SIn—
2nrz 2 n-r 2 2nrx 2 n°rx 2
212 nzx
bn=4|:n2ﬂ-25|n7i|
812 nzx
Cn |:n272'2 sin 7:| __________________ (8)

Substituting (8) in (4) we get,

- tEi

= 81> . nx_. nay
u(x,y) = sin—sin—=e¢ !
%) nZ::lnzﬂ2 2 |

Replace | by 10 we get,

u(x, y) = 2800 : n7z.

—NrxX

elO

(2
10

X

RESULT: u(x,y) = Z o0% ”7”5' nry
71'

elO

14. An infinitely long rectangular plate with insulated surface is 20cm wide. The two long

edges and one short edge are kept at zero temperature, while the other short edgex =0 is

10y :

kept at temperature given by u =
p p g y {10 (20—y),

temperature distribution in the plate

Solution: |=20,|§=10

for 0<y<10
y find the steady state
for 10<y<20

[AU A/ M -2017]
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. . .. 0% o4
The two dimensional heat flow equationis —-+—=0 ——————————— *
oxX°~ oy
From the given problem we have the following boundary conditions
(1) u(x,00=0 for all x
(i) u(x,)=0 for all x
(iii) u(eo,y)=0 for x> o,u—0

I I
— , for0<y<—
y 2

N

(iv) u(0,y)=

E(I—y) , for IES y<I
The correction solution of (*) which satisfies the first three boundary conditions is

u(x,y):(Ae PXy Be‘“XC cos py + Dsinpy) —————————————— Q)
Applying condition (i) in (1) we get,

u(x,0) =(Ae P*+Be **)(C) =0

Cc=0 - (Ae Be'“)io(it is defined for all x)

Substituting C=0 in (i) we get,

u(x, y) =(Ae P+ Be P} (Dsin py) ————————=———— )
Applying condition (ii ) in (2) we get,

u(x,1) =(Ae P+ Be "?*) (Dsin pl) =0

(Ae ®*+Be "”) =0it is defined forall x
D=0 - if D=0,alredyC =0 Then we get trivial solution

. sinpl=0 sinnz =0

nm
p=—"
I
Nz
Substituting p= 7| in(2) we get,
u(x, y) =[Ae 1 +Be Ij [Dsinnl—nyj ______________ 3)

Applying condition( iii ) in (3) we get,

u(eo, y) =(Ae “+ Be ‘°°) [Dsin nl_nyj =0
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sin @ #0 itisdefined for all y

D=0 (if D=0 already explained )
As y — o, u— 0 (condition (iii))
This is possible only when  A=0 if B=0 we getu— oo

Substituting A=0 in (3) we get,

u(x,y) =[Be "J [Dsin@j

:[cne_ ! sinnTﬂyJ, ¢, =BD

The most general solution can be written as

nzX

IR SN Paly) Y 4
u(x, y) nz;cnsm e (4)
Applying condition (iv) in (4) we get,
= .n
u0.y) = ¢, Sinm = F(y) | —mmmm oo )
n=1

To find c, expand f(y) in a half range sine series

R o ©)
c,=b, using (®)&®6) ~——————————- (7
Now J' f(y)sin—= ﬁy dy

!
2 %1 nzy ny
=T I[Ey sin—~— I dy+J' (I-y) sin 7Y I dy

N —

2
—cos@ sin nflry —cos@ —sin nzy
=9y nl -1 nzﬂ_z + (I - y) nz _( l)
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cos % sin "% cos %
|| ©© 2 2 cosnr —sinnz 0 2
BT +1 o FHa=(1=1) o (I——)

I |2 I |2 I

|2 T 12 . nr I T 1> . n
=< - cos—+ﬁsm—+ cos—+ﬁsm—
2nr 2 nrw 2 2nr 2 nrx 2

Substituting (8) in (4) we get,

—nNrzX

) 2
u(x,y) = Zisin %ﬂsin nTy

2,2
n:lnﬂ

Replace | by 10 we get,

Nz X

u(x, y) = 2800 in N7 o %e o

RESULT: u(x,y)= Z 800 i %Ts' nlzye ™
71'

15. An infinitely long metal plate in the form of an area is enclosed between the lines

y=0 and y = forx>0. The temperature is zero along the edges y =0 and y = and at

infinity. If the edges x =0 is kept at a constant temperature T,°C ,find the steady state

temperature at any point of the plate? [AU / DEC -2009]
Solution:
. . . o’u  d%u
The two dimensional heat flow equation is pY™ + Ty =0 - —————-————- *)
X y

From the given problem we have the following boundary conditions are
(i) u(x,00=0 for all x

(i) u(x,7)=0 for all x
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(iii) u(eo,y)=0 for x> ow,u—0
(iv) u@Q,y)=T,,0<y<xm
The correction solution of (*) which satisfies the first three boundary conditions is

u(x, y) =(Ae **+Be “P*)JC cos py + Dsin py) —————————————— 1)
Applying condition (i) in (1) we get,

u(x,0) =(Ae P*4 Be ’“)(C) =0
C=0 - (Ae"+Be )=0
Substituting C=0 in (1) we get,
u(x, y) =(Ae "+ Be’px) (Dsin py)g——m—————————— 2)
Applying condition (ii ) in (2) we get,
u(x, ) :(Ae P+ Be "”) (Dsinpz) =0
D=0 - if D=0 we gettrivial solution

~sinpr=0 or pmr=nzx

p=n
Substituting p =n in (2) we get,
u(x,y) =(Ae”x+ Be*”x) (Dsinny) @& ——————————- €)

Applying condition (iii ) in (3) we get,
U(eo, y) =(Ae “+Be ) (Dsinny) =0
As y — o, u — 0 (condition (iii) )
This is possible only when A=0 - if B=0 we getu —>
Substituting A=0in (3) we get,
u(x, y) =(Be’“) (Dsinny)
= (cn e "sin ny), c,=BD

The most general solution can be written as

u(x,y)=>c,sinnye " ————— (4)
n=1

Applying condition (iv) in (4) we get,

u(0.y) =icnsin ny=T,= f(y) ————————————————— )

n=1

To find c, expand Ty in a sine series in (0.7)
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Ty =3, sinny ————— - (6)
c,=b, using(®)&®6) ~———————————- (7)

b, = 3.[ f (y)sin ny dy
T 0

= EITO sin ny dy
T 0

_ ﬂ{—cos nyT

n n |,

_&{—cosnn +1}

T n

Vi n

=ﬂ{1—(—1)”}

0, when n is even
b =

h 4T .
—29 when n is odd

v/

0, when n s even

N=tc-=Ppp= = == __ 8
(N=¢ ﬂ when n is odd ®)
T

Substituting (8) in (4) we get,

s ) 4, sinnye™

n=135.. 7

0 AT
u(x,y) = 27°sm (2n—1)ye
n=1

o 4T, o
u(xy) =Y —%sin(2n—1)ye3nbx
RESULT: U0t Y) =2~ Esin(2n-1y

16. An infinitely long plane uniform plate is bounded by two parallel edges and an end at
right angle to them. The breadth of this edge x =0 is =, this end is maintained at
temperature as u = k(zy — y?) at all points while the other edges are at zero temperature.
Determine the temperature u(x,y) at any point of the plate in the steady state if u satisfies

Laplace equation? [AU / MAY -2010]

Solution:
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The two dimensional heat flow equation is @ + g =0 -—————————- *
oxX°~ oy
From the given problem we have the following boundary conditions
(i) u(x,0)=0 for all x
(i) u(x,7)=0 for all x
(iii) u(eo,y)=0 for x> o,u—0
(iv) u(0,y)=k(zy—y*),0<y<z
The correction solution of (*) which satisfies the first three boundary conditions is
u(x, y) =(Ae **+Be “P*)JC cos py + Dsin py) —————————————— 1)
Applying condition (i) in (1) we get,
u(x,0) =(Ae PX4 Be ’“)(C) =0
C=0 - (Ae P4+ Be P¥) =0
Substituting C=0 in (1) we get,
u(x, y) =(Ae "+ Be”“) (Dsin pyh———— <= === 2)
Applying condition (ii’) in (2) we get,
u(x,7) =(Ae "+Be **) (Dsin pz) =0
D=0 = if D=0 we gettrivial solution

. sinpr=0 ‘or pr=nzx

p=n
Substituting p=n in (2) we get,
u(x, y)=(Ae”X+ Be’”x) (Dsinny) —————————————— ©)

Applying condition ( iii ) in (3) we get,
u(eo, y) =(Ae “+Be *°°) (Dsinny) =0
As y — o, u— 0 (condition (iii))
This is possible only when A=0 if B=0 we get u >
Substituting A=0 in (3) we get,
u(x, y) =(Be’” X) (Dsinny)
= (cn e ""sin ny), c, =BD

The most general solution can be written as
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U(X, Y) =D Cpsinny & "% (4)
n=1

Applying condition (iv) in (4) we get,

u(0.) = Y¢, sinny=k(ay - y*) ==~ === ==-- ©

2
To find coexpand KW =Y7) in a half range sine series in (0.7)

(7~ y?) = Y b, sinny - — =~~~ ©)
n=1
From (5) and (6) we get, ¢, =b, —~—————————=—————— @)

b, = 3.[ f (y)sinny dy
72.0

b, =2 [k(ay - y*)sin ny dy
7 0

b, =2_k[ {(ﬂy_yz)(—cosnyj_(n_zy)(—sinzny}r(_z)icossnyJ }
w n n n s

:&( {_ (x? _ﬂz)[cosnn)+(ﬂ_zﬂ)[sinzmj_z[cosgm) }_{ +(ﬂ_0)[sin20j_2[cosgoj } J
Via n n n 0 n n

2l )

4k
= 1—(-1)"
5 -h-c]
0 , when n'is even
b =
" 83—k when n isodd
n°z
0 , when n is even
5.C, =1 8k

when n isodd

n’z
Substituting this value of C,, in (4) we get,

= 8k .
u(x,y) = ——sinny e ¥
n:%s...ngﬂ
sk 1
T n=1 (2n_1)3

—(2n-1)x

sin(2n-1)ye
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8k& 1 _
RESULT: u(x,y)=— ——sin(2n-1)y e @ x

17. An infinitely long plate in the form of an area is enclosed between the lines
y=0 and y=gx for positive value of x. The temperature is zero along the edges
y=0 and y = rand the edge at infinity. If the edge x =0 is kept at the temperature

f(y) =ky, 0<y < find the steady state temperature distribution in the plate?

Solution: [AU / MAY -2010]
The two dimensional heat flow equation is @ +g =0 - —————————— *)
ox~ oy
From the given problem we have the following boundary conditions
(1) u(x,00=0 for all x
(if) u(x,7)=0 for all x
(iii) u(eo,y)=0 for x —>o0,u—0
@iv) u(0,y)=ky,0<y<rm
The correction solution of (*) which satisfies the first three boundary conditions is
u(x, y) =(Ae P+ Be ‘pXXC cos py + Dsinpy) —————————————— Q)
Applying condition (i) in (1) we get,
u(x,0) =(Ae "*+Be P*)(C) =0
C=0 =+ (Ae »*+Be P*) =0
Substituting C=0 in (1) we get,
u(x, y) =(Ae "+ Be ?) (Dsin py) ————————————— 2)
Applying condition (i) in (2) we get,
u(x,7) =(Ae P+ Be’px) (Dsin pz) =0
D=0 -+ if D=0 we gettrivial solution

~sinpr=0 or pr=nrx

p=n
Substituting p=n in (2) we get,
u(x, y)=(Ae”X+ Be’”) (Dsinny) ———————— ©)

Applying condition (iii ) in (3) we get,
u(oo, y) :(Ae “+Be ’°°) (Dsinny) =0

As y — o, u — 0 (condition (iii) )
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This is possible only when A=0 if B=0 we getu—>
Substituting A=0 in (3) we get,
u(x, y) =(Be’” X) (Dsinny)
= (cn e ""sin ny), c,=BD

The most general solution can be written as

u(x, y)=icn sinnye ™" ———————————— (4)

n=1

Applying condition (iv) in (4) we get,

u(©,y) =Y c,sinny=ky= f(y) —————=——————- )
n=1
To find c, expand ky in a half range sine series in (0.7)
ky = b,sinny————————————— 6)
n=1
From (5) and (6) we get, ¢, =b, ———=—————=~—————— )

b, = 3.[ f (y)sinny dy
72.0

=£J‘ky sinny dy
ﬂO

(o))
) ()

= K[—7zcos nz]
T

b, = 2 (-
T
5C, = ﬁ(—l)”” _____________________ (8)
T

Substituting (8) in (4) we get,

u(x,y) = 22—:(—1)”*13in nye "*
n=1 \
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u(x, y) = ZkZ%(—l)”*lsin nye "
n=1

4. VERTICALLY INFINITE PLATE
KEY WORDS (i) An infinitely Plate (ii)A long rectangular plate (ii) short edgey =0
18. A rectangular plate with insulated surface is 10 cm wide and so long compared to its

width that it may be considered infinite in length without introducing appreciable error. The

20 x for 0<x<5
20(10-x) for 5<x<10

temperature at short edge y=0 is given by

and all the other three edges are kept at0°C . Find the steady state temperature at any point in

the plane. [AU / MAY -2013]
Solution:
N > o’y ol
The two dimensional heat flow equation is p) +W =0
X

From the given problem we have the following boundary conditions
(i) u(0,y)=0 for all y
(i) u(l,y)=0 for all y
(iii) u(x,0)=0 o<x<I

2l x , for OSXSI—

(iv) u(x0)= 2

21(1-x), for IES x <1
The correct solution of (1) which satisfies our boundary conditions is
u(x,y) =(Acos px + Bsin px)(Cepy + De‘py) ............................... (1)
Applying condition (i) in (2) we get
u(0, y) = (A)(Ce Y De‘py)z 0
A=0 [ Ce™ +De™ # 0]
Substituting A =0in (2), we get
u(x, y) =(Bsin px)(Ce oy De‘py) ........................................... (2)
Applying condition (ii ) in (2) we get,
u(l, y)=(Bsin pI)(Ce Yy De’py)

(Ce "+ Be ‘py) #0it is defined forall y
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B=#0 .+ if B=0,alredy A=0 Then we get trivial solution
. sinpl=0 sinnz =0
nrx
p=—

n
Substituting p =Tﬂ in (2) we get

u(x, y)=[BsinnT7txj[Cen:Ty +De_n'ﬂyj ........................... . (3)
Applying condition (iii) in (3), we get
u(x, ) =[Bsinn|—nxJ(Ce°° +De™)=0
As y — oo, U — 0 (condition (iii))
This is possible when C =0 [ if D=0 we get u — o]

Substituting C =0in (4) we get

nzy

u(x, y)= Bsin[nTﬂ xj.De '

kLo

u(x, y):Cnsin[nTﬂxj e ', BD=C
The most general solution can be written as
® _nm
u(x,y):chsin[nTﬂxJe N s (4)
i1
Applying Condition (iv) in (5) we get
i 0 21 x , for0<x< I—
u(x,0)=> c, sinl—nx= u(x,0) = | 2
n=t 20(1-x), for ESXSI

To find c, , expand f(x) in a half-range Fourier sine series in (0,1)

f(x)=>b, sin”l—”x ........................................ (5)
n=1
From (6) and (7) we get

< . nw < . nr
D c,sin——x=>"b, sin—x
n=1 I n=1 I
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Now b, =Ig_[ f(x)sinnT”xdx
0
Here | =10
10 N
b =—| f(x)sin—dx
" 10-[ ) 10

0

é Jj f(x)sm—dx+_[ f(x)smﬁdx}

—

1 5
- E{J; 20sin —dx + j20(10 x)sin X dx}

Nnax . nax ° nx o 10
_COSﬁ —Slnﬁ —COSE —Slnﬁ
=44| X nl - (1) nzﬂ_z + (10 - X T — (_1) W
0 100 7o 10 100 /),
-4l = 5c0s +%3inn—ﬂ—0—0} [ 00+ 5,087 —12002 sinn_”}
nz n°rz 2 nr il >
800 nmx
= n272'2 7 .............................. (7)

Substituting (7) in (3),

w —nry
u(x, y) Z 800 ~sin n—sm nlgxe 10

n:l
- . N7T . Nax
u(x, y) = Z%sm—ﬂsm—ﬂxe 10
RESULT: 17 IR0
19. A'long rectangular plate has its surfaces insulated and the two long sides as well as one of

the short sides are maintained at 0°C . Find an expression for the steady state temperature

u(x, y) if the short side y =0 is = cm long and is kept at u,C .

Solution: [AU / MAY -2009]
. . 2% ol
The two dimensional heat flow equationis — +—=0 ...................... Q)
ox= oy
The boundary conditions are
(i) u(0,y)=0 for all 'y
(i) u(z,y)=0 for all 'y’
(iii) u(x,©)=01i.e.,u— 0 when y — o
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(iv) u(x,0)=u, for xin (0,7)
The correct solution of (1) which satisfies our boundary conditions is
u(x, y) = (Acos px + Bsin px)(Cepy + De‘py) ............................... )
Applying condition (i) in (2) we get
u(0,y) = (A)(Ce Yo De‘py)z 0
A=0 [ Ce” +De™ # 0]
Substituting A =0in (2), we get
u(x, y) = (Bsin px)(Cepy + De‘py) ........................................... (3)
Applying condition (ii) in (3) we get
u(z,y) = (Bsin p;z)(Cepy + De‘py)= 0
Here B=0 [.- B =0 we get trivial solution]
~sinpzr=0or pr=nx
p=n
Substituting p=n in (3) we get
u(x, y) = (Bsin nx)(Ceny + De‘”y) .......................... (4)
Applying condition (iii) in (4), we get
u(x, ) = (Bsin nx)(Cew +De™ ): 0
As y — o, U — 0 (condition(iii))
This is possible when C =0 [ if D=0 we get u — oo
Substituting C =0'in (4) we get
u(x,y) = Bsinnx.De™™
=C,sinnxe™, BD=C,

The most general solution can be written as

u(x,y) = icn SINNXE™ Lo ()

n=1
Applying Condition (iv) in (5) we get

U(X,0) =D C,SINNX = Ugurroorrirrerrcienene. (6)
n=1

To find c, , expand u,in a half-range Fourier sine series in (0, )
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From (6) and (7) we get

00 00
D c,sinnx=>b, sin nx
n=1 n=1

Cp =D ()
27 .
Now b, =—ju03|n nxadx
T 0
_%{—cosnx}”
T n

= zi[— cosnz + cos0]
nz

=%5§k—3“1+ﬂ

0, when 'n' even

b, = 4& when 'n' odd
nz
4
C, =i, when 'n" odd
nm

Substituting this value of ¢, in (5) we get

= du, .
u(x,y)= >, o gin nxe ™
RESULT: n3s N7

2o AU
u(x,y)= Y, —=sinnxe™
ne135 N7

20. A rectangular plate with insulated surface is 8 cm wide and so long compared to its width

that it may be considered infinite in the length without introducing an appreciable error. If the

u(x,0) =100sin X in0<x< 8
temperature along one short edge y=0 is given by 8

While the two long edges x=0 and x=8 as well as the other short edges are kept at

0°C, find the steady state temperature function u(x, y) [AU / MAY -2010]
Solution:
. . .. 2% ol
The two dimensional heat flow equation is PVl + F =0 Q)
X
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The boundary conditions are
(i) u(0,y)=0 for all 'y
(i) u(l,y) =0 for all 'y
(iii) u(x,0) =0,

(iv) u(x,0) = 100sin Iﬁ for x in (0,1)

The correct solution of (1) which satisfies our boundary conditions is
u(x, y) = (Acos px+ Bsin px)(Cepy + De’py) ......................... )

See problem number (12)

The most general solution can be written as

—nny

u(x, y)=chsinn|—ﬂXe B SN ®)
n=1
Applying Condition (iv) in (3) we get

u(x,0) = > ¢, sin nTm( =100sin Iﬁ
n=1

clsm|—+c23|n|—+ .............. =1003|n|—

Equating like terms on both sides,
c, =108ch =0,'¢=C, =c. = =0

Substituting in (3), we get
ay
u(x,y) =100sin Iﬂe !

RESULT:
ay
u(x,y) =100sin Iﬁe !
21. An infinitely long plane uniform plate is bounded by two parallel edges x=0 and x=I and
an end at right angles to them. The breadth of this edge y=0 is | and is maintained at a

f (x) = k(Ix—x?) . All the other three edges are at 0°C . Find the steady state
temperature

temperature at any interior point of the plate. [AU / MAY -2010, A/M 2016]
Solution:
: : .. 0%u  dlu
The two dimensional heat flow equation is PVl + W =0 Q)
X
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The boundary conditions are
(i) u(0,y)=0 for all 'y
(i) u(l,y)=0 for all 'y’
(iii) u(x,0) =0, for all 'y’
(iv) u(x,0) = k(Ix—x?) for x in (0,1)
The correct solution of (1) which satisfies our boundary conditions is
u(x, y) = (Acos px+ Bsin px)(Ce” +De ™) ....coovvriiernnnn, )

Using problem number 2

The most general solution can be written as

—nay

u(x, y)=icnsinnl—ﬂxe TURURRUR - (3)
n1
Applying Condition (iv) in (3) we get
u(x.0) :2(:” sin ”T”X= KX = XYoo @)
To find ¢, , expand f(x) in a half-range Fourier sine series
f(x):k(lx-x?):illon sin% .................................... 5)

From (4) and (5) we get

nzax . NnaX Nnnax
oK ~ oS —sin—— cos ==
= (Ix—x2 — |- (1-2x —— |+ (-2) ——
n“rzw n"m
I |2 3 0
nzx
2C0S——
2k I 2
=—<|-0+0- —10+0-
| nz? niz?

2k | 2cosnz 2
[ n®z? nr?
|3 3
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-2 -]

niz?

0, if nis even
b, =1 8kl? . .
— if nis odd

nz

0, if nis even
c, =1 8kl? . .
— if nis odd

nrz

Substituting in (3),

Il
[Ms
(00)
~
s

2]

>
>
S|
2

u(x,y)

5. TWO DIMENSIONAL HEAT FLOW EQUATION (SQUARE PLATE)
22. A square plate is bounded by the lines x=0,y=0,x=20 and y=20. Its faces are insulated, the
temperature along the edge y=20 is given by x (20 - x) while the other three edges are kept at
0°C.Find the steady-state temperature distribution on the plate. (AU / DEC -2016]

Solution:
The equation to be solved in QJFQ =0
ox° oy
The boundary conditions are
() u@y)=0
(i)  u(20,y)=0
(ii))  u(x,0)=0
(iv)  u(x,20)= x(20-x)
Suitable solution is

u(x, y) = (Acos px+ Bsin px)(Ce” + De ™) @)

Apply (i) in (1)
u(0,y) = A(Ce” +De™ ™)=0

A=0 [ (Ce™ +De™™) = O]
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Sub A=0in (1)
u(x, y) = Bsin px(Ce” + De ™) )

Apply (ii) in (2)
u(20,y) =Bsin20p(Ce” + De ™) =0

Sin20p=0 [ (Ce™ +De ™)=0and B = 0]

Sin20p = sinnn

20P =nn
L
20
Now, (2) becomes
ny _nay
u(x, y)=Bsin %(Ce 20 1 De ) 3)

Apply (iii) in (3)
. Nz
u(x,0)=Bsin——(C+D)=.0
(x,0) 20( +D)
(C+D)=0 {:sing—gx;&o and B¢0i|

D=-C

Now, (3) becomes

u(x, y) = Bsin %(ce%y _ce )

u(x,y)=BCsin 07X 5 sinh N7y BC =A,
20 20
. NaX, . Ny
u(x,y) = A, sin——2sinh —
(x.y) = A, 20 20
The most general form is
= . Nax ., nuy
u(x,y)= > A sin——sinh—— ..., 4
(x,y) Z;, 20 20 (4)
Apply condition (iv) in (4)we get
u(x,20)= 3 A, sin r‘z—’é’(sinh A = X(20 = X)eorrrreoer 5)

n=1

To find B, expand f(x)in a Fourier half range sine series
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- x(20-x) = i b, sin r;—;;X
n=1

From (5) and (6) we get

A, sinhnz =B, b, =|g " £ (x) sin 27 dx
Bn
A =Gintnz
B, _2 x(20 — x) sin| 272 |ax
207 20
— 20
nzx . nax nzx
1 —cos —sin cos—, -
= — | (20x—x? ) ——2% |~ (20 2x D (-2
10 (nnj Nz Nz
20 20 20) ||,

if nis odd
0 if n is even

B, 3200

=— == if nis odd.
sinhnz  n>z°sinhnz

=0 if nis even.
Substitute the value of A, in equation (5) we get

N 3200 . Nax . nny
ulx,y)= sin sinh
( y) n;d n*z%sinhnz 20

Department of Mathematics
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= 32?0 5 _1 sin 2% sinh Y
70 JSdg nosinhnr 20

u(x,y)= 32?0 i L in " ginp N2

T n=odd n3' sinhnrx 20 20

RESULT:

3200 & 1 . NaX . . nuay
ulx,y)= sin sinh
(xy) 7 n;‘d n*sinhnz 20 20

23. A Square plate is bounded by the lines x= 0, x=a, y = 0 and y = b. Its surfaces are
insulated and the temperature along y=b is kept at 100° C. while the temperature along other

three edges are at 0°C. Find the steady-state temperature at any point in the plate.

Solution:
[AU NOV-2014]

2 2
The equation to be solved in 2—2+6—u =0
X

6y2

The boundary conditions are
(i) u(0,y)=0
(i) u(a,y)=0
(iii) u(x,0)=0
(iv)u(x,b)= 100
Suitable solution is

u(x, y) = (Acos px+ Bsin px)(Ce™ + De™™) Q)

Apply (i) in (1)
u(0,y)=A(Ce™ +De ™) =0

A=0 [ (Ce™ +De ™) = O]
Sub A=0in (1)
u(x, y) = Bsin px(Ce™ + De ™) 2)

Apply (ii) in (2)
u(a,y) =Bsin pa(Ce™ + De™™)=0

Sinpa=0 [ (Ce™ +De ™)=0and B = 0]

Sinpa = sinnn
Pa=nn
_nr
T a
Now, (2) becomes
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U(x,y) =Bsin " x(Ce*” +De ") 3)
a

Apply (iii) in (3)

. nrx o -Zo
u(x,0)=Bsin—x(Ce?& +De 2 )=0
a

=Bsinn—nx(C+D)=O e’ =1
a

—(C+D)=0 [-:sinn?ﬂx;éOand B¢0:|
D=-C

Now, (3) becomes

u(x,y) = Bsinn—ﬂx(ce7y _CeTy)
a

u(x, y) = Bsin = x(2C sinh "~ )
a a

u(x,y) =2BC sinn—nxsinhn—ﬂy ............................ 4
a a

The most general form is

n—ﬂxsinhn—ﬂy ............................... (5)
a a

u(x,y) = iAn sin

n=1
Apply condition(iv),we get
u(x,b) = DA, sin N sinh " b =100
n=1 a a

Using half range Fourier sine series ,

3B, sin % x =100
n=1 a

From (5) and (6) we get
B, = A,sinh 7z
a
Using half range sine series,

N7X
—dx

B -2 [100sin
ay a
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Nn7zx
o :200 —CosT
n a nl
a 0
2 —CosE —Cosn—”O
B - 00 a a
"a| nm n
a a
5 _200(=(D" | 1
"a| oz
a a
400 4 1 —odd
B, =19 nx
0 if n=even
Lon if n=odd
=<nzsinh ——
A, m 4
0 if n=even

From eqn(5) becomes

u(X,y) = i 4;.0

N
n=o0dd 7 sinh ——
a

RESULT: u(x,y) = > R0 Y

=
n=0dd 77 sinh ——
a

6. STEADY STATE CONDITIONS AND NON-ZERO BOUNDARY
24. The ends of A and B of a rod 10cm long have their temperature kept at 50° C and 100° C
respectively until the steady state conditions prevail. The temperature of the end B is then
suddenly reduced to 60° C and kept so while the end A is raised to 90° C .Find the
temperature distribution function in the rod after time t. [AU N/D 2008, 2015]

LN . Nz
sin— xsinh—y
a a

. Nz .. nmw
sin—xsinh—vy
a a

Solution:

The temperature function u(x,t) is the solution of the one dimensional heat equation
ou  ,0%
— = _2
ot X
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2
When the steady state condition prevails Z_Ltj =0 hence ZX—L; =0
The steady state solution u(x)=ax+b
Steady state (i)

When x=0, u(0)= b=> b=50
When x=10, u(10)=10a+b=>100=10a+50=> a=5
Thus, u(x,0)=f(x)=5x+50
Steady state(ii)
u(x)=ax+b
When x=0, u(0)= b=>b=90
When x=10 , u(10)=10a+90=>60=10a+90=> a=--3
Thus, u(x,0)=f(x)=-3x +90
u(x,t)= — 3x+90+u(x,t)
Boundary and initials conditions are
(1) u(0,1)=90 for all =0
(if) u(20,t)=60  for all t>0
(ii)u(x,0)=f(x)=5x+50 for all x
Now the suitable solution is

u(X,t)= — 3x+90 +(A cospx+B sinpx) e P* 1)

Apply condition (i) in (1)

u(0,=90+ Ae*** =90

A=0 [+ e P"£0]
Now (1) implies U(X,t)= —3x+90+ B sinpxe Pt (2)
Apply condition (ii) in (2)
60= 50+90 +B sin(10p)e """
=Bsin(10p) € “ "' =0 [ €' %0 and B#0]
Sin10p =Sin nxt

o7
10
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u(x,t)= -3x+90 +B sin % o [Ej !

The most general solution is

u(xD)= - 3x+90+ 3 B, sin r'l—’éxe_“ (5] @3)

n=1

Apply condition (iii) in (3)

- 3x+9o+Zanin% — f(X) =5% +50
n=1

Zanin%=5x+50+3x-90=8x-40
n=1

Which is half range sine series in the interval (0,10)

|
bn=|3jf(x)sin”|—”xdx

0

To find B, : The half range Fourier sine series

n

10
B =b =3j(8x—40)sin”—”xdx
10} 10

10

X . nax
coS o sin 0
Bn :bn :E ((8X_40)) ni ( (nﬂ'jz
10 10 .
2 cos Nz sin Nz cos 0 sin 0
~10 _?_(_nﬂ_z _(_4))_”l _(8_nﬂ2
10 & 10 &
2 (-2) 1
10 40| - e (_40))_”1
10 10
-80 n
=— -1 1
By
0if nis odd
b, =; ~160 if nis even
nz

Now equation (3) become
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u(x,t)= — 3x +90+

RESULT: u(x,t)=—3x+90—@ > lsin[
n

T n=24,.

n_ﬂ'x . —a?n?r2t
10 100

25. A bar 10cm long with insulated sides, has its ends A and B kept at 20° C and 40° C

respectively until the steady state conditions prevail. The temperature of the end

A is then suddenly reduced to 50° C and and at the same instant that at B is lowered to 10° C

.Find the subsequent temperature at any point of the bar at any time. [AU A/M 2018]

Solution:

The temperature function u(x,t) is the solution of the one dimensional heat equation

ou L0
—_— = —
ot ox?

When the steady state condition prevails Z_Ltj =0 hence Pl =0

The steady state solution u(x)=ax+b
(@) u(0)=20
(b) u(l)=40
Applying condition (a) in (2) u(0)=b=20
(2) Becomes u(x)=ax+20 -------- (3)
Applying condition (b) in (3)
u(l)=al+20=40

N ()

Applying (4) in (3)

Hence steady state is u(x) = ? X+20

—————— ®

o%u

2
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Now the temperature at A is raised at 50°C and the temperature at B is lowered to 10°C. that

is the steady state is changed to unsteady state. For this unsteady state the initial temperature

u(x,0)=§x+20
distribution is given by |
Boundary conditions are

(@) u(0,1)=50 for all =0

(b) u(l,t)=10  forall =0

(c) u(x,0)=20/1 x+20 for all x

Now the suitable solution is

u(X,t)= (A cospx+B sinpx)e P (6)

Apply condition (a)and (b) in (6)

u(0,)= Ae Pt =50-----~(7), u(l,t)= (A cospl+B sinpl) e “*"* =10 (8)
from (7) and (8) it is not possible to find the values of A and B. since we have infinite number

of values for A and b. therefore we split the solution u(x,t) in two parts
U(xt) = U, (0 +U (x8) —==——~ (©)

2
Where U(x) is a solution of the equation Z—LtjzaZZ—L; and is a function of x alone
X

and satisfying the conditions u,(0)=50 and u.(l)=10and u,(x,t)is a transient solution

satisfying (9) which decreases as t increases.
To find u (x)

We have U (X) =a,X+b —————— (10)
Applying the conditions u,(0) =50 in (10)we get
u,(0)=b, =50

Su(x)=ax+50 ————— 11

Applying the conditions u (1) =10 in (11)we get
~u (l)y=al+50=10

a1I=10—50=—4O:a1=%40 —————— (12)

Substituting (12) in (11) we get, U (X) = %40 X+50—-————— 3)

To find u,(x,t)
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2
. . . u

We assume that u,(x,t) is a transient solution of g_t =a’ g and satisfying the equation

X2

u(x,t) =u,(x) +u,(x,t)

u(x,t) —u,(x) =u,(x,t) —————— 14)

Now we have to find the boundary conditions for U (X,t)
Put x =0in (14) we get,

u(0,t) —u,(0) =u,(0,t)=u,(0,t) =50 -50 =0————(15)
Put t=0in (14) we get,

U, (x,0) = u(x,0) —u,(x)

=$x 20 - (?x 50j=$x 30-————— (16)

Now for the function u,(x,t) we have the following boundary conditions,
(i) u(0.)=0
(i) u,(I,t)=0

(iif) u, (x, O)—@x 30

Solving the equation for (1) for u,(x,t) by the method of separation of variables we
get the solution of the form
u, (X,t) = (Acos px + Bsin px)e Pt ————— 17)

Substituting the condition (i) and (ii) in (17) we get,the most general solution of the form,

a®n?r?t

U (x,t) = ZB sin ”TX SN (18)
Apply the condition (c) in (18) we get
U, (x,0) =B, sin r'lix_@-so .......... (19)

find B, expand 6?—X—SO ina half range fourier sine series

G?X 30= ZB sin ”’I”‘ .......... (20)

From (19) and (20) we get
B, =D,
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|
To find B,: The half range Fourier sine series b, = g_[ f (x)sin nl—ﬂxdx

nzX Nz X

Bn=bn=?—20 ((2x-1))| -cos—— |- (2)| =sin ul
! 0

nzX Nz X

:% —((2x=1)) cos—— +(2)] sin !

nhz n’z?
I |2
L Ao

60 cosnr sinnxz cos0 sin0
= —((2I—I)) e +(2) 27 |(7 —(0-1) T +2 o
I |2 I |2
60| —I° |2
=St COS 77 \gae -
1“1 nz nr
-60
=—|1+(-D"
m[ (-D)"]
0,if nis odd
=< — . e 2
b= 120 if nis even (20)
nrz

Sub (20) in (18).we get

a?n?r?t
2, =120 . nzXx - 2
u, (x,t) = ——sin—-e
n=2a4,. NIT I

replace | by 10.we get

0 a®n?7?t
120 . nax

U, (x,t)=

n=24,. NT 10
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u(x,t) =u (x) +u, (x,t).

0 _ _aznznzt
u(x,t) =—-4x+50+ 1—Zosinnixe 100
n=2,4,.. N7 10

7. STEADY STATE CONDITIONS AND ZERO BOUNDARY
26. Arod of length Icm long has its ends A and B kept at 0°C and 100° C respectively until
the steady state conditions prevail. If the temperature at B is suddenly reduced to 0°C and
maintained at 0°C . Find the temperature distribution u(x;t) at a distance x from A at any time
t. [AU N/D 2017]
Solution:

The temperature function u(x,t) is the solution of the one dimensional heat equation

ou ,0U
—=g = —————c= 1
ot ox? @
. AU o’u
When the steady state condition prevails Y =0 hence PV O30 2

Hence , boundary conditions are (i) u(0)=0, (ii) u(l)=100

The solution of (2) is u(x)=ax+b --------- (3)
Now applying condition (i) in (3),
u(0)=0+b
0=b
u(x)=ax ————-— 4)
Now applying condition (ii) in (4),
u(l)=al =100
100
T ©
Substituting (5) in (4), u(x) = @ X

1
Therefore in the steady state the temperature function is given by u(x) =$X . Now the end B is

reduced to zero. At this stage the steady state is changed into unsteady state. For this unsteady state the

- L 100
initial temperature distribution is U(X) =——x .
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2
The heat flow equation is 6_u =a? 8_2
ot OX
The new boundary conditions are
(@) u(0,t)=0 for all =0

(b) u(l,t)=0 for all =0

(©) u(x0)= 22
Now the suitable solution is
u(x,t) = ZB sin nTX _azn'jﬁ ————— (6)
Apply condition (c) in (6)
0(x,0) = ZB R @

To find B, : The half range Fourier sine series

< L2 100x
Dhs T e ©)
n=1
From (7) and (8)
B =b,
|
b, =3jf(x)sin”—”xdx
I |
B =b - 2 ¢100x h Nz X «
) |
|
nx Nz X
200 1 L
B, =b, =" (x) —Cos—— —(1) | -sin 5

200[(—'2008nﬂ)]

|2 Nz

Now equation (6) become
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uixt) = zooi[(_ln) + }Sin[nije - |nz”t

T n=t

© _ n+l R Jov Jo
RESULT: u(x,t)zzooz[(ln) }sin[nTXJe

|2
T n=1

8. FINITE PLATES
27. Find the steady state temp. distribution in a rectangular plate of sides a and b insulated at
the lateral surface and satisfying the boundary conditions u(0,y)= u(a,y)=0 for 0<y<b
u(x,p)=0and u(x,0)=x(a-x ) for 0O<x<a [AU N/D 2012]
Solution:
The equation to be solved in 2% +@ =0

oy
The boundary conditions are
(Hu(0.y)=0
(ii Ju(a,y)=0
(i) (x,b)=0
(iv)u(x,0)= x(a-x )

Suitable solution is

u(x, y) = (Acos px + Bsin px)(Ce™ + De ™) @)

Apply (i) in (1)
u(0,y) = A(Ce” + De™™)=0

A=0 [ (Ce™ +De ™) = O]
Sub., A=0 in (1)
u(x, y) = Bsin px(Ce™ + De ™) 2
Apply (ii) in (2)

u(a,y) =Bsin pa(Ce™ + De™™) =0

Sinpa=0 [ (Ce™ +De™™)=0and B = 0]

Sinpa = sinnn

Pa=nn

p=—o
a
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Now, (2) becomes

u(x,y) =Bsin " x(Ce s’ +De *) A3)
a

Apply (iii) in (3)
nz U -
u(x,b)=Bsin—x(Ce @ +De 2 )=0
a

2y -y . nrw
(Ce2 +De 2 )=0 {.-sm—x;&Oand B;to}
a
De @ =-Ce?
7
D=-Ce ?

Now, (3) becomes

2nz nz

U(X, y) = BSinn—T[X(Ce?y —CeT e ?y)
a

nmz nr nmz —Nrx nmz nmz
Ty gae A nr |eses —eae a
. N | . -
u(x,y)=BCsin—xle? —————|=BCsin—x -
a =N7Z a 7y
il e

o . n lo-y) =
u(x,y)=-BCe ? sm—ﬂx[ea Y g e j
a

u(x,y) = —2BCe *  sin2Z xsinh 2 (6= y) ovoveeee e @)
a a

The most general form is

U y) = iAnsinn?ﬂxsinh(b—y)n?ﬂ ............................... (5)

Apply condition(iv),we get
u(x,0) =" A, sin N7y sinh b = x(a - x)
a

n=1 a a (6)

Using half range sine series,

u(x,0) = Z B, sin L X(a—x), whereB, = A, sinh bn—ﬂ
n=1

- a B, (7)
From equation (6) and(7)

B, = A, sinh %
a
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Using half range sine series,

To find B,: The half range Fourier sine series b, ZIEI f(x)sin nl—ﬂxdx
0

30
B, =b, =ij(ax—x2)sin”—”xdx
304 a

n

Nn7zx Nnax Nn7zx
2 a . a a
B =b =—"|((ax—x%)) —cos—&— |- (a—2x) |-sin—2 +(=2)| cos —2&
o =by = 55| (@x=x)) —eos 7 ~(a-20) | -sin 5 1+ (-2) cos 8
a a a .
3 3
B, =3{—2(ij (-])" +2(ij }
a nz nz
From equation (5)
8a? .
if n=odd
A, =4n373
0 if n=even
© 2 _
U(X, y): Z Ln Sinn_ﬁxsinhM
n=odd 113 2.3 gjn z a a
a
o Z _
RESULT: u(x,y)= > L N sinn—ﬂxsinhM
Nz a a

peodd 1) 3 N
a

9. ONE DIMENSIONAL HEAT FLOW

2
28. Solve %Ltj =a’ 2—2 subject to the conditions  [A.U. NOV 2013, MAY -2015]
X

(i) u(0,t)=0 for all t>0
(i) u(l,t)=0 for all t>0

X ,0<x<l1/2
l-x 1/2<x<I

(iii) u(x,0) ={

Solution: The temperature function u(x, t) satisfies the one dimensional heat
, 0%

.. ou
equation is — =« 5
ot OX
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Hence , boundary and initials conditions are
(i) u(0,t)=0 for all t>0
(i) u(l,t)=0 for all t>0

X ,0<x<l1/2
l-x 1/2<x<I

(i) u(x,0) ={

Now the suitable solution is

(1)

u(x, t)= (A cospx +B sinpx)e "
Apply condition (i) in (1)
uOH=Ae "t =0
A=0 [+ e 20]

()

Now (1) implies  u(x, t)= B sinpxe "
Apply condition (ii) in (2)
u(l, )= Bsinlpe®* =0
sinpl =0 [+ e P20 and B#0]

sinpl =Sin nnt

P

2
nzr
{2

Now (2) implies  u(x,t)=B sin@ e [

The most general solution is

u(x, t)= ianin nTnxe-a [Tjt
n=1
Apply condition (iii) in (3)

nax | X ,0<x<1/2
I Jl=x ,1/2<x<]

u(x,0)= > _B,sin
n=1

Which is half range sine series in the interval (0,1)

F(x)=3b, sinnl—ﬂx .........................................
n=1

From (4) and (5) ,we get
Bn:bn

3)

Department of Mathematics

Mailam Engineering College

Page80




MA8353- Transforms and Partial differential Equations

Unit-Ill-Applications of Partial Differential Equations

|
B, =|3j f(x)sin”T”de
0
% |
_2 [xsin % d+ [(1 - x)sin 2 dx
IE |
2

%
nzx . Nax
’ —cosl— —smT
=Xy Y
| nrw nz
SR
L 0
4 . nrx
B, = sin—
" n?r? 2

RESULT:

nzx . NnX
—COST
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Anna University Important Questions
PART-B
1. ZERO INITIAL VELOCITY (METHOD-1)
1. Tightly stretched flexible string has its ends fixed at x =0 and x = | apart. Motion is

Started by displacing the string in to the from Yy =K(IX—X*) from which it is released at

time t=0. Find the displacement of any point of the string at a distance of x from one
end at time t. Page No.11 [AU - MAY-2015, N/D 17, A/IM 18]
2. A Tightly stretched flexible string has its ends fixed at x =0 and x = 1. At the time t=0,

the string is given by a shape defined by f(x) =kx*(I = X),where k is constant , and then
released from rest . Find the displacement of any point ‘x’ of the string at any time t>0.

Page No.13 [AU/ MAY -2010,2008]
3. A Tightly stretched string with fixed end point x =0 and x =1 is initially in a position

given by y(x,0) = y, sin® % If it is released from rest from this position .Pg. No.15

Find the displacement y at any distance x from one end at any time t.  [AU / DEC -2012]
4. Astring of length 21 is fastend at both ends. The mid point of the string is taken to a
height b and then released from rest in that position. Show that the displacement is

z ) (2n 1)x (2n -)rat
g7 nZ; o 2 ol cos ol Page No:18[[A.U A/M 2017]

I
5. Ataut string of length L has itsends X =0 and X = fixed . The point where X = 3 is

drawn aside a small distance h , the displacement Y(X,t) satisfies . Determine

0%y _ 2 0%
ot? ox®
y(x,t) atany timet. Page No:21 [AU/ MAY -2010]

6. A String is stretched and fastened to points at a distance | apart the motion is started by

displace the string in form y=asm|—,.0 < x<I| from which it is released atatimet=0

find the displacement at any time t. Page No:25 [AU/ MAY -2014]
2. NON ZERO VELOCITY (METHOD-2)

7. A tightly stretched string with fixed end points x = 0 and x = 1 is initially at rest in its

equilibrium Position. It is set vibrating string giving each point a velocity lx(l— x)

Page No:27 [AU / MAY -2013]
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8. A string is stretched between two fixed points at a distance 2| apart and the points of the

CX.
—in O0<x<l
. . « w,. ] V:
string are given initial velocities v where c(2l - x),

fln O<x<2l

X being the distance from one end point. Find the displacement of the string at any

time. page No:30 [AU / DEC -2010]
9. A string of length | is initially at rest in its equilibrium position and motion is started by

. I
cX if0<x<—
giving each of its points a velocity given by v = 2

o
I - f —<x<I
c(l —x) i 5 <X

Find the displacement function y (x,t). page No:33 [AU M/J 2007, N/D 2010]
10. If a string of length I is initially at rest in its equilibrium position and each of its points is

given the velocity [a—yJ =V, sin® Iﬂ 0 < x <, determine the transverse displacement (or)
t=0

displacement of a point distant x from one end at time‘t’. page No:36

[AU N/D 2008/NOV-2013,2014]

11. A Tightly stretched flexible string has its ends fixed at x=0 and x = 1. Atthe time t=0,

B o< x< |

where Kk is constant
ZK—%gif%SXSI

the string is given by a shape defined by y(x,0) =

, and then released from rest . Find the displacement of any point ‘x” of the string at any
time t>0. Page No:38 [AU/NOV -2015]

12. If a string of length I'is initially at rest in its equilibrium position and each of its points is

given the velocity [a—yJ =V, sin[g—m(} cos[ﬁ} , 0 < x < |, determine the transverse
t=0

displacement (or) displacement of a point distant x from one end at time*t’.
Page No:41 [AU N/D 2016

3. HORIZONTALLY INFINITE PLATE

13. An infinitely long rectangular plate with insulated surface is 10cm wide. The two long

edges and one short edge are kept at zero temperature, while the other short edgex =0 is
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20y , for0<y<5

find the steady state
20(10-y), for5<y<10

kept at temperature given by u ={

temperature distribution in the plate. page No: 44 [AU / MAY -2014]
14. An infinitely long rectangular plate with insulated surface is 20cm wide. The two long

edges and one short edge are kept at zero temperature, while the other short edgex =0 is

10y , for 0<y<10

find the steady state
10(20-y), for10<y<20

kept at temperature given by u ={

temperature distribution in the plate Page No:46 [AU A/ M -2017]
15. An infinitely long metal plate in the form of an area is enclosed between the lines
y=0 and y = forx>0. The temperature is zero along the edges y =0 and y =z and at

infinity. If the edges x =0 is kept at a constant temperature T,°C ,find the steady state

temperature at any point of the plate?. page No: 49 [AU / DEC -2009]
16. An infinitely long plane uniform plate is bounded by two parallel edges and an end at
right angle to them. The breadth of this edge x =0is =, thisend is maintained at
temperature as u = k(zy— y*)at all points while the other edges are at zero temperature.
Determine the temperature u(x,y) at any point of the plate in the steady state if u satisfies

Laplace equation? page No: 51 [AU / MAY -2010]
17. An infinitely long plate in the form of an area is enclosed between the lines

y=0 and y=ax for positive value of x. The temperature is zero along the edges

y=0 and y = zand the edge at infinity. If the edge x =0 is kept at the temperature
f(y) =ky, 0<y < find the steady state temperature distribution in the plate?

Page No:54 [AU / MAY -2010]
4. VERTICALLY INFINITE PLATE
18. A rectangular plate with insulated surface is 10 cm wide and so long compared to its
width that it may be considered infinite in length without introducing appreciable error. The
_{20 x for 0<x<5

temperature at short edge y=0 is given by - [ 20020~ x) for 5<x<10
and all the other three edges are kept at0°C . Find the steady state temperature at any point in
the plane. page No: 56 [AU / MAY -2013]
19. Along rectangular plate has its surfaces insulated and the two long sides as well as one of

the short sides are maintained at 0°C . Find an expression for the steady state temperature
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u(x, y) if the shortside y =0 is = cm long and is kept at u,C . Pg. No58 [AU / MAY -2009]

20. A rectangular plate with insulated surface is 8 cm wide and so long compared to its width

that it may be considered infinite in the length without introducing an appreciable error. If the
u(x,0) =100sin  in0<x<8
temperature along one short edge y=0 is given by 8

While the two long edges x=0 and x=8 as well as the other short edges are kept at

0°C, find the steady state temperature function u(x, y) [AU/ MAY -2010] pg. no60

21. An infinitely long plane uniform plate is bounded by two parallel edges x=0 and x=I and
an end at right angles to them. The breadth of this edge y=0 is | and is maintained at a

f (x) =k(Ix—x?). All the other three edges are at 0°C . Find the steady state
temperature

temperature at any interior point of the plate. page No: 61 [AU / MAY -2010]
5.TWO DIMENSIONAL HEAT FLOW EQUATION (SQUARE PLATE)

22. A square plate is bounded by the lines x=0,y=0,x=20 and y=20. Its faces are insulated, the
temperature along the edge y=20 is given by x (20 - x) while the other three edges are kept at
0°C.Find the steady-state temperature distribution on the plate. Pg no:64 AU / DEC,2011]

23. A Square plate is bounded by the lines x= 0 , x=a, y = 0 and y = b. Its surfaces are
insulated and the temperature along y=b is kept at 100° C. while the temperature along other

three edges are at 0°C. Find the steady-state temperature at any point in the plate.

Page No0:63
[AU NOV-2014]

6. STEADY STATE CONDITIONS AND NON-ZERO BOUNDARY

24. The ends of A and B of a rod 10cm long have their temperature kept at 50° C and 100° C
respectively until the steady state conditions prevail. The temperature of the end B is then
suddenly reduced to 60° C and kept so while the end A is raised to 90° C .Find the
temperature distribution function in the rod after time t. Pg. N0o.68.  [AU N/D 2008, 2015)]
25. A bar 10cm long with insulated sides, has its ends A and B kept at 20° C and 40° C

respectively until the steady state conditions prevail. The temperature of the end A is then
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suddenly reduced to 50° C and and at the same instant that at B is lowered to 10° C .Find the
subsequent temperature at any point of the bar at any time.Pg. No; 71 [AU A/M 2018]

7. STEADY STATE CONDITIONS AND ZERO BOUNDARY

26. A rod of length lIcm long has its ends A and B kept at 0°C and 100° C respectively until
the steady state conditions prevail. If the temperature at B is suddenly reduced to 0°C and
maintained at 0°C . Find the temperature distribution u(x,t) at a distance x from A at any time
t. Pg. No; 75 [AU N/D 2017]

8. FINITE PLATES
27. Find the steady state temp. distribution in a rectangular plate of sides a and b insulated at
the lateral surface and satisfying the boundary conditions u(0,y)= u(a,y)=0 for 0<y<b
u(x,b)=0and u(x,0)=x(a-x ) for 0<x<a .Pg. No:77 [AU N/D 2012]
9. ONE DIMENSIONAL HEAT FLOW
28. Solve Z—L: =a’ Z% subject to the conditions [A.U. NOV 2013, MAY -2015]
(i) u(0,t)=0 for all t>0
(i) u(l,t)=0 for all t>0

X ,0<x<l1/2

l—x.1/2<x<| FageNo:79

(iii) u(x,0) ={
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Anna University possible Questions
PART-A
APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS
1. What are the possible solutions of one-dimensional wave equations?
[AU —M/J 2006, Nov/Dec 2009/MAY-2014].

2 2
2. In the wave equation gt—zy =c? ZX—Z what doesc?? [AU Nov/Dec 2011, June 2013]
3. What is the basic difference between the solution of one dimensional wave equation and

one dimensional heat equation? [AU-May/June2012, N/D 17]

4. Classify the Partial differential equation
2 2 2
(1— X )zXX -2xyz , +(1-y")z, +x2, +3x°yz, -22=0

[AU - Nov-2014, May - 2015]
5. Arod 30 cm long has its ends A and B kept at 20°C and 80°C respectively until steady state
conditions prevail. Find the steady state temperature in the rod.
[AU-May 2009, Apr 2008, May-2015]
6. State the laws assumed to derive the one dimensional heat equation. (OR) State the
assumption in deriving the one dimensions heat flow equation (Unsteady State).
[ AU- MAY /2014]

2
7. Given 3 possible solutions of the equation % R A’ a_y( Or) Write down the various

ox?
possible solutions of one dimensional heat flow equation. [AU Nov - 2014, A/M2018]

8.Explain the term “steady state”. [A.U.NOV 2013]

9. Write down the partial differential equation that represents steady state heat flow in

two dimensional and name the variables involved. [AU-May/June 2012]
10. write down the p.d.e equation that represents steady state heat flow two dimensional and
name the variables involved. [A.U.M/J 2012]

11.Arod 40 cm long with insulated sides with insulated sides has its ends A and B kep at
20°c and 60°c .Find the steady state temperature at a location 15 cm from A.
[A.U. A/M 2011]
12. write down the three possible solutions of Laplace equations in two-dimensions.
[A.U. N/D 2010, N/D 17]
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13. Write down the boundary conditions for the following boundary value problem “If a
string of length 'I' initially at rest in its equilibrium position and each of its point is given

the velocity (Z—i/j = 0=v,sin 3(71—)() in0 < x<l
t

Determine the displacement function y(x, t)? [A.U. A/M 2010]

14. Classify the Partial differential equation U , =U U, + XY [A.U. A/M 2018]

15. Classify the Partial differential equation
[AU — Nov-2008]

3U ,, +4U

XX

+6U, -U +U -U =0

y

16. Classify the Partial differential equation.
[AU - A/M2008]

3U, +4U, -2U,+3U, =0

XX

17. Arod 50 cm long has its ends A and B kept at 20 and 70 degree respectively until steady
state conditions prevail. Find the steady state temperature in the rod. [AU-,N/D 2008]
18. A rod 10 cm long has its ends A and B kept at 20 and 70 degree respectively until steady
state conditions prevail. Find the steady state temperature in the rod. [AU-,M/J 2008]
19. In steady state conditions derive the solution of one dimensional heat flow equation
20. State one dimensional heat equation with the initial and final boundary conditions.
[AU-N/D 2006]
The following boundary &initial conditions
21. Write the boundary conditions and initial conditions for solving the vibration of string
equation, if the string is subject to initial displacement f(x) and initial velocity g(x).
[AU-N/D 2006, 2007]
22. Classify the Partial differential equation

23. An insulated rod of length =60 cm has its ends at A and B maintained at 30°C and 40°C
respectively. Find the steady state solution .
[AU - Nov-2012]
24. Arectangular plate is bounded by the linear line x=0,y=0,x=I and y=I .Its surface is
insulated. The edge coinciding with x-axis is kept at 100° ¢ The edge coinciding with y-axis is

kept at50°c .The other two edges are kept at0°c. Write down the boundary conditions that
are needed for solving two dimensional heat flow equation. [AU Nov/Dec 2012,2011]

25. Write down the two dimensional heat equation both in transient and Steady state.
[AU May/Jun 2012]
26. Explain the initial and Boundary value problems. [AU-Apr 2009]
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27. State the assumptions made in the derivation of one dimensional wave equation.

28. State Fourier law of conduction.

29. Distinguish between steady and unsteady states condition in one dimensional heat flow
equation.

] ) ou ou
30. By the method of separation of variables solve 3X&— ZYEZO
o%u 09U
31 . Classify the Partial differential equation >+ — = f(x,y)
oX oy
[A.U. N/D 2009,2016]

: : ou ou
33. By the method of separation of variables solve & = 25+U

[AU-M/J 2017]

1. ZERO INITIAL VELOCITY (METHOD-1)
PART-B
1. Tightly stretched flexible string has its ends fixed at x = 0 and x = | apart. Motion is
Started by displacing the string in to the from Y =k(IX—X?*) from which it is released at

time t=0. Find the displacement of any point of the string at a distance of x from one
end at time t. [AU -, MAY-2015, N/D 17, A/M 18]

2. A Tightly stretched flexible string has its ends fixed at x =0 and x =1. At the time t=0,

the string is given by a shape defined by f(x) =kx* (I - X),where k is constant , and then
released from rest . Find the displacement of any point ‘x’ of the string at any time t>0.

[AU/ MAY -2010,2008]
3. A Tightly stretched string with fixed end point x =0 and x =1 is initially in a position

given by y(x,0) = y, sin® % If it is released from rest from this position.

Find the displacement y at any distance x from one end at any time t. [AU /DEC -2012]
4. Astring of length 21 is fastend at both ends. The mid point of the string is taken to a
height b and then released from rest in that position. Show that the displacement is

y(x,t)= &i (- sin((zn —l)nxJ cos((zn —l)natj

2 (2n-2) 2l 2l
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I
5. Ataut string of length L has itsends x=0 and X =1 fixed . The point where X = 3 is

0? 0
drawn aside a small distance h , the displacement y(x,t) satisfiesat—z =a’ OTZ Determine

y(X,t) at any time t. [AU/ MAY -2010]

6. A String is stretched and fastened to points at a distance | apart the motion is started by

displace the string in form y=asm|—,.0 < x<I from which it is released atatimet=0

find the displacement at any time t. [AU/ MAY -2014]
2. NON ZERO VELOCITY (METHOD-2)
7. A tightly stretched string with fixed end points x = 0 and x = 1 is initially at rest in its
equilibrium Position. It is set vibrating string giving each point a velocity lx(l— x)
[AU / MAY -2013]
8. A string is stretched between two fixed points at a distance 2| apart and the points of the

string are given initial velocities v where

CX.
I—ln O<x<l

Min O<x<2l

Vi—

X being the distance from one end point. Find the displacement of the string at any
time. [AU/ DEC -2010]
9. A string of length I'is initially at rest in its equilibrium position and motion is started by

giving each of its points a velocity given by

cX if0<x< !
V= | 2
c(l—x) if =<x<I
2
Find the displacement function y (x,t). [AU M/J 2007, N/D 2010]

10. If a string of length I is initially at rest in its equilibrium position and each of its points is
. . oy . 3 X . .
given the velocity | = =V, Sin T 0 < x < |, determine the transverse displacement (or)
t=0
displacement of a point distant x from one end at time*t’.

[AU N/D 2008/NOV-2013,2014]
3. HORIZONTALLY INFINITE PLATE
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11. An infinitely long rectangular plate with insulated surface is 10cm wide. The two long

edges and one short edge are kept at zero temperature, while the other short edgex =0 is

20y , for0<y<5

find the steady state
20(10-y), for5<y<10

kept at temperature given by u ={

temperature distribution in the plate [AU / MAY -2014]

12. An infinitely long metal plate in the form of an area is enclosed between the lines

y=0 and y = forx>0. The temperature is zero along the edges y =0 and y = and at
infinity. If the edges x =0 is kept at a constant temperature T,°C ,find the steady state

temperature at any point of the plate? [AU / DEC -2009]
13. An infinitely long plane uniform plate is bounded by two parallel edges and an end at
right angle to them. The breadth of thisedge x =0 is 7z, this end is maintained at
temperature as u = k(zy — y?) at all points while the other edges are at zero temperature.
Determine the temperature u(x,y) at any point of the plate in the steady state if u satisfies

Laplace equation? [AU / MAY -2010]
14. An infinitely long plate in the form of an area is enclosed between the lines

y=0 and y=gx for positive value of x. The temperature is zero along the edges
y=0 and y=rand the edge at infinity. If the edge x =0 is kept at the temperature
f(y) =ky, 0<y <z find the steady state temperature distribution in the plate?

[AU / MAY -2010]
4. VERTICALLY INFINITE PLATE

15. A rectangular plate with insulated surface is 10 cm wide and so long compared to its
width that it may be considered infinite in length without introducing appreciable error. The

temperature at short edge y=0 is given by

B 20 x for 0<x<5
1 20(10-x) for 5< x<10

and all the other three edges are kept at0°C . Find the steady state temperature at any point in

the plane. [AU / MAY -2013]
16. A long rectangular plate has its surfaces insulated and the two long sides as well as one of

the short sides are maintained at 0°C . Find an expression for the steady state temperature

u(x,y) if the short side y =0 is 7z cm long and is kept at u,C . [AU / MAY -2009]
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17. Arectangular plate with insulated surface is 8 cm wide and so long compared to its width
that it may be considered infinite in the length without introducing an appreciable error. If the

temperature along one short edge y=0 is given by

u(x,0) =100sin% in0<x<8

While the two long edges x=0 and x=8 as well as the other short edges are kept at

0°C, find the steady state temperature function u(x, y) [AU / MAY -2010]

18. An infinitely long plane uniform plate is bounded by two parallel edges x=0 and x=I and
an end at right angles to them. The breadth of this edge y=0 is | and is maintained at a
temperature

f (x) = k(Ix— x?) . All the other three edges are at 0°C . Find the steady state temperature at
any interior point of the plate. [AU / MAY -2010]

5. TWO DIMENSIONAL HEAT FLOW EQUATION (SQUARE PLATE)
19. A square plate is bounded by the lines x=0,y=0,x=20 and y=20. Its faces are insulated, the
temperature along the edge y=20 is given by X (20 - x) while the other three edges are kept at
0°C.Find the steady-state temperature distribution on the plate. . [AU / DEC -2009,2011]

20. A Square plate is bounded by the lines x= 0 , x=a, y = 0 and y = b. Its surfaces are
insulated and the temperature along y=b is kept at 100° C. while the temperature along other
three edges are at 0°C. Find the steady-state temperature at any point in the plate.

[AU NOV-2014]
6.STEADY STATE CONDITIONS AND NON-ZERO BOUNDARY
21. The ends of A and B of a rod 10cm long have their temperature kept at 50° C and 100° C
respectively until the steady state conditions prevail. The temperature of the end B is then
suddenly reduced to 60° C and kept so while the end A is raised to 90° C .Find the
temperature distribution function in the rod after time t. [AU N/D 2008, 2015)]

22. A bar 10cm long with insulated sides, has its ends A and B kept at 20° C and 40° C
respectively until the steady state conditions prevail. The temperature of the end A is then
suddenly reduced to 50° C and and at the same instant that at B is lowered to 10° C .Find the
subsequent temperature at any point of the bar at any time. [AU A/M 2018]
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7. STEADY STATE CONDITIONS AND ZERO BOUNDARY

23. Arod of length Icm long has its ends A and B kept at 0°C and 100° C respectively until
the steady state conditions prevail. If the temperature at B is suddenly reduced to 0°C and
maintained at 0°C . Find the temperature distribution u(x,t) at a distance x from A at any time
t [AU N/D 2017]

8. FINITE PLATES
24. Find the steady state temp. distribution in a rectangular plate of sides a and b insulated at
the lateral surface and satisfying the boundary conditions u(0,y)= u(a, y)=0 for 0<y<b
u(x, b)=0and u(x,0)=x(a-x ) for 0<x<a [AU N/D 2012]

9. ONE DIMENSIONAL HEAT FLOW

2
26. Solve Z_Ltj =a’ 2—2 subject to the conditions [A.U. NOV 2013, MAY -2015]
X

(i) u(0,t)=0 for all t>0
(i) u(l,t)=0 for all t>0

X ,0<x<l/2
l-x 1/2<x<]1

(i) u(x,0) ={
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MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms

UNIT -1V
FOURIER TRANSFORMS
PART - A

1. State Fourier integral theorem
[A.U. April 1996, April/May 2005, May-2016]
Solution:
If f(x) is piece wise continuously differentiable and absolutely integrable in
(— 0, oo), then

1t is(x-1)
f(x)_ZIIf(t)e Ydtds

—00—00

or equivalently
_[ _[ t)cos At — x)dtd A

This is known as Fourier integral theorem or Fourier integral formula.

2. Show that f(x)=1,0 <X < oo cannot be represented by a Fourier integral.

[A.U. April/May 2003]
Solution:
I| f (x)dx = Ildx =[x] =
0 0 0
and this value tends to o« as X = «©

0

ie., _ff(x)dx is not convergent.
0

Hence f(x) = 1 cannot be represented by a Fourier integral.

3. Define Fourier Transform pair. [A U, March, 1996]
Solution:
1 i isx
F{f(x)}=—=—= j f(x)e™ dx and
27 °,

f(x)= TF(s)eisxds

1
N2 2

4. What is the Fourier cosine transform of a function. (or)
Write down the Fourier cosine transform pair of formulae.
Solution: [A U, October / November 1996]

The infinite Fourier cosine transform f(x) is defined as

F. f \/7 f cos sxdx
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The inverse Fourier cosine transform is defined by

f(x) = \/%T F.[f (x)]cos sxds

5. Find the Fourier cosine transform of e ™ ya > 0
Solution: [A U, April, 2001]

FLf(x)]= \/ZT f () cos sxdx
4 0
F [e_ax ]: \/Zofe‘ax cos sxdx
4 0

2 a
= —ﬁ,a>0
\z s?+a

6. Find the Fourier cosine transform of e_SX
Solution:

F[f(0]= \/ZT f (x)cos sxdx
4 0

F [e_ax ]: \/ZTe‘ax cos sxdx
Yz 0

Fle™>]= \/ZTe‘3X cos sxdx
77:0
o]
Vrzls? +37

7. Find the Fourier sine transform of e_SX
Solution: [A U, Nov / Dec 1996, M/J 2013]

Fs[e“"*x]:\/zofe‘“sinsxdx

77:0
SE=
\zls?+3?
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_ 27 o
Formula Fs [e ax]: 1/—je # sin sxdx
4 0

8. Find the Fourier Sine transform of 1 [AU A/M 2015, N/D 2016, A/M 2017]
X

Solution:
We know that

F[f(x)]= \/%I f (x)sin sxdx
F, [ﬂ = \/g]o%sin sxdx

Let sx=0 X—>0=>60-0

sdx=d@ X>0o=0 >0

- (2 f{ ey
(2[5
el <[]

9. Define Fourier sine transform and its inversion formula.
Solution: [A.U. April/May, 2004 ]

The infinite Fourier sine transform of f(x) is defined as

F[f()]=F,(s)= \/%T f (x)sin sxdx

The inversion formula is

= \/ZI F, (s)sin sxds
T 0

10. Find the Fourier sine transform of f(x) = e™ and hence deduce that

X sin mx T
[=——dx= >e [A U, March, 1998, 1999 & 2000]
5 1+X

Solution:
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"‘X] \/7Ie‘axsmsxdx \/7(a e

By the inversion formula for sine transform

= \/ZI F. (s)sin sxds
T 0

X Sin mx
1+ s?

dx=% f(x)=£e’x,

O =38

11. Find F_|[xe ] and F, [Xe_ax]
Solution:

o Rl (= Rl (]

Fc[xe‘ax]:%FS[e‘aX]
=iwz Te‘axsinsxdx}
ds| V7«
d \/Z s _F a® s’
“ds|\Vzst+ar| \r|(s?+a’h?

iy Fbev]--SF ]

—i{\/zje‘ax cos sxdx}
ds| Vs
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__d \EL _EL
ds T 32+3.2 T (32+a2)2

2
12. Show that the Fourier sine transforms of xe ™ '? is self reciprocal.
[A U, March, 1996]

Solution:

We know that Fs[xf (x)] = % Fe[ f(x)]

I
[0}
=
[}
—h
—~
>
~
I
D
N

ie., Fs [Xf (X)] N Tszag

-x? —s?

Deduction : put a:%. Then we have FS| Xe 2 |=se 2

— Xe 2 is self reciprocal w.r.t Fourier sine transform.

13. If Fourier transform of f(x) is F(s), prove that the Fourier transform of f(x)
cosax is %[F(s —a)+F(s+a) [AU April, 2001, Nov/Dec 2014]

(or)
State and Prove Modulation Theorem.

Proof:
If F(s) is the F.T of f(x), then

F[f(x)cosax]=%[F(s+ a)+F(s—a)

F[f(x)cosax]= cos axdx

%je f(x)
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:% Jeisx f(x)(%)dx
T %
L1
2

Tsmf dx+—je”*f }

=%[F(s+a)+ F(s—a)]

14. Prove that Fc[f(X)CosaX]Z%[FC(S-Fa)-F F.(s—a)] where F; denotes the
Fourier cosine transform f(x). [A U April/May 2001]

Solution:

x)cosax]= \/Z j f (x)cos ax cos sxdx
4 0
2 _[ ; (X{cos(s +a)x + cos(s — a)x} i

2

\/%I f(x)cos(s + a)xdx + %\/%I f (x)cos(s — a)xdx

:%[Fc(s +a)+ Fe(s—a)]

15. If F(s) is the complex Fourier transform of f(x) then find F[&(x - a)]
Solution: [A U, April, 2000]

Fls(x—a)]= . je‘sxdx

21 *
a+h
=Lllm Ee‘sxdx
271- h—0
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: -x*12 . : : : L
16. Given that € is self reciprocal under Fourier cosine transform, find (i)

Fourier sine transform of xe™’? and (if) Fourier cosine transform of
2,0-x212
xe™ [A U, DEC 1996]
Solution:

212

Given Fcle’xz’zj e*

Fs[xe‘xz’z] —ti[xe‘Xz’z]

ds
—_i =212 | _ _a=st12[_ o] eps°/2
=B ] e ?[-s]=se
—_x2 d 2
Fc[xze & =£FS Xe ’2]

=% se‘sz’z]z [se‘sz’z(— s)+ e‘sz’z]

2 2 2
_ g2 s/2 o st2 _ (1—82)8_5 /2

17. If F_(s) is the Fourier cosine transform of f(x), Prove that the Fourier cosine

transform of f(ax) is 1 F. F}
a ‘|a

Solution:
i.e., To prove:
1 S
F|f =—F =
AMCRAE

W.K.T F[f(ax)]= \/%T f (ax)cos sxdx

Putax=uwhen X > 0=>uUu —>0,X >0 =U—> ©

adx = du
= \/Z'[ f (U)COS(S—ujd—u
Ty a/a

a
\/Z £ (t)cos > tdt
n a
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(2
a a

18. If F(s) is the Fourier transform of f(x), then find the Fourier transform of
f(x-a). (or) State and prove shifting theorem.
(or) If the Fourier Transform of f(x) is F[f(x)] = F(s), then show that
F[f(x-a)] =e'*F(S)

Solution: [AU N/D 2013, A/M 2015, A/IM 2017]
1 7 ;
Given: F(S): I f(x)elsxdx
2w 5,
l i isx
F[f(x—a)]:—jf(x—a)e dx
21 *,
put t= x-a as X >-0o=1t—>-w
dt = dx X—>o=>t—>0

\/_71- J‘ (tk is (a+t

[*e]

eIaS .
= f(tp"™dt
@T_Jw (tk

{ \/Eﬂ T;O (t)eistdt}ze‘asF(S)

19. If Fs(s) is the Fourier sine transform of f(x),
show that F.[f(x)cosax] :%[FS (s+a)+F (s—a)

Solution:

F.[f(x)cosax]= \/Zj f (x)cos axsin sxdx
T

= 1/ j sm SX cosaxdx
0

_ ED Lin(s + i sin - a)x]}dx

an

- %\/%E f (x)sin(s+a)xdx + I f(x)sin(s - a)xdx}
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= %N%I f (x)sin(s +a)xdx + \/%I f(x)sin(s - a)xdx}

:%[Fs(s+a)+ F.(s—a)]

20. State the convolution theorem for Fourier transforms.

(or)
State the Faltung theorem. [A.U. April / May 2003, N/D 2017, A/M 2018]

If F(s) and G(s) are the Fourier transform of f(x) and g(x) respectively. Then the
Fourier

transform of the convolution of f(x) and g(x) is the product of their Fourier
transform.

F[f(x) g(x]=F(s)G(S) =F[f(x)]Fa(x)]
1in|x<a

21. Find the Fourier transform of f(x)= )
0 in[x>a

[AU A/M 2018]
Solution:
We know that

F[f (x)]:% T f (x)e™*dx

el

" 1 elsa ~ e—lsa B 1 E _ —las
N2 | is IS N2 18 2

B 1 E eisa _e—ias
3 271 S 21
[t (X)]:\/g[sin as}

22. Find the Fourier cosine transform of f (X) = {

cosxif O<x<a

0 if x>a
Solution:

F.(s) = \/ZJ‘ COS X COS SXdX = \/ZJ‘ COS X COS Sxdx
T 0 T 0
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- \/z%j' [cos(s +1)x + cos(s —1) xJdx
T £%

a

1 [sin(s +1)x . sin(s —1)x}

:«/271 s+1 s-1

1 {sin(s +1)a . sin(s —1)a}

N2 s+1 s-1

Provided S#1;s# -1

0

23. Find the Fourier Cosine transform of e‘“ +3e "

Solution:
We know that

F.[f(x)]= F J (0 cos sxdx
77:0
F [e—ZX +3e-X]: \/ZJ' [e‘2X +3e‘x]cos sxdx
77:0
200 —2X 2 T —X
:\/:J'e cossxdx+\/:3j'e Cos sxdx
Ty T %
2 e—ZX . *
A T ~(~—2cossx + ssin sx)
w|4+s 0
AL A8 . i
+ 3\/:{ ~(~1cossx +ssin sx)}
w|l+s 0
i 1 2 1
0- 2y |+3,]50- -1
i 4+32( )} \/;{ 1+32( )}
el
4+ rll+s

2 .3 }
| 4+8% s°+1

Il
SHEN

Il
SN

Il
3o

24. Find Fourier Cosine transform of €~
Solution:
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F[f(x)]= \/g]g f (X) cos sxdx
F, [e_x]= \/g]ge‘x cos sxdx

21 1 K a
= |— - e ™ cosbxdx =
Vﬂ[l+32} { ! a2+b2}

25. If Fourier transform of f (X) =F (S) then what is Fourier transform of
f (ax) (OR) If F(s) is the fourier transforms of f(x), Prove that

1_(s
F [f (ax)] = g F(g) (or) State and Prove a Change of scale property.

[AU M/J 2013, N/D 2015, N/D 2016, N/D 2017]
Proof:

1 S
For any non zero real a, F[f (aX)] = @ F(g)

F[f (x)]=% T f (x)e™ dx

F[f(ax)]= % T f (ax)e"*dx

2r

[ put t = ax, dt = adx]

(4 dt

T= % is
_EL e ==

o

26. If F denotes the Fourier transform operator then show that

o _ o d”
F{x f(x)}_( i) o F{s}
Solution:
To Prove F{an(x)}: ()" :Sn F{S}
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1 I isx
we have F[(x)]=—== [ f(x)e™dx
e have o7 °
Differentiating both sides n times w.r.t *'s” we get

dn _ 1 K =\ N AiSX
~ F(s)_E_Lf(x)(lx) e dx

n

Jiz_ T F (X)X e dx =i"F[x"  (x)]
T %

dn

1
FIx"f(X)|==—F(s)
e ro)- 22
Hence d"
=(-0)"—F()
ds"
27. If F(s) is the Fourier transform of f (X), show that the Fourier transform of

e f(x) is F(s+a). [AU Nov/Dec 2014]

Solution:

F[f (x)]:% T f (x)e"*dx

F[eiax f (X)]: %Ioeiax f (X)eisxdx
l K i(s+a)x
:E_J;e (s+2)X £ (x)dx
=F(s+a)
: F g’ f(x)
28. Find dx”
Solution:
F[f (x)]=%_{o f (x)e™dx

Flt 1(x)]=% T £1(x)e™dx

:% [e™a[f (x)]
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l isx T isx /:
_ﬁ{[e T —_[O f(x)e (|s)dx}

l - T isx
_E{(O—O)—lsj;f (x)e dx}

= (—is) —— «/_ j f(x)e™dx [ f(x) > 0as x — +oo]

= —1sF (s)
Similarly

FIf ™ (x)|=(-is)"F(s) if f,f% % .. >0asx— oo
29. State Parseval’s Identity for Fourier transform.
Solution:

If F(s) is the Fourier transform of f (X), then

T\f(x)\zdx: T\F(s)\zds

ikx

30. Find the Fourier transform of f(x) = e , a<xXgb
Ox<aandx>Db
Solution:
ISX
We know that F[f (X)] S f f (x)e™"dx

8

T —

e|kx isx dX

N -
= N e
S|
T O ——T

- fer e

1 |(k+s)x
\/ 2 I(k + S)
[ei(k+s)b _ei(k+s)a]

|(k+s)«/_7z
—j
- (k+s)2r

[ei(k+s)b _ ei(k+s)a]

Dept. of Mathematics Mailam Engineering College Page 13



MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms

[ei(k+s)a _ei(k+s)b]

|
C(k+s)V2r

31. State the Fourier transform of the derivatives of a function. (OR) Find the
Fourier transform of a derivative of the function f(x) if f(x) — 0 as x — o
[AU N/D 2005, M/J -2016]

Solution: F[f(x)] \/1— of:Of (X)eisxdx
F[f’(x)]—%ojO (x)e!Xdx _% eiSXd{f(x)}

:%{{eisx f (x)}o_ooO is_of;f (x)eisxdx}
= -isF(s)if f(x) > 0asx — £
where F (S) is the Fourier transform of f (X) .
Therefore F[f'(X)]=(-is)F(s)

32. Find the Fourier sine transform of €~
Solution: [AU M /J 2006]
We know that

F[f(x)]= \/%T f (x)sin sxdx
F, [e_x]z\/g]ge‘x sin sxdx
2 S
:\/;Lz +1? }

33. Find the Fourier Cosine transform of of f (X) defined as [AU N /D 2006]
x for 0<x<1
f(x)=42—x forl<x<?2
0 for x>2

Solution:
We know that

1 2
= \/z{jxcossxdx +I(2— X) COS sxdx
T 0 1
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\/g {Xsmsx_(l)( cossxﬂ {2_ )smsx_( 1)( cossxﬂ
- sinSX cossx} {(2_ )smsx (cosszsxﬂ

o e ]

WW

/_/;\/_/h\

\/?{ coss 1 cos2s sins coss}
1\ T2 <2 t—3
T S S S S
_ \/Z{Zcoss 1 cosZs}
Vs s?

= sﬂ {l—2coss—cos2s}

—ax

34. Find the Fourier sine transform of T (X) =g 7,a>0 [AUN/D 2007]

Solution:
F[f(0]= JZT f (x)sin sxdx

‘ax] \/7Ie sin sxdx
:\/;(a is j a>0

35. State inverse theorem for complex Fourier transform.
Solution:

Let f(X) be a function satisfying Dirichlet’s conditions in every finite interval
1.
Let F(s) denote the Fourier transform of f(x). Then at every point of continuity
of f(x), we have

f(x):%TF(s)e

36. Find the function f(x) whose sine transformis e ™.  [AU M/J 2010 ]
Solution:
Given F[f(x)]=e™
By inversion formula

—is><dS
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f(x)= \E j F, [ f (x)]sin sxds
T
\/7]2 * sin sxds -.-Te‘ax sin bxdx = b
Ty 5 a’ +b?

]

37. Find the Fourier cosine transform of e‘zx
Solution: [AU N/D 2010 ]

Fc[f(x)]:\/zjf(x)cosxdx
77'-0
2% r a
Fle®|= |Z -2x d —ax bxdx =
c[e ] \/;le cos xdx { je cos bxdx a2+b2}

0
o
w s%+2°

d
38. Prove that F [Xf (X)] = _E[FC (S)] [AU A/M 2011]

Solution:
2 0
We know that Fc[f (X)] = \/;I f (X) cos sxdx
0

Differentiating both sides w.r.to s

—F [f(0)]= \/7: Tf(x)cossxdx

\/7J' f (x)—(cossx)dx
= \ﬁ j f (X)(—xsin sx)dx
4 0
= —\/ZT xf (x) sin sxdx
4 0

= —F, [Xf (x)]
(o) Fbd0)=-S[F )

39. Define the Fourier sine and Cosine transform of f (X) .

Solution:
The infinite Fourier Cosine transform of f (x) is defined as
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F[f()]= \/%T f (x) cos sxdx

The infinite Fourier Sine transform of f (x) is defined as

o[ f (x)]:ﬁ]o f (x) sin sxdx
7 0

40. Find the Fourier transform of e‘“‘x‘ ,a>0. [AU N/D 2012]
Solution:
We know that

F[f (x)]:% T f(x)e"*dx

F[e‘“] \/Z Ie ~aiXlgi* gy

\f . \F{ o }
J'e COS SXdX = _
s’ +?

—ax —bx

e
41. Find the Fourier sine transform of

—€

X
Solution:

i
o o {2

42. Find the Fourier sine transform of 2
X? +a

Solution:
We know that F.S.T of € is given by
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Fs[f(x)]= Fs [e_ax]:\/gsz iaz

Using inversion formula for F.S.T we get
2% 12 .
e‘axzwf—_N— 5 > >-sin sxds
ty\m s +a

. T
Ssinsxds=—e * a>0

0

|-
5 s’ +a

Changing x and s , we get

0

X _
J' > smsxdx——e ® a>0
x? +a?

Now { } \/ZJ' 5
x* +a’ Ty X

\Ez
T 2

X T
F =,|—e®
{xz +a2} 2

43. Find the Fourier Cosine transform of 5e_2X + 26_5X
Solution:
We know that

F[f(x)]= \/%T f (x) cos sxdx
0
F, [5e‘2X - 2e‘5x]: \/%]3 [5e‘2X +2e7% ]cos sxdx

\/7 J' X cos sxdx + \/z 2J' e " cos sxdx
0 T 0
2| e

+2,|=| = (~5cossx + ssin sx)}

sm sxdx

o0

—2C0SSX +SSin sx)}
0

o0

7| 5%+s

J+2Zlo-gieeo]
- 2[ Zs+25}
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sinx 0<x<a

0 x>a Find the Sine transform.

44, If f(X)={

Solution:
The Fourier Sine transform of f (X) is given by

F[f(x)]= \/ZT f (X) sin sxdx
7 0
F[f(0)]= \/Zja'sin xsin sxdx
7 0
= \/Z_Tl {cos(l - s)x — cos(L + s)xjdx
Ty 2

_l\/z sin(1-s)x _sin(L+ s)x |°
2\l 1-s 1+s |,

_ 1 [sin(l— s)a _sin(1+ s)a}

N2 1-5s 1+s

45. Find the function f(x) whose sine transform is .

—as

S
Solution:
We know that the inverse Fourier sine transforms of F [f (x)] is given by

f(x)= \ET F. [ (x)]sin sxds

—as

Here F,[f (x)]—

f(x)= \/7J' - sin sxds

Differentlatmg w.r.t ‘x’ on both sides, we get

f( x)]= \/7 . —smsxds
=\/:Ie cos sx.sds
7[0
= \/Z j e * cossxds
7[0
S e
e f( 9= \/7x +a?

Integratlng,
2 1
f(x)=a,— d
) VﬁIXZ +a’
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\/?1 _l(xj
=a,|——tan| =
ma a
f(x)= \/z tan ‘l(gj

T

46. Define self reciprocal with respect to Fourier Transform. [AU N/D 2013]
Solution.
If a transformation of a function f(x) is equal to f(s) then the function f(x) is
called self reciprocal.
47. State Convolution theorem. [AU N/D 2012]
Solution.
The Fourier transform of the Convolution of f(x) and g(x) is equal to the
product of their Fourier transforms.

(ie.) FLTO)*g()]=F[f(x)]F[g(x)]

o 2
48. Evaluate j 5 SZ dsz >~ using Fourier transforms [A.U N/D 2015]
o (s°+a%)(s” +b?)
Solution
By Parseval’s Identity j f (X)g(x)dx =j FIFOQIR[g(X)Ids .............. (1)
0 0

f(x)=e™g(x)=e™

We know that Fs[e‘ax]:\/z[ > > 2} Fs[e_bX]Z\/Z[ 5 ° 2}
T s°+a m[s"+b

2 _OO —(a+b)x _ e_(a+b)x ’ = 1
LH.S _([f(x)g(x)dx__([e dx _{_(Mb)}o —[0+(a+b)J

[ 1009000 =] F.Lf (IF. [g(1ds

ﬂ(s +a’)(s®* +b° )} 2(a+b)
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PART -B
PROBLEMS BASED ON FOURIER TRANSFORMS AND ITS INVERSION,
PARSEVALS IDENTITY

FORMULA (1) Fourier transform Fls]= F[f(x)]= 1 [ £ (x)e™dx
Nor ?,
. 1 3 -
2) Inverse Fourier transform f(x)=—— [ F(s)e™"ds
w) (== j (ske
(3) Parseval’s identity J.|f (x)|2 dx = J'|F (s)|2 ds

a—|x, for|x< a

1. Find the Fourier Transform of f(x):{ hence deduce

0, for |x| >a>0
) - 2 © . 4
that j[ﬂj dtzz, j[ﬂj dt== [AU Nov / Dec, 1996]
Lt 2 Ut 3
Solution:
Formula F[S]= F[f (X)]= L I f(X)eiSXdX
21
Given: Here f (x) = a-[4 or [x<a —_a w8
0, otherwise
1 % ;
f(X)=——||a—=|X/| " dx
() m_a[ ]

= % Ha ~ ||] [cos sx + i sin sxJdx
T _a

Il

%‘I—‘
3

{2'[ (a—x)cos sxdx + 0} since [a —[x(]cossx is an even function.
0

[a — x]cos sxdx [a.—|x(]sin sx is an odd function.

eame ]

Il
<1 ST
S—

ol

Il
3N

\Sinsx  cossx |
(a_ X) - 2
s s

Il
SN
/N

o

|

a
v | &

Q

7}
~

|
/N

o

|
mN|H
~
E—

Il
| N
|
(@)
(I)N 8
<1}
7]
ZHIN
L
Il
T~
(nN| N
=
|
(@)
o
17}
<1}
7}
| S

-

—

w

A —

I
S S
"’,\,||—\ I
1

N

25

>3

N

|m

w
1

~—~
|_\
N
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MA8353-Transforms and Partial Differential Equations Unit -1V — Fourier Transforms

By inversion formula

f(x)=

1 T —isx
as

FJZ ——sm = e ™ds

H as —isx
f(x):;js—zng?e ds

We have to deduce that j( j dt in the above integrand put x =0and a =2 we

get
2 tsin?s
Q)= f(O):_I 2 ds
TS
4 %sin’s 2
=— —st Sis an even function
7Y S 2

O =y 8
Il
—
—~
o

N
|
|
~
| N

f(x)= {a—|x|, X< 4 f0)=a but Herea=2]
0 otherwise

By Parseval’s identity T| f(x)* dx = T|F(s]2ds

;J:|a—|x||2 dx = _]]\/3 Slz [ZSIHZ E;S}

¢ 2 1 as
2[(a—xPdx =< x 2x 4[ =sin* 24
_!(a x)dx == x2x js4sm S

ds

T
Put a=2and s =t we get

4 2 t1 . ,2s
2[(2=x)dx==x2x4[=sin* =d
!( X)?dx == x 2 x £S4sm > s

T
3 2 0
Z(Mj =3x2x4j'i43in4sds
-3 o S
16 2 2x4j—sm sds
T
j(smt) d'[——
0
o sint . :
Answer: I(Tj dt=— [ sisadummy variable]
0

(2o
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MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms

2. Find the Fourier Transform of f(x)= {1_0|X|' ];:rr ||:|| ;1 hence deduce that

b : 2 0 - 4
J [SITMJ dt="" I[S'tﬂ) dt=" [AU NID 2015, AIM 2016, N/D 2016, N/D 2017]
0 0

Solution: Formula F[S]= F[f (x)]: _\/%7; J;Of(x)eisxdx
Given f(x)= 1| for x|« “leox<l
0, otherwise

—_
—~
>
=
Il
= NP
3
|, Sy

N
%]
Le—

- |x] e™ dx

[~ [x|] [cos sx + isin sx]dx

NIl
S ”
1
N
O e

(1— x)cos sxdx + 0} [1—|X|]COSSX is an even function.

L= x]cos sxdx . [L—[x|]sinsx is an odd function.

- X)sin X (_1)(— c:ozssxﬂl

s s 0

'(1_ X)sin sX _ €OS sx}l
s s

3|~
1 Oty

SRS
I

[ . ,s
F(s)= ——2_23|n E} U )

f(x)= % : F(s)e™ds
1 1502155

2 [2,/5 Zsin? 2
o |2 i pe s

00
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MA8353-Transforms and Partial Differential Equations Unit -1V — Fourier Transforms

2 T 1. S isx
f(x):;js—zsnge ds

—00

we have to deduce that j(s j dt in the above integrand put x =0and a =2 we

2 °°sm S sin‘s -
get f = - I 32 S = I?ds [ sz >js an even function]
B 0 S

sins, 7«
J'—st:zf(o) :%[2] [-_-f(x)={1_|x|’ X<2 toy=a buta=2]

0 otherwise

2(sint)’ T
J. t dt = P [+ sisadummy variable]
0

By Parseval’s identity T| f(x) dx = T|F(s]2ds

j.l|l—|x||2dx:ﬂ\/zsl {ZSIH }

a 2 21 ..,
2[(1—x)Pdx == x2x 4| =sin* > ds
!( ) %2 % !s“ i >

v

ds

Put%:t,:>5=2t

ds = 2dt
1
2j(1 x)? dx =—><2><4j -sin‘ (t) 2dt
4 /s
3 1
ZL(l_X)j =—><2><4><—><2_[ sin“t dt
-3 o 7
%ZE t%sin“tdt
pis

Result:
T ( sin t
0 t

Jo-
5] s
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MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms

3. Find the Fourier transform of the function f(x) defined by

2 g2
f(x)z{a X !f|x|<a

0 if[x| >0
Hence deduce that J‘S'nttﬂdt = % . Using Parseval’s Identity show that
[ (MJ dt = % . [A.U. April, 1996, 2000, N/D 2012,2013]
0

Solution:

—-x? if —a<x<a

2
Given: The given function can be written as f(x)= a _
0 otherwise

Formula:

1 a
= Eﬂaz — Xz] [cos sx + i sin sx]dx
1 a
ﬁ{%([ (82 COS sxdx + 0} [az - x° ]cossx is an even function.
- \/Z [a2 — xz]cos sxdx - (a* —x?)sinsx is an odd function.
T
:\/Z{(az _Xz)sm SX _(_ZX)(—COZSSX)JF(_ 2)(—S|rs'lsxﬂ
™ s s SN
—2a 2 .
+ —\{\SIN as
]
F(S)= 2\/2(3"1 as—a;scosasj
™ s

By Fourier inversion formula we have

f(x)=

F (s)e ™ dx

1
F&
\/_ IZ\/i(SIn as —Ss;a cos as) S g
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MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms

2 7(sin as — sa cos as .2 7?(sin as —sacos as \ .
= — 5 cos SXdS—I—J. 5 sin sx ds
T s T s
4 % sin as — as cos as
f(x)=—j . cos sxds + 0
T S
Put a=1
4 Fsins—scoss
f(x):—j—gcos sxds
: S
4 ¢sins—scoss
f(x):—j—gcos sxds

Ty S
Put x=0 we get
f(O) 4J-sms—scossds

= 3
0 S

- 3

7 _7tsins—scoss
T o [Sins = 8008S 4
4 < S

By Parseval’s identity T| f(x)* dx = T|F(s]2ds

o o= [aE{nscsoos o
_ T S

-1

1 -
2] (@ -k =2 j(sms—sﬂ}m
0

0 T

3

16 16“[3ins—scoss)
=~ 7 s

56 = T Wls
l:.[ 5|ns—3scoss ds
15 -5 S
lz.‘-(smt tcost}dt
15 ¢

Answer:

4. Find the Fourier transform of the function f(x) defined by
f(x)= 1—x? ?f|x|<1
0 ifjx>1

3

and hence deduce that (|)J'M s[ijds =16
s

(i) = I(MJ dt [AU N/D 2013, A/M 2018]
0

Solution:
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MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms

The given function can be written as f(x)= {1 Xt —lax<t

0 otherwise
1 % -
. F(s)=F|f(x)|=— | f(x)e™dx
Formula: ( ) [ ( )] \/E'[o ( )
1 1
F 1—x2 'Sxdx
( \N2m 7 I

1 1

- Ej[l_ XZ][cossx +isin sx]dx

1 1
= —{2'[ 1-x? )COS sxdx + O} [1 X ]cossx is an even function.
0

1
j 1 xJcossxdx -1 x?sinsx is an odd function,
0

hl 2 )SinSX (_ZX{$)+(_2){_SLQSXH:

[S—[coss = (sin s)}

F(S) ZZJZ(SIns—BSCOSSJ
T S

By Fourier inversion formula we have
W=
r I
- T J‘S—S\/:(sin s — scos s)e "ds
T, T

2 7(sins—scoss .2 F(sins—scoss ) .
== - cos sxds—i= | X sin sx ds
o0 s 7[—00

sins—scoss Sins—scoss _.
3 COS SX s an even function and 3—33”\ SX is an

NI ELS ﬁr\)

8 |

E(s)e "™ d

Since S
odd function we get

4 %sins—scoss

f(x):—J ) cos sxds+0 .
T S

tsins—scoss Vs

I - cos sx ds == f(x)

5 S 4
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MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms

put x=%, we get

tsins—scoss S 7.1
J 3 cos| — |ds=—f| =
5 S 2 4 \2

f_l_l}
47 4
1'3}3_71
4

4] 16

By Parseval’s ldentity T| f(x)" dx = T|F(s) ds

j(l—xz)zdx=j L/;_ﬁ(sins—sfcossﬂ ds

1 © p 2
Zj(l—xz)zdng (sms—:cossj e
0 o S

15 7 -

0 - 2
i:J' sms—:‘coss ds
b ¢ S
J-[smt—tcostJ it
0

5. Find the Fourier transform of f (x) is given by f(x) :{

16 16°"(sins—scossj2
- (e =" | ds
0

T
Answer: —5

1, for [x<a
0, for|x>a>0

and hence deduce that (i) jﬂdt = Z and (ii) I[smt) dt =%.
Solution: [AU M/J 2011, 2013, A/M 2015]
1 7 -
Formula:  F[f(x)]=—== [ f(x) e"dx
N2 7
1 .
_ = J'elsxdx
N2r 2,
=—— _[ [cos SX +isin sx]dx - COS SX is an even function.
= \/ZJ' cos sxdx *sin sx is an odd function.
4 0
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MAB8353-Transforms and Partial Differential Equations

_\/Z{sinsx}a

Nzl s |,
2 (sin as

F[f(x)]=\/;[ S j

(i) Using Fourier inverse formula

1 00 —isx
f(x)_ELF[f(x)]e ds
1 7 |2(sinas .

f(x)= - —

(x) @L\/;( 5 j(cossx isinsX) ds P

1%(si s [—j (sinsx) is odd function .
=— j(ﬂasj (cossx) ds—l j(ﬂasj (sinsx) ds >

T S T\ S

There fore j( j (sinsx) ds =0

2 o0
There fore f(x) = ”J.(Sln as) (cos sx) ds

Unit -IV — Fourier Transforms

T[sinsasj (cos sx) ds = 7 (x)

5 2
t(sinas L when [x| < a
J.( j(cossx) ds=14 2
o\ S 0 when [x>a
In particular if x =0 :j[sm aSJ ds=2
s\ S 2
putting as =t when s=0,t=0
.'.ds=ﬂ when s=w ,t =
a

O 8

There fore

M &
IGOES

(i) By Parseval’s ldentity
Since f(xX)=0in —co<x<—-aand a<Xx<oo.

j|f(x)| dx = j|F(s)| ds

—00

240 sin as
_ja(l) dx_;__!;( . st
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MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms
2 %(sinas)’
X)% =— ds
(0% == j [ : j
2 (sinas)’
— J'( J ds=(a+a)
T\ S

w 2
J'(Sln aSj ds = % puttlng as=t when s=0 = 0
S

0

sods=— when s =0 ,t =0

e 2 o

1, f 2
6. Find the Fourier transform of f (x) is given by f(x) = or |4 <
0, for|x>2
0/ - 2
and hence evaluate jﬂdt nd I[ﬂ) dt.
t Ut
Solution: [AU M/J 2011, 2013, A/M 2015, A/M 2017]
Formula:  F[f(x)]= j f(x) e"™dx
i T J‘eisxdx
1 : :
= Nt '[ [cossx +isinsx]dx - cossx is an even function.
\/7J‘ C0s Ssxadx “»sinsx is an odd function.

_\/Z{sinsx}2
Nzl s |,
F[f(x)]:\/%(sinjsj

(i) Using Fourier inverse formula

f(x)= % T FLf(x)] e™ds
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MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms

f(xX)= éi\g(‘c’izz‘sj (cossx—isinsx) ds

1 %(sin2s
:;;[(Tj sX) ds—— j( j(smsx) ds

There fore j( j (sinsx) ds=0
s

(%j (sinsx) is odd function

sin 2s

2 o0
There fore f(x) = ”I( j (cos sx) ds

J‘[m Zsj (cos sx) ds = 7 ¢ (x)

o\ S 2

o . T

J-(sm 23) (coss) ds=1 2 when |x| < 2
o\ S 0 when x> 2

In particular if x=0 :>J-[sm 28) ds =%

S

0

putting 2s=t when s=0,t=0
.'.d5=% when s =00 ,t =0

I[ﬂ} b g
t 2 2
There fore ° A

(i) By Parseval’s ldentity

[If (o dx=[|F (s)[ds Since f(x)=0 in —oo<Xx<-aand a< X < oo.
5 R - 2
oo -2 JfE0% o
-2
“(sin2s
o222

ET(sinZSJ ds=(2+2)

J-(sm ZSJ 22 putting 2s=t when s=0,t=0
0
.'.dSZ% when s =00 ,t =0

Dept. of Mathematics Mailam Engineering College Page 31



MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms

2
L sint| dt #2 sint)’ T
B v |
o\ Y

—x2 —s?

7. Show that the Fourier Transformof € 2 js € 2

ot—3

(OR) Show that € 2 s self- reciprocal with respect to Fourier Transform.
2
-X
(OR) Find the Fourier transform of € 2

[AU M/J 2013, A/M 2016, A/M 2018]
Solution:

If a transformation of a function f(x) is equal to f(s) then the function f(x) is
called self reciprocal.

Given: f(x)=¢ 2
Formula:

aea_ dx
40
— l Te_z:l-[(x_iS)2+(S)2:|dX
21 7
| Tejx—usf—z(s)z i

X —Is
V2
(ie.) dx =~/2dy

1
X—>—0 =Yy—>-0 dy=——dXxX—>0 =Yy-—>00©

put y = 7
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_ % J'e‘yze:zx/?dy
T —o0
:ﬁeZIe‘yzdy
I
=——e?22|e’dy
|

2.
ceVis ever]

2
—-s“/2
Answer: =€

2
Hence f(x)=e™ '

e

is self reciprocal with respect to Fourier transform.
2,2 —
8. Find the Fourier Transformof € ° * . Hence show that. € 2 is self -
reciprocal with respect to Fourier Transform.

[AU M/J 2000, N/D 2014, A/M 2015, N/D 2016]
Solution:

If a transformation of a function f(x) is equal to f(s) then the function f(x) is called
self reciprocal.

Given: f(x)=e** ,a>0

Formula: F[s]= F[f (x)]=

1 Te{(“iﬁ(iﬂ N
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is
Putu=ax—2— X — —0 =>U—>—0 X—>0wo =U—>©

a
(i.e.,) d u=adx
1 % e
= Ie‘“ e‘a’ Zdu
N2m 7, a
__2 J'e‘“zeg—du
27 a { t \/;}
. Ie du=—
2e % % ° g
= e du
av2m ;[
2¢ @ Jz e 1 out a L
av2r 2 a J2° NA
S2
Answer: =8, *
COSINE TRANSFORM
FORMULA (1) Fc[s]zF[f(x)]z\/ij(x)cossxdx
T 0
200
) f(x) :\/:J' f (x)cos sxds
T 0

2,2
9. Show that the Fourier cosine Transform of € (OR) Show that € 2
is self — reciprocal with respect to Fourier Transform.
[AU N/D 1996,2012 M/J 2000, A/M 2017]
Solution:
If a transformation of a function f(x) is equal to f(s) then the function f(x) is
called self reciprocal.

Given: f ( )

Formula: Fe [3] \/7_[ COS sxdx

__L Rpof Ie e"*dx

Y3

:LRPof Ie‘ o -] gy

NEY3

202
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1
:ﬁRP Of _J;)e
RN i
2r b
is 12 2
__1 RP of J.e_[ax_za} e_“él‘zs dx

is
Putu=ax—-— x— - =>U—>—w X—>00wm =U-—>ow

2a
(i.e.,) d u=adx
1 0 . 482
= ——RP of Ie e4” —du
\N27 i
2 ba . = 1
=——RPof e e Zdu
\N27 J. a
ZG_E % 2
= RPof |e™ du
= I
© ) _4a 4a
-.-Ie‘“ du=£ -2 RP f\/_ 5 —, put a:i
: 2 av2r a 2 V2
S2
AnNswer: =€ :

10. Show that the Fourier cosine Transformof € 2 is € 2 (OR) Show that

e? s self —reciprocal with respect to Fourier Transform.
[A.U. N/D 1996, M/J - 2000]

Solution:
If a transformation of a function f(x) is equal to f(s) then the function f(x) is
called self reciprocal.

_)(2

Given: f(x)=¢e 2

Formula FIs]=F/ \/7_[ X)cos sx dx

0
-x2

F[s]= F[f(x)]= ——J‘e 2 cos sx dx
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1 < _—Xz+isx
=——RP.[e? dx
\ 27 e
1 < ll[xz—Zisx]
=——R.P.|e? dx
\N 27 _‘[O
1 < j[x2—2i5x+(is)2—(is)2]
=——R.P.|e? dx
\N27 _‘[O
2 e aisx(is | Lisy
:%R.P.jeZ[ ()]eZ()dx
T -0
1 2 32

X —is 1
X—>-—0 =y—>-0 gdy=——dXX—>0 =Yy—>©

t =
AN 2
1 Iy =i
(i.e.) dx = +/2dy :«/ER'P'_LG_Y e 2 2dy
:LR.P.e_ZJ.e‘yzdy
T -0
1

=

—e__SZ/ZR.P.ZTe_yZdy ['.'e’yziseved
0

AT 2
_A-s?)2
Answer: =€
2
11. Find the Fourier cosine transform of € [A.U. N/ D 2004]
Solution:

2 o0
Formula F.[f(x)]= \/;j f(x)cos sx dx
0
F. [eXZ]: \/Z '[ e cos sx dx
T 0
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:\/ZE Ie‘xz cos sx dx
w2
1 o0

=~ _R.P.[e*e™ dx

\N2r7 b

__1 R.P.[e**(d x

N2 b

1 R..P. Te‘(xz‘i“)d X

J2r
7]7

_ 1 R..P.TeM ’

NFYS

N27 it
is
putt=X—E X—>—-0=t—> -0
dt =dx X —> o0 =t—>w©
2
1

Answer:
—ax —ax —bx
12. Find the Fourier cosine transform of <— and hence find F{e € }
X X X
Solution: [AU NOV 2015]
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Formula  F.[f(x)]= \/%T f (x)cos sxdx

Fe {L} \/7j_— cos sxdx
X

\/7j—cossxdx
Diff Wrt ‘g’

2 een]
L
F] 2] 2 s
di“——N% 2
LB
. Py |
f"%!”{d%%wg@ +a2>}
(=] 75 et )|
ot o)
s c

Ly g(s? +a2)+Llog(s2 +b?)

N i Vor

—ax eb><j| 1 (Sz +b2)

I\)I—‘

Similarly, F, {

{5

e
F{ - = log7———
Answer: X X1 Nem (S +a )
13. Find the FCT of e ® cosax

Solution:
Formula:
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F[f(0)]= \/zf f (x)cos sxdx
ﬂ-O
o 2%
F[e cosax]z\/:je COS ax cos sx dx
ﬂ-O

= \/z%]oe‘ax [cos(s + a)x + cos(s — a)x]dx
T

= %{J‘ e ™ cos(s+a)xdx + Ie cos(s — a)xdx}

1| a a
\/ﬂ a’ +(s+a)’ a2+(s—a)2
a [ a’+(s-a)?+a’+(s+a)’ }
Jor [a +(s+a)’{a® + (s -a)’}

4a® +2s°
J2r | (s +2a® + 2as)(s® + 2a° — 2as)

7 2a | 2a° +s
Fe [e ™ cos ax]:—{—}

N2 | st +4at

QD

Answer:

14. Find the FCT of e ® sin ax
Solution:

Formula: F.[f(X)]= \/ZI f (x)cos sxdx
7[0
ax 27
F.|e cosax]:\/:je sin ax cos sx dx
7[0

] \/%%Te‘ax[sin(s +a)x —sin(s —a)xdx

—— ﬁe [sin(s+a)xdx— Ism(s a)xdx}

0

s+a s-a }
Vor|a®+(s+a)? a’+(s—a)?
a {2a2+s —2as )(s+a) (2a +s?+2as )(s— a)}

2a’ +s°—2as ) (2a® +s°—2as )

a

—2as
J2r | (2a® +s) —(2as)?

Answer:

Cax 2a° —s
Fcle smaxJ \/_L +4a}
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SINE TRANSFORM
Formula

L1 00)= 2] fsinsxox
4 0
f(X)=\/ZT f (x)sin sxds
4 0

ax —ax —bx
15. Find the Fourier sine transform of < and hence find F {e ¢ }
X X

X
[AU N/D 2011, N/D 2016]

Solution:

Formula: F[f(x)]= \/ZT f (x)sin sx dx
T

F{e }\/zje sin sxdx
X Ty X

F[s]= \/%j e;( sin sxdx
0

Diff .w.rt ‘s’

dL[S]zi \/ZTﬁsinsxdx
ds ds| Vzy X
dL[S]z \/ZTﬁisinsxdx
ds wy X ds

dL[S] = \/EJ. L(COS SX)XdX}
ds Ty

dF,[s] 2

X
e "™ cos sxdx}
a
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L i R T H IR PR
[2le () G

—sa

16. Find f(x), if its sine transform is €

. Hence find reciprocal of 1 .
s

Solution: [A.U. N/D 2013]

Formula: f(x)= \/Zj F; (s)sin sxdx
T 0

2006—&5
= —j sin sxds
Ty S

Diff .w.rtx’

drf(x)j_d NZTe‘aS sin sxds}
dx  dx S
drf (] _ | \EI Y sxds}
dx dx
d[f (x) — \/700 & (cos sx sds}
dx
d[ f (x)] b \/:J' e @ cossxds}
dx L VT o
__\E a
dx ¥ T a‘+x’
d[f N \F
T a2+x
d[f N \F
T a2+x
f(x)= Nzaltan ‘l(ij }
T a a
F, {ﬁ} - { 2 tan (ij } '=======(1)
S T a

To find the F.S.T of %
Put a=0 in (1) F '{L} = { 2 tan ‘1(1”
S T 0
e ] o]
S
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SINE AND COSINE TRANSFORMS

17. (1) Find the FCT of

(2) Find the FST of [ }
241 x* +1

Solution

Formula: F.[f(x)]= \/%T f (x)cos sx dx

F [e‘x]z \/ZTe‘X Cos sx dx
T
e [S]z\/gszil

f(x)= \/ZT Fo[ f (x)]cossx ds}

|

Ee‘X = I 21 cossxds
2 0 ST
—e° =“ 21 cossxds} X=S5
5 S +1
\/Z \/7{ cossxds}
ANSWer: st +1

G|

(2) Fourier sine transform of

241

Formula: F.[f(x)]= \/7j X )sin sx dx

F [e‘x]z \/:je‘xsin sxdx
T
Fels]- \/%szil
:NZT F.[f(x)]sin sxds}
T 0
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=NZJ'\/Z ZS sinsxds}
T T s +1
{2 ZS sinsxds}
ST +1

—e‘ = I ZX sin sx dx S=X
2 o X +1

18. Find the Fourier cosine transform of f(x):e’azxz and hence find the

x*

Fourier cosine transform of e 2 and Fourier sine transform of xe 2 .
Solution:

Formula: [A.U. N/D 2006]

F.Lf(x)]= \/ET f (x) cossxdx

» \/Z je‘azxz cossxdx = \/Z 1 je‘azxz cossxdx
i T2

N 2 _
== [e® cossxdx=—=— [e™*R.Pofe™dx
A =1
= R.P.of % -"e—azx2+isxdx
T
P o= e%az
=R.P.of — |e™ ™ ——dx
NS A
_8732 L _aisisxss’
=R.P of e\/zi Ie Aﬁzdx
7[ —00
_S/az © s
_RP of & \/i j o oS
put ax—'éazy when X =—o , y=—©
adx =dy X=00, y=00
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_SZaz o _%az
- RP of er_ je*”z%’ — R.P of er_ Jr
T s T
_%az
FIFGO] = 2
a2
a? =1
2
A B
Put Fle?]= 1 =e?
N2x——
/2
Fle2l=e?
i) F.bxt o) = HELECID
S

Flxe2]= _di{ ez}
s

'S

; Fs[xeT]zse_% [-Sis dummy Variable]

Answer :

1 I o .
19. Prove that — is self reciprocal under Fourier sine transform and cosine .

X

Solution [AU April, 1996, 2000, M/J 2012, Apr/May 2015]

To prove: F, {%} = %
X

Formula: F. f(x) =

= \/:T ! cos sxdx
0

w. k. tI'n= je‘x X" dx

SN

j cos sxdx
0

N

X =at
dx=adt x=0,x=00,t =0,t =0

I'n= j e (at)"tadt
0
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I'n= je’a‘ ()" *a" dt

et

0

je—lsx 1y a=is

('5) 0
I'n ° n-1
=j (cos sx —isin sx)(x)"* dx

cos ~ +isin F)"s" 0
( 5 +isi )

I'n (cos§+|sm )n

(cos sx —isin sx)(x)"™" dx

O'—-S

Sn

Equating Real part

Fn(cosn%—isin ng) ©

= .[ (cos sx —isin sx)(x)" " dx
0

Sn

8

T .. T
I'n(cos— —isin—)"
2 - _[ (cossx —isin sx)(x)" " dx
0

S
Equating Real part

I'n(cos nf) %
1/3 —nz - 1/3.[ (cos sx)(x)" " dx
T S T 0

5 Fn(cosnﬁ)

S 2L E Xyl 0
T s
Put n=1/2 in (1)
5 F;(cos;;[) 1
JEREL I
T SE
1
237 1 gy
r L2
1 1
==Felx’]
\/g C
To prove that sine transform of 1
Jx

Fn(cosﬁ—isin E) .
2 2 .[ (cos sx —isin sx)(x)" " dx

Sn

o
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Equating imaginary part

I'n(sin nﬁ) -
\E—n 2. _ \/Zj (sin sx)(x)"™" dx
T S T 0

5 I'n(sin ng)
; S—n = FS [Xn_l] —====== (1)
Put n=1/2 in (1)
; F;(sin;;[) R
ki U
T SE
2z 1 :
X RIF]
7 102
Answer: S
1 1
= =Fx]
\/g S

20. Fourier sine transform of e® and hence find FCT .of xe
[AU A/M 2000, M/J 2012]
Solution:

Formula:  F[f(x)]= \/Zj f (x)sin sx dx
o
K [e‘ax]z \/Z]Oe‘axsin sxdx
4
.S

V7 s2+a?

To find F.[xe™]

e d
by property F.[xe ]=£[F5[f(x)]

Fole 1= SR e

ax d 2 s
Felxe ]ZE{\/;seraz}

B \/z (s* +a%)-s.2s
T

(s2 + az)2

Answer: = \/ziﬂg
T (s2 + az)
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—a?x?

21. Find the Fourier Cosine transform of f(x) =e and hence Fourier sine
transform of xe ™ [AU A/M 2007, N/D 2010, A/M 2018]

Solution
2 o0
FLf(0]=,—= If(x) COs SX dx
T
Formula: 0 ) )
=1/£ Ie‘azxz cossxdx:>\/ZE J'e‘aZXZ c0s sx dx
Ty T 27
1 < 2,2 1 2 2,2 B
=—— |[e®" cossxdx = —— | R.Pof e dx
N2 _'[O \/271'_'[0
1 % 2,2
=R.P.of — |e™®* "¥dx
N2r _'[O
1 < 2,2 eS 4a*
=RP.of — [e** =
\/271' _'[o eSAaz
e_SAaZ % —az><2+is><+572
=R.P of e 2 dx
N 21 _'[o
e_SAa2 R —(ax—is )2
=R.P of e 2l dx
N2 _'[o
put ax—i32a=y when X =—o0, y=—00
adx =dy X=00, y=00
e_SAa2 W 2 dy e_%az
- R.Pof e 2L — RPof Jr
N2r _'!; a Jor
TR X
c X)I=
a2
d(F [f
TR GALLCO)
ds
A d e_S%a2
Flxe? ]=——| ——
Answer: ds| av2
F.[xe ™™ ]= —L{e_%az(_zfﬂz 5o e
a\/E 4a a32\/§

Parseval’s identity in F.S.T and F.C.T
FORMULA

(M) [ f(0gx)dx=[ F,[f (OIF.[9(x)]ds
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) T| f (x| dx =T F.[f(x)]2ds

3) T|f(x)|2dx =T F[f (x)]2ds

22. Evaluatej 5 de -—— < using Fourier transforms
o (X°+a%)(x“+b?)
[A.U M/J 2006, N/D 2014]

Solution
By Parseval’s Identity T f (X)g(x)dx =T F.Lf(X)IF.[g(X)]ds .............. )

Let f(x)=e ™ g(x)=e™

F.LT(X)]= \/ZT f (x) cossxdx F.[o(X)]= \/ZTg(x) cossx dx
T T
\/7 T > cossx dx \/7 T  cossx dx
7[0 ﬂ.O
] Vel
Vx| s?+a? Nzl s?+b?
J.f(x)g(x)dx =Ie‘(a*b)xdx

|: e—(a+b)x i|°°
—(a+b) |,

(o)
(a+h)
F.Lf (IR, [9()] =H ~ }\E[L}
S“ +a T s +b
_i ab
“ 7z (s2+a?) (s’ +b?)
from ()= = =2abT 1
a+b (s®* +a’) (s’ +b? )

:>T ! ds = 7
. (s®+a%)(s®*+b?)  2ab(a+b)

Answer :
< 1 T . .

dx = . sisdummy variable

!(x2+a2)(x2+b2) 2ab(atb) | y ]
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23. Evaluate j X using transforms. [AU N/D 2010, A/M 2017]
s (X2 +D)(X° +4)

Solution

By Parseval’s Identity, T f (x)g(x)dx :T FLfO)IF.[9())ds ..oeeneeee 1)

Let f(x)=e™"

g()=e™

Fc[f(x)]z\/%T f (x) cossxdx Fc[g(x)]z\/g]gg(x) Ccos sx dx
\/;E!. * cos sx dx \/;_([ e “* cossxdx
flze] Tl

f (X)g(X) e —bx e—(a+b)x

j f (x)g(x)dx = j e @2y

e—(1+2)x * 1
= =10+
{—(1+2)}0 [ (1+2)J
st =2 A2 2]

2 12
. (s*+1%)(s* +2%)

from ()= 4 =ij' 5 212 --ds
1+2 7y (s°+1°)(s" +2°)

=] ds =
. (s? +12)(s +2%) 4(1+2)

J.(x +12)(x 129 —% [.-sisdummy variable]
0

1 b

Answer: dx =
! (x> +15)(x*+2%) 12

24. Evaluate using transforms IL

[A.U. M/J 2013, N/D 2013]
x* +a?)?

Solution
By Parseval’s Identity

[1F 0 dx=[|F.Lf (0] ds
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Let f(x)=e™

FLF)]= \/%J' f (x) cossx dx
0
= \/EJ' e~ cos sx dx
7[0
-4
| s?+a?

o 2

[If 0] dx= Te‘zaxdx
0 0

|:e—2ax :|°°
—2a 0
_1

2a

T| f (x)|"dx =T F.Lf (x)]%ds

)12

T ods T
!

[ dx
Answer: '([(XZ . az)z = 47;3

0 2
25. Evaluate using transforms j% .
o (X2 +a%)

Solution
By Parseval’s Identity

o0 0

j|f(x)|2dx =j FLFOORAS o 1)

0 0
Let f(x)=e*

FLf(X)]= \/%T f () sin sxdx
27 o

=\/;£e sin sx dx
Vo]
Vrxls?+a?

[A.U. N/D.2009]
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2

T| f(x)| dx = Te‘zaxdx
0 0

|:e—2ax :|°°
—2a o
_ 1

2a

T| f(x)|"dx =T F.[f()]?ds

BRtEEE

]" s?ds _T
o (s +a2)f  4a
Answer: Tﬂ -

o (x* +a2f  4a
26. State and Prove Convolution theorem.
Statement:
The fourier transform of the convolution of f(x) and g(x) is equal to the
poduct of their Fourier transforms.

(ie.) FLE()*g()]=F[f (x)IF[g(x)]

Proof:
Formula:

FLf()]= \/%7]3 f (X) cossx dx

2 7 e 2 1 % 20
= —Ie“ cossxdx=.|[— = Ie“ cos sx dx
T T2

E[s]= F[f (x)]:% [ #(x)ex

Fls]=F[f (x)*g(x)]=% [0~ 9001
- % I% [If ®g(x-1t)dt] e™dx

_ [ﬁ}[ﬁ} T T[ f(t)g(x—t)] e dtdx

By changing order of integration, we get
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_ (ﬁ}(ﬁﬁ (1) [To(x— e dot
1 K 1 T isx
= ﬁj L f (t){(ﬁj L [g(x—t)e™*dx] dt}

- (ﬁj [IFroc-o11 dt}
= (%ﬁf(t)eis‘(;(s) dt} By property
T ) %

ZG(S)K%)]: f(t)e™ dt}

=G(s).F(s)
FLT(X)*g(x)]=F[f()IF[9(x)]

27. State and Prove Parseval’s Identity. [ A.U. 2010, M/J 2012]
STATEMENT:

If F(S) is the Fourier transform of f(x), then I| f()[*dx = J‘|F(s)|2 ds

Proof:
By convolution Theorem

FLT()*9(0)]=F[SIG[S]
[f(x)*g(x)]=F "[F(s).G(s)]

1 i 1 T —isx
[Tnl!;g(x—t)f (t)dt = E_LF(S).G(s)e ds

Put x=0, we get
1

00 1 <
(TnJ L TSt (EJLF(S)G(s)ds .................... ()
g(-t)= f(t)
G(9)=F ()

1= Tf(t)mdt = TF(s)@ds

—00

T|f(t)|2dt= T|F(s)|2 ds

Answer: T|f(x)|2dx= T|F(s)|2 ds

28. Find the Fourier Cosine and Sine transform of f(x)=e®,a>0 and hence

deduce the inversion formula (OR) Find the Fourier Cosine and Sine
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n T COS SX
transform of f(x)=e",a>0,x>0  jence deduce integrals J 52 1 32" and
J‘ SSln SX
2+a’ [A.U N/D 2012. MAY - 2016]
Solution:

2 o0
Formula: F.[f(X)]= \/;I f (x) cos xdx
0
F [e‘ax ] = \/Zje‘ax cos xdx { je‘ax coshxdx = %
4 0 0 a + b
_ \E _a
rs?+a’
Using inversion formula,

f(x)= \/g]z Fe [e“"X ]cos sxds
0

= \/ZI\/ZL;%} cos sxds
ro\mla+s

I cossx
S’
cossx V4
j s=——f(x)
s?+a? 2a
wT
e ka ¥ gk
2a

F[f(0]= \/ZT f (x)sin xdx
77:0
_ 2% ..
F [e ax]z\/:je  sin sxdx {
71.0
_\E;
7z s?+a?

Using inversion formula,

f(x)= \/%]2 Fs [e"”‘X ]sin sxds

b
a’ +b?

e sinbxdx =

O"—uS
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:\/ZI\/Z[ ZS 2}s.insxds
e \mla“+s

3 I ssm SX
s’ +a’
ssm SX
I =2 £ (%)
s’ +a’ 2
Answer:
Vi3
=—e ™,a>0
2
29. Verify convolution theorem for f(x) =g(x) = e [A.U. M/J 2013,NOV 2015]
Solution.

F[f(x) = g(0]=F{f ()}F{g(x)}
Given: f(x)=g(x)=e™*

Formula:, F{f(x)}= \/;_ jf(x) e dx
T %

F[e‘xz]zﬁi e dx
Oj; s

_f
Hﬂ“ A

0

e de

is
puttzx—E X—>w0 =>{—>-w©
dt =dx X—ow =>t—>ow

_s? 1 - )
=e ! [— Ie“ dt

SZ

_S 1 « )
=e 4| ——|2|e Ydt
)

put t *=u t—>0=>u—0
2t dt=du t>0 =U—>w®
dt =L du
2t
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1
dt=——d
t b
=1 ), 1
=e {—zﬁJZ_Ee _2Jﬁdu
_s 1 © 1
— 4 -u 2q
e { Zﬁj'(').e u u
- (=) { et 2ot r}
2n
F{f(x)}—T 4
F{E(0}=FH{g()}= T e ¢

~F{FOOYF{g(0)}= [% e 4}

By convolution definition,

N
l\)|'—‘
@
]
=%
T
Il
N |-
(o)
I
N‘m,\,
|
|
|
|
|
|
|
|
|
|
|
R
e

f(0)* g(x)—ﬁ [ fWg(x-u)du
- 1 7 = vy
e e =—J'e e du
2z *,
e~ *o Y — W J'e‘(x‘“) “du
2
1

2
) ) o —2{[u—%) +X72}
e X ixe™ =—_|'e du

© _2["]_1)2 x?
e we = L fe " e

2
5 X
2 . e 2 2 —2[U—7j
e X *eg J'e 2/ du

X
puttzu—z U— -0 =t—>-ow
dt=du U—->ow =>t—ow
2 7 < 2
e xe X = I e 2 dt
N2rm -,
2 7 < 2
e xe X = T I e 2 dt

Dept. of Mathematics

Mailam Engineering College Page 55



MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms

put t ’=y t>0 =y->0
2tdt =dy t>ow = y->wo
gt =
2\y
e *e X = e * Te‘z‘zdt
N2 2
2 2 e_? e dy
e X *o X — 2]e 2y
N2rm '([ 2.y
z e 2w 1
e *e ™ = ey 2dy
\/27r'([
e—X *e—xz _ 6_7 Z Te—zyy_;dy_\/g
N2 \ 2 - 2
e xeg ™ =Zg 2
2

RUCT EE N e
F[f(x) g(x)]—F{ze }—ZF{e }

2

We know that e 2 is self reciprocal under Fourier transform.

X2 A
F{e 2 }ze 2
Answer:

F[f(X)*g(X)]:%e_2 ————————————— )
we conclude that (1)=(2)

Hence convolution theorem is verified.

: 1 forx <1 :
30. Express the function f(x)= as a Fourier Integral. Hence

0 for|x|>1

evaluate J'Wd/l and find the value of J'Md/l [A U, April, 2001]

Solution.
Formula for f(x) is

TTf(t)eis(“X’dt ds

= «5]

TF(S) e ™ ds . (1)

9\

Dept. of Mathematics Mailam Engineering College Page 56



MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms

F(s) = F{f(x \/_ j f(x)e™ dx - (2)
Here 1(x)= 1, -1s<x<1
X _{O otherwise

S
2= F{f(X)}=EJ(1) e dx
1
= Lj[cos sX +isin sx]dx
Jor

= 2 jcossxdx

el

\/7J.cossxdx
_ g{sinsx}l
7| |

i g[sins}
wl s

0= f(x j\/z/ SINS oo g

sins
== j—[cossx—lsm sx]ds

= —j—cos sxds

f(x )—Ejlcoslxdl »sisdummy variable
T A

0

—f( )= J—cosﬂ,xdﬂ,

r\)|é\

for |x| <1

0 for|x>1

J-sm A €0s AX 1 =
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sin
Answer: Putting x =0 we get I—di = 2
31. Find the Fourier sine integral representation of the function f(x) = e~ X sin x
Solution : [AU. NOV -2015]
Given f(x)= e X sin x

Formula: Fourier Sine Integral

0 == [ [ f()sinst sinsxtds
T 00

f(x) = \/%Og':s (S)sinsxds and Fg(S)= \/%ng (x)sin sxdx

Tofind : F5(S)

Fs(S) = \/gogf (x)sin sx dx

Fs(S)= \/%Oge_ X sin xsin sx dx
Fs(S) = \/go(j:e_ X %{cos(l—s)x —cos(L+s)x}dx

. sin xsin sx=£(cos(1— S)x —cos(1+ s)x

Fs(S) = \/7je cos(l- s)xdx—\/ije cos(1+ s)x}dx

:J;?_u(l S - A Wil 9 Io ] J;L(ixs)z(1.cos(1+s)x+(1+s)sin(1+s)x) ]°o°]
L s @99 ]| - || a0+ (590 ]
Vox | 1e-9? Vor[140-92
_L_i(1,c05(1+s)oo+(1+s)sin(1+s)oo 1~ . i(1-005(1+5)0+(1+5)5in(1+5)0 ]
Vor |14 (1+s)2 V2 14 (1+9)2

1

[ 1 1 1
2 _0_1+(1—s)2 1} {ﬂ{o_ums)z lﬂ

‘e ”=0,Cos0=0,sino=0,cos0=1and sin0=0

I S R S

CV2r| 1+(-s)? 1+(1+9)°

1 ——(1+(1+s)2)+(1+(1—s)2)} :L{ —4s }
Vor | @+ (L-9)*)L+(@2+9)%) J2r | (4+5%)
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2 —4s
R(5)= 2\/7{ (4+s%) }
f(x)=\/:st(S)sinsxds
T
Xsin x= \/7 \/7{ }sinsxds
(4+s )

of  _
e~ Xsin x=i [ 434 sin sx ds
(4+s")

o0
[| —— |sinsxds=——e” Xsinx
0l (4+5s7) 16

PutS=A1
e 0]

Answer: | L‘l sin Axdi=—2-e~ Xsin x
0l 4+17) 16

32. Find the Fourier sine and cosine transforms of a function f(x)=e™. Using

[AU N/D 2017]

2

Parseval’s identity, evaluate: (1) j d j(
0

Solution:
Given: f(x)=¢™
Fourier cosine transform

Formula: F.[ €™ |= \/ZT e ™ cos sxdx
FLf(x)]= \/7_[f(x)cossxdx
F.le"]= \/7 [e cos sxdx

_ 2%
Fle XJz\/;J‘e * cos sxdx
0
SGES]
Nrls?+1

Fourier sine transform

_ 2%
Formula: F; [e ax]zw/—_[e ¥ sin sxdx
T 0

Dept. of Mathematics Mailam Engineering College Page 59



Dept. of Mathematics

MAB8353-Transforms and Partial Differential Equations

Fle™]= \/ZT e sin sxdx
71—0
_\E s
- 7[[52+1:|

(1) By Parseval’s Identity
[1F 0 dx=[|F.Lf (0] ds
0 0

Let f(x)=¢e""

FLf(¥)]= \/%T f (x) cos sxdx
=\/Z]Ee‘X cos sx.dx
ﬂ-O
- (25
- | si+1

Unit -IV — Fourier Transforms

oo 2 o0
[1£09] dx = [e*dx
0 0

T| f(x)|"dx =T F.[f (x)]%ds

(]

]3 ds T
0(32—}—1)2 4

Yy a\

N |-

N
1]

(2) By Parseval’s Identity
j|f(x)|2dx :j F.[f(x)]’ds
0 0

Let f(x)=¢e™"

Mailam Engineering College

Page 60



MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms

FLFO]= \/%]E f (x) sin sxdx
2% ..

=\/;£e sin sx dx

SHER

Nzl s?+1

o 2 oo
f dx = |e?*d
£| (x)| dx E[e X

T| f(x)|"dx =T F.[f()]?ds

O (E]

]3 s’ds o
0 (52 —}—1)2 f
) (O 7
Result: (1) J.(SZ +1)2 =7
T oxdx 7w
) j =

< +1)

33.1f Fy(s) and F¢(s) denote the Fourier sine and cosine transform of a function
f(x) respectively, then show that [AU N/D 2017]

R f(x smax]_—[F s—a)+F,(s+a)]
Solution:

F [ f (x)sin ax] = \/%I f (x)sinax sin sxdx
0

] \EU f (X)%[COS(S‘a)X—COS(Ha)x]}dx
\/;ﬁf )cos(s—a)xdx - If(x)cos(ﬂa)xdx}

Nll—‘
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:%N%I f (x)cos(s—a)xdx—\/gz f (x)cos(s+a)xdx}

F.[ f(x)sinax] :%[FC(S—a)— F (S+a)]
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ANNA UNIVERSITY QUESTIONS

1. Find the Fourier Transform of f(x)= {a _O|X| ’ fzr'l')d:a jo

hence deduce that

w0 . N4
j[smtj i j[ﬂj dt=® [AU N/D 1996] [P.NO: 21]
0 t 2 0 t 3

1-|x, for |x/<1

hence deduce that
0, for x| >1

2. Find the Fourier Transform of f(x):{

I[smtj Z% I[smtj

[AU N/D 2014, N/D 2015, A/M 2016, N/D 2016] [P.NO: 23]
3. Find the Fourier transform of the function f(x) defined by

f(x)= a’?-x* if|x<a
0 if |x| >0
Hence deduce that J‘S'nttﬂdt =% . Using Parseval’s Identity show that

I(S'”t? CO_Stj dt = 7= [AU. April, 1996, 2000, NID 2012.2013] [P.NO: 25]

0

1-x* if 1
4.Find the Fourier transform of the function f(x) defined by f(x):{ OX !f IXI i 1
if x| >

and hence deduce that (|).[Mc S(Ejds = i_g
s

(ii) % S| (MJ dt [AU A/M 2000, N/D 2013] [P.NO: 26]

0

5. Find the Fourier transform of f (x) is given by f(x) = L for [x <a
' g y |0, for|x>a>0

and hence deduce that (i) jﬂdt_— and (ii) I[smtj dtzg.

[AU M/J 2011, 2013, A/M 2015] [P.NO: 28]

6. Find the Fourier transform of f(x) is given by f(x) = L for |X|<2
. J y ~lo, for X >2

© . 2
and hence evaluate j—dt and I[S{[ﬂj dt .
0

[AU A/M 2017] [P.NO: 30]
_x2 _g2
7. Show that the Fourier Transform of € 2 is € ?

(OR) Show that € 2 s self — reciprocal with respect to Fourier Transform.
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(OR) Find the Fourier transform of € 2 [AU M/J 2013,A/M 2016] [P.NO: 32]

2,2 —Q

8. Find the Fourier Transform of € © . Hence show that € 2 is self -
reciprocal with respect to Fourier Transform.
[AU M/J 2000, N/D 2014, A/M 2015, N/D 2016] [P.NO: 33]
_a2,2 -
9. Show that the Fourier cosine Transform of € ° (OR) Show that € 2
is self — reciprocal with respect to Fourier Transform.
[AU N/D 1996,2012 M/J 2000, A/M 2017] [P.NO: 34]
-x? —s?
10. Show that the Fourier cosine Transform of € 2 js € 2 (OR) Show that

e 2 js self —reciprocal with respect to Fourier Transform.
[A.U. N/D 1996, M/J - 2000] [P.NO: 35]

2
11. Find the Fourier cosine transform of € [A.U. N/ D 2004] [P.NO: 36]
e—ax

X

12. Find the Fourier cosine transform of
X X

[AU NOV 2015] [P.NO: 37]
13. Find the FCT of e ® cosax [P.NO: 38]

14. Find the FCT of e ®sinax [P.NO: 39]
—ax —ax —bx
® _ and hence find F {e - }
X X X
[AU N/D 2011, N/D 2016] [P.NO: 40]

—ax ~bx
and hence find F{e _8 }

15. Find the Fourier sine transform of ¢

sa

16. Find f(x), if its sine transform is € . Hence find reciprocal of 1 .
s

[A.U. N/D 2013] [P.NO: 41]
~— (2) Find the FSTof{ X }[P.NO:42]
x“+1 X“+1

XZ

17. (1) Find the FCT of

18. Find the Fourier cosine transform of f(x) = e and hence find the Fourier

2
X _x2

cosine transform of e 2 and Fourier sine transform of xe 2 . [P.NO: 43]

1 . . .
19. Prove that — is self reciprocal under Fourier sine transform and cosine .
X

[AU April, 1996, 2000, M/J 2012, Apr/May 2015] [P.NO: 44]

20. Fourier sine transform of e *and hence find FCT of xe™

[AU A/M 2000, M/J 2012] [P.NO: 46]
21. Find the Fourier Cosine transform of f (x) = e and hence Fourier sine

transform of xe ** [A.U. A/M, 2007, N/D 2010] [P.NO: 47]
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i dx : :
22. Evaluate j >~ using Fourier transforms

< (x* +a%)(x* +b?)

[A.U M/J 2006, N/D 2014] [P.NO: 48]

23. Evaluate j 1(;()( 2 using transforms.
(x* +1)(x* +

[AU N/D 2010, A/M 2017[P.NO: 49]]

24. Evaluate using transforms .[(Zd—XZ)Z[A.U. M/J 2013, N/D 2013] [P.NO: 49]
o (X" +a

: T x%dx
25. Evaluate using transforms j

— JA.U. N/D.2009] [P.NO: 50]
o (x+a%)

26. State and Prove Convolution theorem. [P.NO: 51]
27. State and Prove Parseval’s Identity.  [A.U. 2010, M/J 2012] [P.NO: 52]

28. Find the Fourier Cosine and Sine transform of f(x)=e™,a>0 4 hence

deduce the inversion formula (OR) Find the Fourier Cosine and Sine transform

of f(x)=e™,a>0,x>0 : ICOSSX S
A 2 =% . Hence deduce integrals . s?+4a°% and

SSIn SX
I s 1 a2 [AU N/D 2012 A/M 2016][P.NO: 52]

29. Verify convolution theorem for f(x) = g(x) = e
[A.U. M/J 2013,NOV 2015] [P.NO: 54]
1 forx <1

as a Fourier Integral. Hence evaluate
0 forx>1

30. Express the function f(x):{

jsm SINACOSAX 4 and find the value of I%i [AU April, 2001] [P.NO: 56]
0

31. Find the Fourier sine integral representation of the function f(x) = e~ * sin x

[AU. NOV - 2015][P.NO: 58]
32. Find the Fourier sine and cosine transforms of a function f (x) =e™™. Using

Parseval’s identity, evaluate: (1) I nd (2) J' (Xx j)l()
0

[AU N/D 2017] [P.NO: 59]

33.1f Fs(s) and F(s) denote the Fourier sine and cosine transform of a function
f(x) respectively, then show that

R f(x smax]_—[F s—a)+F,(s+a)] [AUN/D 2017] [P.NO:61]

Dept. of Mathematics Mailam Engineering College Page 65



MA8353-Transforms and Partial Differential Equations Unit -1V — Fourier Transforms

Important Questions
PART-A

1. State Fourier integral theorem
[A.U. April 1996, April/May 2005, May-2016]
2. Show that f(x)=10<x < oo cannot be represented by a Fourier integral.
[A.U. April/May 2003]
3. Define Fourier Transform pair. [A U March, 1996]
. What is the Fourier cosine transform of a function. (or)
Write down the Fourier cosine transform pair of formulae. [AU O/N 1996]

. Find the Fourier cosine transform of € ,a> 0 [A U, April, 2001]

o

. Find the Fourier cosine transform of € "
. Find the Fourier sine transform of € " [A U, Nov / Dec 1996, M/J 2013]

. Find the Fourier Sine transform of i [AU A/M 2015, N/D 2016, A/M 2017]
X

. Define Fourier sine transform and its inversion formula. [AU A/M 2004]
0. Find the Fourier sine transform of f(x) = e and hence deduce that

PO 00 ~N O o

o0

J~xsin mx T

dx=—e™ [A U, March, 1998, 1999 & 2000]
2 1 1 H
5 1+X 2

11. Find F[xe ] and F, [Xe_ax]

2
12. Show that the Fourier sine transforms of Xe ™ /2 is self reciprocal.

[A U, March, 1996]
13. If Fourier transform of f(x) is F(s), prove that the Fourier transform of f(x) cosax

is %[F(s ~a)+F(s+a) [AU April, 2001, Nov/Dec 2014] ~ (or)

State and Prove Modulation Theorem.

14. Prove that F,[f(x)cosax|= % [F. (s +a)+ F. (s —a)] where F. denotes the Fourier

cosine transform f(x). [AU A/M 2001]
15. If F(s) is the complex Fourier transform of f(x) then find F [5(x - a)]
[AU A/M 2000]

: -x*12 : : : o
16. Given that € is self reciprocal under Fourier cosine transform, find (i)
Fourier sine transform of xe™/2

2 . -%x212
xe™ [A U, DEC 1996]

17.1f F(s) is the Fourier cosine transform of f(x), Prove that the Fourier cosine

and (ii) Fourier cosine transform of

transform of f(ax) is 1 F. {i}
a |a
18. If F(s) is the Fourier transform of f(x), then find the Fourier transform of
f(x-a). (or) State and prove shifting theorem.
(or) If the Fourier Transform of f(x) is F[f(x)] = F(s), then show that
F[f(x-a)] =e'*F(S) [AU N/D 2013, A/M 2015, A/M 2017]
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19. If F(s) is the Fourier sine transform of f(x),

1
show that F.[f(x)cosax]= E[FS (s+a)+F, (s—a)
20. State the convolution theorem for Fourier transforms.
(or)
State the Faltung theorem. [A.U. April / May 2003, May 200 PT]
) ) 1in|x<a
21. Find the Fourier transform of f(x) = )
0 in|x>a

£ (0 cosxif O<x<a
. . . X)= .
22. Find the Fourier cosine transform of 0 if x>a

=X

23. Find the Fourier Cosine transform of e‘zx +3e

24. Find Fourier Cosine transform of € * .

25. If Fourier transform of f (X) =F (S) then what is Fourier transform of f (aX)
1 (s

(OR) If F(s) is the fourier transforms of f(x), Prove that F [f (ax)] = g F (g (or)

State and Prove a Change of scale property.

[AU M/J 2013, N/D 2015, N/D 2016]
26. If F denotes the Fourier transform operator then show that

Fix 002 (i)' Fis)

ds
27. If F(s) is the Fourier transform of f (X) , show that the Fourier transform of
e f(x) is F(s+a). [AU Nov/Dec 2014]
d n
g F f(x)
28. Find {dx”
29. State Parseval’s Identity for Fourier transform.

ikx

e™ ,a<x<b
Ox<aand x>b
31. State the Fourier transform of the derivatives of a function. (OR) Find the
Fourier transform of a derivative of the function f(x) if f(x) — 0 as x — Fo0
[AU N/D 2005, M/J -2016]
32. Find the Fourier sine transform of € [AU M /J 2006]
33. Find the Fourier Cosine transform of of f (X) defined as [AU N /D 2006]
x for 0 <x<1
f(x)=492-x for 1< x<?2
0 for x>2
34. Find the Fourier sine transformof f (x)=e"*,a >0  [AUN/D 2007]
35. State inverse theorem for complex Fourier transform.

30. Find the Fourier transform of f (x) ={
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36. Find the function f(x) whose sine transformis e™®.  [AU M/J 2010 ]

37. Find the Fourier cosine transform of € > [AU N/D 2010]
d

38. Prove that Fs [Xf (X)]= _E[Fc (s)] [AU A/M 2011]
39. Define the Fourier sine and Cosine transform of f (X) .
40. Find the Fourier transform of e‘“‘x‘ ,a>0. [AU N/D 2012]

e—ax _ e—bx
41. Find the Fourier sine transform of

X

42. Find the Fourier sine transformof — 55

X" +a

43. Find the Fourier Cosine transform of 56_2)( + 26_5X

£(x) sinx 0<x<a
X) = . .
44, If 0 x>a Find the Sine transform.

—as

45. Find the function f(x) whose sine transform is 8

S
46. Define self reciprocal with respect to Fourier Transform. [AU N/D 2013]
47. State Convolution theorem. [AU N/D 2012]

0 2
48. Evaluatej 5 szdsz -~ using Fourier transforms  [A.U N/D 2015]

o (s”+a%)(s® +b?)

PART-B
a-|x, forix< a
1. Find the Fourier Transform of f(x)= A A hence deduce that
0, for [x|>a >0
0 2 0 t

A W 4
I[sth dt — I[ﬂj dtzg [AU Nov / Dec, 1996]
|

1-|x, for |x/<1

hence deduce that
0, for x| >1

2. Find the Fourier Transform of f(x):{

j[s'”tj dt =% j[smtj dt =£ [AU N/D 2014, N/D 2015, AIM 2016, N/D 2016]
0 0
3

Find the Fourier transform of the function f(x) defined by

2 2
f(x):{a Ox !f|x|<a

if |x|> 0
Hence deduce that J'S'nttﬂdt " . Using Parseval’s Identity show that
[ (MJ dt = % . [A.U. April, 1996, 2000, N/D 2012,2013]
0
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1-x* if 1
4.Find the Fourier transform of the function f(x) defined by f(x):{ OX !f Ixiil
if (x| >
and hence deduce that (|).|‘M s[ijds 3
S 16

@ =] (5"” “mt} dt [AU A/M 2000, N/D 2013]
0

1, for [x<a

5. Find the Fourier transform of f (x) is given by f(x) =
() 159 y 1 {O, for [x|>a>0

and hence deduce that (i) jﬂdt_— and (ii) j[smt) dtzg.

[AU M/J 2011, 2013, A/M 2015]
1, f 2

6. Find the Fourier transform of f(x) is givenby f(x) = or |X| <
0, for|x>2

© . 2
©si sint
and hence evaluate J'S'titdt and j[Tj dt .
0 0

[AU A/M 2017]
-x? —s?
7. (a)Show that the Fourier Transform of € 2 jse?
(OR) Show that € s self — reciprocal with respect to Fourier Transform.
2
—X
(OR) Find the Fourier transform of € 2 [AU M/J 2013,MAY-2016]

2,2

(b)Find the Fourier Transform of € " Hence show that € 2 isself-
reciprocal with respect to Fourier Transform.
[AU M/J 2000, N/D 2014, A/M 2015, N/D 2016]

_a2,2 -
8.(a).Show that the Fourier cosine Transform of € ax (OR) Show that € 2
is self — reciprocal with respect to Fourier Transform.
[AU N/D 1996,2012 M/J 2000, A/M 2017]

-x? —s?
(b) Show that the Fourier cosine Transformof € % is € 2 (OR) Show that
2
—X
e ? s self —reciprocal with respect to Fourier Transform.
[A.U. N/D 1996, M/J - 2000]

2

9(a) Find the Fourier cosine transform of e [A.U. N /D 2004]

(b) Find the Fourier cosine transform of €

—ax —bx
and hence find F{e € }
X X

[AU NOV 2015]

X

Dept. of Mathematics Mailam Engineering College Page 69



MAB8353-Transforms and Partial Differential Equations Unit -IV — Fourier Transforms

10(a). Find the FCT of e™® cosax
(b) Find the FCT of e * sin ax

—ax

11(a) Find the Fourier sine transform of €

—ax —bx
and hence find Fg {e ¢ }
X X

[AU N/D 2011, N/D 2016]

X

—sa

(b) Find f(x), if its sine transform is ¢

. Hence find reciprocal of 1 .
s s

[A.U. N/D 2013]
(2) Find the FST of { }
x* +1

12. (a)(1) Find the FCT of 21
X“+1

X

(b) Find the Fourier cosine transform of f(x)=e** and hence find the Fourier

2
X 2

cosine transform of e 2 and Fourier sine transform of xe 2 .

1 . - .
13(a). Prove that — is self reciprocal under Fourier sine transform and cosine .
X

[AU April, 1996, 2000, M/J 2012, Apr/May 2015]

(b) Fourier sine transform of e *and hence find FCT of xe ™
[AU A/M 2000, M/J 2012]

14(a). Find the Fourier Cosine transform of f(x) = e**" ‘and hence Fourier sine

transform of xe ®* [A.U. A/M, 2007, N/D 2010]
(b). Evaluate j X using Fourier transforms
2 ra?)(x* +b%)
[A.U M/J 2006, N/D 2014]
15(a). Evaluate j o using transforms. [AU N/D 2010, A/M 2017]
x> +1)(x? + 4)
(b). Evaluate using transforms j ) [A.U. M/J 2013, N/D 2013]
 (x* +a
16(a). Evaluate using transforms j x'd 5 - [A.U. N/D.2009]
< (x*+a’)

(b) State and Prove Convolution theorem.

17(a). State and Prove Parseval’s Identity. [ A.U. 2010, M/J 2012]

(b) Find the Fourier Cosine and Sine transform of f(x)=e™,a>0 .1 nence

deduce the inversion formula (OR) Find the Fourier Cosine and Sine transform

N J‘COSSX 5
of f(x)=e,2>0,x=0 jonce deduce integrals J g2 4 g2 and

I ssinsx
s? 1 a2 [AU N/D 2012 A/M 2016]
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18(a).Verify convolution theorem for f(x) =g(x) = e [A.U. M/J 2013,NOV 2015]

_ 1 forlx|< .
(b). Express the function f (x): as a Fourier Integral. Hence evaluate
0 forlx>1
sin A

J‘S'n }“COSAX A and find the value of _f—di [A U, April, 2001]

19.Find the Fourier sine integral representation of the function f(x) = e~ X sin x
[AU. NOV - 2015]
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MAB8353-Transforms and Partial Differential Equations Unit—V  Z-Transform and Difference Equations

UNIT -V
Z-TRANSFORM AND DIFFERENCE EQUATIONS

PART -A

1. Define Z - transform [AU A/M 2009, 2007]
Solution:

Let {f (n)} be a sequence defined for n=0, +1, £ 2...... , then
Z- transform is defined as

Z{f(n)}= Zf(n)z'” , (z— a complex number)
This is called th/;iided or bilateral Z- transform
finition:
ZAf(n)}= Zf(n)z‘” (z — a complex number)
F@)

This is called one sided Z - transform

If f () is defined for discrete value of‘t” where t = nT, n=0, 1, 2, 3,...T being the
sampling , then

ZF ()= DF(T)Z
-F @)

2. Prove that Z[a”]: T a

Solution: [AU M/J 2005, 2009, 2017]
Z[f(n)]= Z f(n)z™"
n=0

0

z{(@@a")}= Za”z‘n

-1
=[1——J { L=—x)" =1+ x+Xx"+... Herex:i}
z
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Z[a”]:zL

3.Find Z(n) (or) Find the Z-transform of {n}  [AU N/D 2010, A/M 2018, 2000, 2013]
Solution:

Z[f(n)]zf: f(n)z™"

Z(n) = an "

1>1

2
i @) =14 2x+ 37+ Lif X <1
z

1_3 ere x=l ie.,
z
z

z

n, n=0

[AU N/D 2008, M/J 2007]
0, n<0

4. Find z{f(n)} if f(n) = {

Solution:

Z{f ()= YAz

i [f(n)=n ,n>0]

T @y

5. Find Z{a—l} in  Z- transform [AU N/D -2005]
n!

Solution:
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Z{f (M)}= Y ()"

R (O P

n! —=n! 0, otherwise
s
n=0 n!
azt (az')? e =142y x* n
=1+ TR
12 ’
Herex = az
_ eaz’1
6. Find Z[a"] [AU N/D 2010, A/M 2002, 2009]
Solution:
Z{f (n)}= ) f(n)z™"
= ia‘“‘z‘n
4 .
= DR R D 2" 74
N=-co n=0
- L " formula:|n| = —n(—o0,—1
= (a Z)—n s Z(i) | | ( )
n=-0 no\ Z |n| = n(0,00)

2
_ [az+(az)2 +...]+{1+E+a—2+...1
z 1

= az(1+ az + (az)’ +...)J{1+%+(Ej +:|

z

CA=X) T =14 X+ X+

=az(l-az) " + (1— Ej_
z

a
Herex=az andx=—
z

az z

zl—az Z—a
_az(z-a)+(1-az)z
- (-az)(z-a)
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_ar’-a’z+z-az’

(l-az)(z-a)
_ z-a’z
(1-az)(z—-a)
7. Find Z(-1)' [AU M/J 2005, 2010]
Solution:
Zla"|=——
o
1
G Herea=-1
(O [ ]
__1
z+1
8. Find Zle™] [AU M/J 2007, 2008]
Solution:
11
z[(a)" [=——
ol
Caxn 1
o Zi(e =
el =
9. Find Z[t]
Solution:

Z{f 3= fnz"
Z[t]= Z.o:nTz‘n {f(t):t }

Re placet —» nT
=TZ nz™"
n=0

=T Z[n]

_ z .o — z
_T—(Z 1) { z(n) —(2_1)2}
Z[t] Tz

-y

10. Find Z[a"]
Solution:
Z[a"|=z[a*a"]
=a'z[a"]
Lz
'Z-a
Z

1.z
.
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11. Find Z{ ! }

n(n +1)
Solution: [AU M/J 2016, N/D 2016]
Let ! - A + B (1)
n(n +1) n n+l

1=A(n+1)+B(n)
Put n=0, A=1
n=-1, B=-1
1 1 1

nn+l) n n+l

‘ {n(nlujzz[ﬂ_z {(nin}
2

(- z)|og[i}

12. Find Z|sin™| and Z|cos™| [AU N/D 2009, M/J 2007, ‘16]
Solution:
Z[sinnB)= —; &, Z[cosno]= ZZ(Z_COSG)
(z°-2zcosB +1) (z°-2zcos6 +1)
Put 6=~
. T
(zsin%) z(z -cosj
Z[sin n—n}: 2 Z{cosn—”}: 2
(zz-chos%ﬂ) (22-22cos%+1)
Qe 7
| z? +1
13. Find z[e***]
Solution:
Z[e"]=—
z—e

Z[eat+b] — Z[eb.eat]

z

at

= el Z[e*] =¢°

14. Find Z [e3t*?] [AU N/D 2008 , M/J 2007]
Solution:

Z[eat] — z

at

Z—¢€
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=Z[e*e¥]

15. State and Prove first shifting theorem
If Z[f@{®)] =F(2) ,then Z[e™ f(t)]=F[ze*]
Proof:

Z[f()]=Y fnT)z"
Zle ™ F()] = e™ f(nT) 2"

=3 H(T) (ze™ )"

=F[ze™]
16. Find Z[e~iat ]
Solution:
Z[e—iat] — Z[e—ait 1]
=011}, .
_|_Z
Z_l iat
~ Zeiat
Zeiat _1
17. Provethat Z[nf(n)] =-Zo {F(2)} [AU A/M 2018]
Proof:

wkt, E(Z)=2Z[f )]

F@Z)=3 t(n)z"

d d & .
EF(Z):EnZ:(;f(n)Z

® d B

=Yg l)

=3 f(n)(-n)z "

0

>
Il

=i—n.f(n)z‘”%
d S "
ZE[F(Z)]z P nf (n)z
= ~z[nf ()]

d
Z[nf (n)]= 1 F(2)
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18. Find the Z transform of "c,
Solution:

nC, }= Zn:nckz‘k
k=0

=1+nC,z' +nC,z7? +..4+nC,z2

-n

This is expansion of binomial theorem

—[+z?)

19. Find Z(n?) and Z(n%)
[A.U M/J 2014, N/D 2016]
Solution:

Z(nz):Z(nxn) Z(n3)=Z(nxn2)
d d 2
=—z5[2(n>] =~z [z(n")]

=_Z{(Z—1)(Z—_Zl-)24(2—l)} =_Z{(z—1) (ZHL (12) +2)8(z -1’ }

Z_Z{Z(Zl——_l)iz} {z 1)(22+1 (z +z)3}

_2(z+1) 222+z—22 1 322 -3z
i -4 }
F 7 >z {—z —4z 1} Z{zz+4z+1}
(z-2) (z-1)’
20. Find Z[an® +bn+¢]
Solution:

Z[an2 +bn+ c] =az(n®) + bz(n) +cz(1)

2°+7z z z
=a +b +C

@1 (1f -1

21. Find Z[N(—1]
[May 2009, Apr2007]

Solution:
Z[n(n-1)]=2|n? = n]
= 7|n?]- 7[n]
P +12 z

(- (@-f
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_ 2P +z-2(z-))
(z-17
=L[zz+z—z2 +z]
(z-2)
2z

(-1

22. Prove that the Damping Rule
zZ[a"f (n)]= F(éj F(z) = Z[t(n)]

Proof:

Z[t(m]=3 f(n)z"

z[a" t(m)]=Ya"f )z "

= i f (n)[éj_n

n=0

z[a"f(n)]= F(Ej
a
23. Find Z[a"sinn®] [AU A/M 2005, 2007]
Solution:

z[a"t (n)]= F[ij

Z[[an sin n0]= Z[sinno], 2

3 zsinn@
7° —2z2c0s0+1], 2

a

7
—sinn@
. a
2
Z 22
— ——C0s0 +1
a a
azsin @

Zla"sinn@|=
[ ] 7% —2azcosf +a*

24. Find Z[na"]
Solution:
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az

Z[na”]z G af

25. Find Z[a"t]

Solution: [AU N/D 2010, A/M 2009]
zfa"t|=[z)].

B Tz
-2 -

. Taz
R
26. Find Z[e"sin 2t]
Solution:
ze* t®]=[F(@)],,
Zlesin 2t|= [z (sin 21)], .
zsin 2T
) LZ ~2z0082T +1Lzer formula: _
. : B zsinaT
ze' sin 2T Z[sinat] =

2
T 7%7 — 276" cos2T +1 2’ —2zcosat +1

27.Find Z[a""]
Solution:

We know that,

ol
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Z[a"fl]Z Zfl-z[an], by shift property

28. Prove that Z[ f(n+1)] =z F(z)-zf(0)
Proof: [AU N/D 2005]

Z[f(n+D]=3 f(n+Dz"

0

=Y f(n+Yzztz™

=0

=3

2y f(n+1)z "

n

=0
nN=0—->m=1
N=0->M=o0

Put n+1=m and we get

Z[f(n+D)]=2> f(m)z ™" + 2f (0) - 2f (0)

= z{z f(mz™—f (O)}
m=0
=2zF (z) - zf (0)
29. Define Unit step sequence.

Solution:

A discrete unit step function is defined as
1LK>0

U(K)z{o K <0

30. Find Z[cos(t+T)] [AU N/D 2009, M/J 2004,2008]
Solution:
Z[f (t+T)]=ZF(z) - Zf (0)
Here f(t) =cos(t) ,f(0)=cos0=1
Z[cos(t +T)] = z.Z[cost] - zf (0)
z(z—cosT)
22 —2zcosT +1
2°(z —cosT)
22 —27c0sT +1
2° — 27 cosT —z(z* —2zcosT +1)
7° —2zcosT +1
z° cosT —z
7? —2zcosT +1
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31. Define unit impulse sequence [AU M/J 2004, 2005]
Solution:
A discrete unit step function is defined as
1LK=0
6(K) =
0,K=#0
Now & (n-k) isdefined by
Ln=k
S(n-k)=3"
( ) {O, n=k
32. Find Z[y(n-k)] [AU M/J 2005, 2010]
Solution:

Z(n-K)1= Y y(n-K)z"
=y(0-K)z+y@-K)z +y(2-K)z?Z +....

Ln=k
n-k)=<"
r ){O,n;tk

w1
~ly(n-p]=2* =
Inparticular,

Z[y(n—l)]%

33. Find Z[2"y(n - 2)]
Solution:

Z[2"y(n-2)]= {Z[y(n—z)]}H;

. (i) Formula: 1
& = Z[}/(n - k) =%
2 Z

g

0 4
Z[2"y(n-2)] = -z
34. Prove the Initial value theorem [N/D 2007, M/J 2004]
Statement:
If Z[f(n)]=F(z),then |jmF(2)= f(0)

Z—>mw

|"> NN

N

Proof:
fml=2 fmz”
=f)+ f@Qz" +f(2z7 +...
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F(Z2)= f(0)+ﬂ+L3)+....
Z Z

HmFm=Hmenfm+%?+q

75w 75® z
Result:
= f(0) .1
==0
lim?

Z—w

35. 1f F(z) = —22=%58T) g )
7 —2zcosaT +1

Solution:
lim
f(0) = F(z)

Z—>wm

_lim  z(z-cosaT)
Z—>o©z?—2zcosaT +1

_lim  (z? - zcosaT)
Z—>oz?-2zcosal +1

d
lim E(zz—zcosaT)

_Z—>ooi

dz
_ lim" (2z-cosaT)
~ Z-—>02z-2cosaT

(z*> - 2zcosaT +1)

X (2z —cosaT)
dz

_lim
R Ooi(22—200361T)
dz

_lim 2
1502
=1

: : : 1+27

36. Find the final value of the function F(z) = 1_02577% [M/J 2007, 2009]
—-0.25z

Solution:

By the final value theorem,
f) =lim f(

too

=|lim@z-DF(2)

-1

1+z7°

—limz-1.t%
limG-D1=7>5,=
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1+E
z

025

ZZ

=lim(z-1)

7>l 1

_(1-1@+))
©1-025
=0

ZZ

S [AU N/D 2007, 2008, 2016]
(z—a)(z-Db)

37. Find Z{ } , Using residue method.

Solution:
(z-a)(z-b)
o B Zn+1

oz F(Z)_—(z—a)(z—b)

The polesare z=a,z=b

Let F(2) . ' F(@)]=f(n)

n+1

n-1 — 13 — Z—
Res{z F(Z)}za—LIID(Z 3) (z—a)(z-b)

_a
a-b
n+l
Res{z"'F(2)}, o= lim(z-b)— = —
EF@k L= limE-D s
bn+l
“Db-a
f(n) = {sum of the residue of z"' F(z) at its poles}
1 n+1 n+1
=-———[a""¢b
. ]
-1 B 1 N+l pan+l
= & b
: {(z—a)(z-b)} ! ]

38. Form a difference equation by eliminating the arbitrary constant ‘A’ from
y, =A3" [AU M/J 2007, 2009, N/D 2010]

Solution:
y, =A3"
Y = A3
=3A3"
=3y,
Yni1 =3, =0

39. Define convolution of two sequences.

Solution:
The convolution of two sequence {f(n)} and {g(n)} is defined as

[f(n)*g(n)]= Zn: f(r)g(n-r) [For right sided sequences]

[AU M/J 2003, 2005]
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(or)
[f (n) * g(n)]= i f(r)g(n—r) [For two sided and bilateral sequence]

r=—w

The convolution of two function f(t) and g(t) is defined as
[f Ok g(t)]: rzz_mf (rm)g(n—nr Where T is the sampling period

40. State Convolution theorem on Z-transforms [A.U M/J 2015, N/D 2016]
Solution:
Lz[f(n)*g(n)]=F(2)G(2)
2Z[f()*9()]=F(2)G(2)

41. Find the Z- transform of f(n)*g(n) if f(n) = 2" u(n) and g(n) =2" u(n)
Solution:
Z[f(m]=z[2"u(m)]
z
)
=F(2)
Z[g(m]=z[2"u(m)]
z
“7-2
=G(2) by def. of u(n)
z[f(n)*g(m]=[F(2)G(2)]

42. State initial and final value theorem in Z-transform
Solution: [M/J 2003, 2007, 2017, N/D 2014, 2015]
Initial value theorem

If z|f(n)=F(z),then |jmF(2)=f(0)

Final value theorem -
If z[f®O]=F @) then |iMmf®=]limz-DF(2)

t—w -1
43. Find the Z-Transform of 1/n [AU N/D 2013, N/D 2017]
Solution:
Z[x(m]= Z x(nz™
=0
= Z‘oll -n
n=1 n
_$ ALy
1 NLZ
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gl

44. Find the inverse Z-Transform of L 1)2} [A.U. N/D 2013]
Z+
Solution:
z
Let F(Z)=
(2) {(z +1)2}

F(Z) _ 1
7 | (z+1)?

1 |_A B
(z+D)? | z+1 (z+1)°

1=A(z+1)+B

put z=-1then B=1
put z=0,then A=0

F(Z)_ 1

7 | (z+1)?
YA

F(Z){(zﬂ)z}

ey el
@+’ (=D

=—n(-1)" Z‘{ a } =na"

(z-a)*

45. Find the inverse Z-Transformof | — - [A.U. M/J 2013]
(z+D(z+2)

Solution:
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Consider z = A + B
(z+D)(z+2)| z+1 z+2

z2=A(z+2)+B(z+1)
put z=-2,then B=2
put z=-1 then A=-1

“lemnern) sl
(z+D(z+2) (z+1) (z+2)

= (D" 42"

=(-D"+2(-2)""

46. Find the Z-Transform of 1 [A.U. N/D 2013, 2015, A/M 2018]

n+1
Solution:

ZLHMI=Y f ()2

pd B B N S
n+1l] =n+l

-t 3 33 ]
B -
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47. Find the Z-Transform of l' [A.U. N/D 2011, M/J 2016]
n!

Solution:

Z[f(n)]zif(n)z‘“
ZF}: -1
n—o N:
A
n
EH FHE
1z

48. Find Z(e"'t?) [A.U. N/D 2016]
Solution:

zet?)=[z(t?)], .

_ T?2(z+1)
(2_1)3 728"
T 2ze" !zeT +1!

(zeT —1)3

49. Form a difference equation by eliminating the arbitrary constant ‘a’ from

|_\

I
Ms

O
N

n=i

y =40 [AU N/D 2017]
Solution:
y,=a.2".
Vi=a 2"
=2a.2"
=2y,
Vo1 —2Y, =0
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Unit—V  Z-Transform and Difference Equations

PART-

PROBLEMS BASED ON CONVOLUTION T

1. Using Convolution Theorem, Find the Z‘{

4

=z1
z-4

= (4 (3
DNORO

[ n

Solution:

|

ZZ

(z—-4)(z-3)

z

*

z
-4 z-

=@4)"

L r=0

=

= (4"

- (A —
Gl

r 3n+l _4n+1 ]
4n+l
1

4

- @’

(z-4)(z-3)

2.(3)"(4)"

B

HEOREM

ZZ

|

[AU N/D 2010, 2015]

|

[l

r

7 3 3 3 n
= +..4+] =
4 4
formula:
lta+a’+..+amt=2 -1
a-1

— _[3n+—1 _4n+1]

Result: = [4m—3"]

2. Using convolution theorem, find the value of Z ‘{

Solution:
1 z® _ 74 z? z
(z-2)*(z-3) (z-2)% (z-3)
oz o7l
- Lz—z)z} 3
=(n+1)2" 3"

23

(z-2)°(z-9

|

[AU N/D 2010]
Z

z-3

|
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>

=3 (41

B R R

Let S =1+2(x)+3(x)’ +4(x)’ +..ccco+ (n+1)(x)", where x =§

S =1+2x+3x*+4x° +....... +nx"t+ (n+D)x"
XS = X+ 2X* +3x> +4x* +........ +nx" + (n+1)x""*
(1—x)S=(1+x+x2+x3+4x4+ ........ +x”)—(n+1)xn+l
l_Xn+l n+1
= —(n+1)x
1-x
S B 1_Xn+l ~ (n+l)xn+l
(1-x)* 1-x

n+1 n+1
S 5=9 1—(gj —3(n+1)[gj Sincex:g, 1-x=
3 3 3

=9 —@jn+l[9+3n +3]
=9- @jl [12+3n]

=9-3[n+ 4(3jn+1
3
z {%} = 3“{9 ~3n+ 4:(3jn+l}
(2-2)%(z-3) 3

2 n+1
=9.3"-3"(n+ 4)(§j

Result: =3"2 —(n+4)2"

W[

2
3. Using convolution theorem finds the inverse Z- transform of _ 4
(7z-1)(2z-1)

Solution:

z-{ 1472

(7z—1>(2z—1>}z_1 (Z_ 1}(2_1J
7
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Il
TN TN

I
I

N, N

Il
M-

ro(
G261
g =\ 2 7
BIEROECRE)
=|=1|1l+=+|=| +| = +| =
2 7 \7 7 T
r n+1
n 1—(2J Formula:
2 12 1+atai+a’+..+amt=1i2
7 1-a
n n+1
z(lj 7 1_@
A 3 7
B
5(2 5 7\7)\2
Result: =1[1j —gtlj
5(2 5(7
Z2
4. Using Convolution Theorem Find the value of Z™* TV D
z-—|z-=
)
Solution: [AU A/M 2012, N/D 2017]
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BpON
2) =\ 2
G E) )
== | 1+=+| =] +..... i
2 2 \2 2
B n+1
1" 1—@) Formula:
:[Ej 11 lrata’+ai+..+amt=t—?
2 1-a
n-1 n+1
N0
2 2
1 n-1 1 n-1+n+1
-(z) +(z)
n-1 2n
Result: =[lj —[lj
2 2
2
5. Using Convolution theorem, Find Z‘{( z )2} [AU N/D 2007, M/J 2016]
z—a
(OR)
FindZ *|1-az*)?] [AU A/M 2015]
Solution:

24| 2 :Z-{; ;}
(z-a)? z-a z-a
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r=0
=a"+aa"'+...+a"
=a"+a"+...+a"
ZZ
Result: z™ = |=(n+Da"
(z-a)
ZZ
6. Using convolution theorem find the inverse Z- transformof | ——
(z-)(z-3)

Solution: [AU N/D 2006, 2013]

Z{z_} _ z—{i 2]
(z-1)(z-3) 7-12-3]
o f

z-1 1'2=3
=1"%3"

: r n-r .o iy — z .o N — z
DIE .z(l)——J {.z(s)——g}

Z—

=3"+3"1 43" 4 4+ 341

=14+3+...+3"
b 3n+l _1
3-1
2 n+1_
Result: Zz7 z =3 L
(z-1)(z-3) 2

8z°

7.Find Z ‘{—
(2z-D(4z+1)

} , Using Convolution Theorem. [AU A/M 2010, 2017, 2018]

Solution:

Z‘{ 82?2 }:Z‘l 2?
(22 -1)(4z +1) (Z‘lj(”lj

2 4
_ga| 2 z
= . 1
- |z+>
) )
=Z_l z *Z—l z
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>
5 N—e— *
T 7 N
—2 L
[ N
TR
N

N |-

N——

N |-

Il
TN
N

Il
M-

I
o
Ne— S ~

~—

M- 1M
N

7~ N\
~| L

~—

= N

VR

Il Il
TN TN N

NI, N, NP

N——
=3
1=
VR
I
L

e
4

N |~
N \_/3
+

Wl Wk Wk

=1

J’_

N— N

Vo e

Result: Z‘{—SZZ }zg(ljn +l(__1jn
2z-D)(4z+1)| 3\2 3\ 4

2
8. Using Convolution Theorem, Find the z™ _r
(z—a)(z-b)

Solution: [AU A/M 2013, 2014 N/D 2016]

e
-a)z-b)

JENSN

z—a z-b

AT
Z—a z-b
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~(@)" * ()"
=X @0

o3

= (b)" 1+E+(Ej2 +(EJ3 +...+(Ejn:|
i b \b b b

n+l
1—(2) formula:
:(b)n R S A ) a(l_rn+l)
1-2 a+ar+ar-+..+ar" =
b 1-r
] (b)n+l_an+l
b |: bn+l
- b—a
b
n+1 n+1
Result: @
b-a

PROBLEMS BASED ON DIFFERENCE EQUATION

9. Solve v,., +4y,., +3y, =2" with y, =0 and y, =1 using Z-transform

Solution: [AU N/D 2010, A/M 2005,2006]
Taking Z-transform, we get

Z[y, ]+ 42y, )+ 3z[y, 1= 2(2")

zz§—zzy0—zy1+4[z§—zy0]+3§=zz—2
Given y,=0,y, =1

2’y 7447y +3y ="
z2-2

V(22 __z
y(z +4z+3)_z_2+z
— z z
y= +
(z-2)(z+)(z+3) (z+D(z+3)
Now z = A + B + ¢
"(z-2)(z+D(z+3) (z-2) (z+1) (z+3)

Put z=-1 put z=-3 put z=2
-1=-6B —-3=10c 2=15A
B-1 c=_3 A=l

6 10 15
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z 221 +l 1 31

(z-2)(z+1)(z+3) 15z-2 6z+1 10z+3
z _ A N B
(z+)(z+3) z+1 z+3

z=A(z+3)+B(z+1)

Put z=-3 put z=-1
-3=-2B -1=2A
2 2
4 -1z 31

=— +—
(z+)(z+3) 2 z+1 21z+3
;.21 11 31 11 31

+= +—
152—2 62+1 10z+3 22+1 272+3
2 1 11 3 1 1.1 31

zZfy =5 42 2 ° + 2.2 |8
15z-2 6z+1 10z+3 2z+1 2z+3

yn=£Z‘1 —1 +£Z‘1 —1 —EZ‘1 ! —EZ‘1 —1 +§Z‘l !
15 Z-2 6 Z+1| 10 Z+3| 2 Z+1| 2 Z+3

2 1 3 1 3
_2n—1+_ _1 n-1 "= _3 n-1_ = _1 n—1+_ _3 n-1
6( ) 10( ) 2( ) 2(

T
1.0, 0 3 3
=157 +[___J(_1) 3T [2 10}

2n n1 n-1
2w
Result: =i—n+( )( " —[ j(—?:)”

10. Solve the Equation vy,., =3y, +2y, =2" given that y,=y, =0
Solution: [AU A/M 2008, 2009, 2011]

y(n+2)-3y(n+1)+2y(n) =(2") ()
Taking Z-Transform on both sides, we get,
Z[y(n+2)]-3z[y(n+ D]+ 2z[y(n)] = z(2")
22y - 22y(0) - zy()) - 32y - y(0) [+ 2y = i e @ where y=2[y(m)]
Applyingy (0) =0and y (1) =0 in (2)
z [y]—32y+2y=5
?[z2 —3z+2]=zi

. z
“(2-3+2)z-2)
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2D
2lym]- - _1)(22 7
=
(z—1)(1z—2)2 ZZél+z?2+(z_C2)2 - (4)

1=A(z-2)°+B(z-2)(z-D+c(z-1

Put z=1 put z=2 Equating Coefficient of z2
A=1 C=1 A+B=0
B=-1

.. Substituting  A=1; B=-1; C=1in (3), we get
1 _ 1 4 . 1
(z-1z-2) z-1 z-2 (z-2)?

=g Sl =

el n 1 -1 22
Y =0 =Q)" +>Z {(2—2)2} Cna1

=1-2" +ann
2

Result: y(n)=1-2"+n2"" nx0

11. Using Z-transform solveU (n+2)—5U (n+1) + 6U (n) = 4" given that

u@=0U@)=1 [AU A/M 2005 N/D 2009]
Solution:

U(n+2)-5U(n+1)+6U(n)=4"
Taking Z-transform on both sides, we get
Z[u(n+2)]-52[U (n+1)]+62[U (n)] = Z|4"]
22U - 220 (0) - ZU (1) - 52[U ~U (0)]+ 60 =Z—Z4 . Where U = Z[U (n)]
Applying U (0)=0 and U (1) =1
220 -7 —5ZU + 60 = —~—

-4
U2 -5z +6]=—2—+2
z-4
U[(z—2)(z—3)]=z—i4+z
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U< 7° -3z
B (z-2)(z-3)(z-4)
Y_ 23 @)
z (z-2)(z-3)(z-4)
Now 23 A B C
(2-2)z-3)(z-4) (z-2) (z-3) (z-4)
z2-3=A(z-3)(z—-4)+B(z-2)(z-4)+C(z-2)(z-3)
Put z=4 Put z=2
Put z=3
B0 1=2C ~1=A(-1)(-2)
c-1 a-_l
2 2
7-3 _-11 1 @)
(z-2)(z-3)(z-4) 2 (z-2) 2(z-4)
— -1 z 1 z
U=— o —
2 (z-2) 2(z-4)
—14 7 1 z
2bml-55 5
U(n):—_lz-{;}gz-{;}
2 2=2) 2 z-4
Result: =_71(2)”+%(4)” ,n>1

12. Solve by using Z -transformy, ., +4y, ., +3y, =3", given thaty, =0; y, =1 .
[AU A/M 2009, 2010 N/D 2015]

Solution:

Taking Z-transform on both sides, we get
Z[y(n+2)]+ 4z[y(n+1)]+3z[y(n)] = z[3"]
p— — J— Z J—
2%y — 2%y(0) — zy(@) + 4z[y - y(O)]+ 3y= 5 (1) Where y = Z[y(n)]
Giveny, =0; y, =1 . (2
Applying (2) in (1), we get
y[z2 +az+3]= 2
y[z +4z+ ] Z_3+z
_z+ 2(z-3)

z-3
72z
-~ z-3
- 2(z-2)
Y= e +3z-3
y__ (@2 _ A B C
z (z+1)(z+3)(z-3) z+1 z+3 z-3

Page 27
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2-2=A(z+3)(z-3)+B(z+1)(z-3)+C(z+1(z+3)

Putz =-1 Putz=-3

Putz=3
-3=-8A -5=12B 1=24C
A=3 B> c-L

8 12 24

3 -5 1

y_ 8 .12 , 24

z z2+1 z+3 z2-3

ym=2z L | 2z4 2 | Lz 2
8 |(z+1)] 127 [(z+3)] 24~ [(z-3)
3 5 1
Result: ==(-)"—-—(-3)"+—@Q)"

8( ) 12( ) 24()

13. Solve the difference equation y(k +2) —4y(k +1)+4y(k) =0 where
y(0)=1, y(1)=0.
(or) Solve vy, , -4y, +4y,=0,y(0)=1, y(1)=0, using Z-transform
[AU N/D 2005, 2009, A/M 2009, 2018]
Solution:
Given: y(k+2)-4y(k+1)+4y(k)=0
Taking Z transform on both sides, we get
z[y(k +2)]-4z[y(k +D]+ 4z[y(k)]= 0
22y —22y(0) - zy(1) - 425 3 y(O)J+ 4y=0, Where y=2Z[y(k)]
Given y(0)=1,y(1)=0
22|y -1]-42ly -1+ 4y =0
22 -4z+4]-22+42=0

g, 2247
y_(zz—4z+4)
Yy 2=4
7 (z2-2)
-4 A B
(2-2)° = (Z—2)+(z—2)2 ...(3)
z-4=A(z-2)+B
Put z=2 Put z=0
B=—2 -2A+B=-4
A=1
Sub. A=1and B=-2 in (1), we get
y 1 2
7 71-2 (z2-2)7?
- 1 2z
Y T ooy
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2l o

4l oz a 22
v =2 {E}Z Lz—zf}

=2"_n2" {.-z‘{iz}zna”}
(z-a)

Result: =2"(1-n)

14. Solve the difference equation y(n)+3y(n—-1)-4y(n-2)=0 ,n>2, given
that y(0)=3,y(1)=-2. [AU A/M 2006]

Solution:
Given that
y(n)+3y(n-1)-4y(n-2)=0
Changing n into n+2, the given equation becomes,
y(n+2)+3y(n+1) —4y(n)=0 .. (1) ,where y=2Z[y(n)]
Z(Yni2) +3Z(Ynu) —4Z(y,) =0
[2y - 2°y(0) - 2y +3[2y - 2y(0) |- 4y = 0
Applying y (0) =3 and y (1) =-2 in (2), we get
(z2 +3z2 —4)9 =322 +7z
. 32%+7z
C(2+4(z-))
b ©z
C(z+4)(z-))
32+7 A N B
(z+4)(z-1) z+4 z-1
3Z+7=A(z-1)+B(z+4)
Put z=1 Put z=-4

=

N < |

5B =10 -5A = -5

B=2 A=1
3z+7 = 1 N 2 e

(z+4)(z-1) z+4 z-1

y_ 1 2

z z+4 z-1

yo_2 2

Cz+4 7-
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Result: yn)=(-4)"+20)" ,n>0

15. Solve using Z-transform, vy, , —3y,,, —10y, =0 given y,=1andy, =0
[Dec.2009,2008, Apr.2004, Nov 2002, May/June (2013,2014)]

Solution:
Given that
Yni2 _3yn+l _1OYn =0
Taking Z-transform, we get
z[y(n+2)]-32[y(n+1)]-10Z[y(n)]=0
2y —2%y(0) - zy() - 3zy - zy(0)|-10y =0 ....(1)  Where y =Z[y(n)]
Giveny(0) =1, y(1) =0 ....(2)
Substituting (2) in(1), we get
22ly-1]-3z]y-1]-10y =0
?[22 -3z —10]— 22+32=0
y[z2-3z-10]=2* -3z
- z(z-3
Ji —(32 —)10
- 2(z-3)
(2-5)(z+2)

y QU P e
z (z-5)(z+2)
(28 A . B
(z-5)(z+2) z-5 z+2
(z-3)=A(z+2)+B(z-5)

Put z=-2 Putz=5
-5=-7B 2=TA
7 7
| )
z=3) _ 7 .7
(z-5)(z+2) z-5 z+2
g 5
y 7 7 :
=t Using (3
Z 71-5 7+2 [ 9@l
- 2 1 5 z
Y="—T—F—+>—F
772-5 72+2
2 2 5 2z
Z[y(N]==————+=—""—
Lyl 72-5 72+2
Result: y(n):gZ‘1 2z 2
7 z-5| 7 Z+2
2 5
=—0B)"+=(-2)" ,n>0
~(8)" +2(-2)
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16. Solve the difference equation y(k +2)+ y(k) =1, y(0) = y(1) =0, using

Z-transform [AU A/M 2012]
Solution:

Giveny(k+2)+y(k)=1,y(0)=y@)=0
ie., y(n+2)+y(n)=1
Taking Z-transform on both sides , we get
Z[y(n+2)]+z[y(m)]=z[]
[2y@ -2y -yl y@ =5

2°y(2)+y(2) = il [+ y(0) = y@)=0]

z
(22 +1)y(z) =

N

7-1
z
y(z)= (z-1)22 +1)
n-1 Z n-1
O
n=l Zn
S Py Ey Py

z=1 isasimple pole
z=1i isasimple pole
z = -i isasimple pole

-1 e z"
Resy@2" - lim (e =2y

n

:I!_l:p(zﬂ)(z—i)
- 1

T @+i=i) 2

n

Rz:eisy(Z)zn_lzlj_m(z_i)(z—l)(zﬂ)(z—i)
=lime )
0L

)
)
2i(i—1

N——

n

—

F\:ES y(z)z"" = IZLII] (z+ i’(z _1)(zz+ i)z i)
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n

=lIme e
Gy
(—i-1)—i-i)
()"

2i(1+i)
Result: . y(n) = sum of the residues
1. ® D)

~272i(-0) " 2if+)

_ HE{LJ—D"}

I i-1  1+i

+f{@+ﬂ+ﬁ—ﬂ@n"}

2
1
2" 2 2
1
2
3

S (R ()

sn-1
|

~ =i+ 0G-]

17. Solve the difference equationy,., +vy, =2,Y, =Yy, =0, using
Z-transform. [AU M/J 2016]
Solution:
Giveny(n+2)+y(n)=2
Taking Z-transform on both sides , we get
z[y(n+2)]+z[y(m)]=2z[2]

2y - 220 - v}y =2
22y(2) + y(2) = % [+ y(0) = y(©) = 0]
(22 +1)y(z) = %
(2) = 21
y(2) _ 2 A Bz+C

2 (z-1)z2% +1) 21" 27 +1
2= Az? +1)+(Bz+C)z-1)
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put z=0, we get

out z =1, we get 9 A_C equating the coefficients of z* on both
”_ 2,A CoA_2 sides, we get
A=1 C=1-2 0=A+B
C=-1 B=-1

1) = y(z) _ 1 +—z—1
z z-1 z2°+1
z z? z
7) = - -
y(@) z-1 z?°+1 z2°+1
z z? z
Zly(n)|= - -
Ly(m] z-1 2°+1 z7°+1

L4z o z? & z
y(n =2 {ﬁ}_z LZJFJ 3 {ZZJFJ

Result: y(n)=@)" —cos%z—sin nz

18.Solve Y., + Y, = n2" using Z-transform [AU A/M 2012]
Solution:

Given Y, +Y, =n2"
Z[yn+2]+ Z[yn]: Z ln'sz

) o B i 22 ._ nt_ az
y@ -2y a0k y@ == {-Z[”a] (z—a)z}

(z2 +1)y(z)— 7’A-2B = 2

(z-2)
When A=y(0) ,B=y(l)

(z2 +1)y(z) :L2+22A+ B

(2-2)

T = 2z N Az? . Bz
(z-2Y(2+1) (2+1) (2% +1)
y(2)2" = " . Az""' 4+ Bz"
(z-2P(2+1)  (2+1)
=1 +1,
Step 1:
- 27"
b o(z-2(22+1
27"

(z—2)(z+i)z-i)
z=2 isapole of order 2
z=i isasimple pole
z =—iisasimple pole
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. d ) 27"
REZS L :lz'[DE(Z_Z) (z-2)*(2% +1
e do27"
limg g
e (22 +1)onzm)-227(22)
_Ilm 2 2
252 (z +1)
_(5)2n2"t-22"(4)
- 25
_5n2" - 2" 27
- 25
2"[5n—2°]
25
z=i isapole of order 1

. . 22"
Resh=limE=0 e e

) 227"
=lime 5
2i"
T(-2%(2)
B in—l
(-2

z=-i isasimple pole

) ) 2z
Re sk alm e D oG me

i vy
MG o2 )

2(-i) (=i

T Ei-2%(2) (i+2)?

Step 2:
| A" +Bz"
2 22 +1
z=i isasimple pole
z=-i isasimple pole
. L Az™ 4+ Bz"
I, = Z-1)—————
Re st: =lim =050
_ lim Az"™ + Bz"
o (z+1)
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Ai"t + Bi"
2i
_i"(Ai +B)
- 2i
= li“-l(Ai +B)
2

Re st: =lim (2+0 o f 2
) Az"t 4+ Bz"
=lim =75
_ AT+ B(=i)
- — 2i

1 - \n B « \n-=-1
= —A(- — (-
5 i)+ 5 (-1i)
Result: y(n)= Sum of the residues

2'ln-2] i (i)
25 (i-2)° (i+2)?

1, n-1 - 1 -\n B =\n-1
+E(I) (A|+B)+EA(—') +E(_') ’

where A=y(0)&B=y(@)

19. Solve the difference using Z-transform y(,.s —3Yu,1) + 2Y(,) =0 given

that y,=4,y,=0,y, =8 [AU N/D 2012]
Solution:
Given y(n+3)-3y(n+1)+2y(n)=0
z[y(n+3)]-3z[y(n+1)]+2z[y(n)]=0
[2°Y (2) - 2°y(0) - 22y - 2y(2) |- 3[zy(2) - 2y(0)]+ 2y(2) = 0
2°Y (2) - 42° —82]-3[zy(2) - 42] + 2y(2) = 0
(z3 -3z+ 2)y(z) ~47° +42=0
(z-1Y(z+2)y(z) = 42° - 4z
_ 47° 41
)= s 2)
4z]z% 1]
(z-1)(z+2)
_47[z -1z +1]
 (z-1f(z+2)
47[z +1]

(z-1)z+2)
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L 42"[z+]]

)" =
Y = v 2)
y(z)z"* has polesat z=1and z = -2
z=1 isasimple pole
z =-2 isasimple pole

P 42" [z +1]
n-1 — _1 I Sl B
Resy@2™ =lim(z-1)c =y
. 42"z +1]
=lim=5)
_8
3
PR 47"z +1]
n-1 — 2
RZ:?ZSY(Z)Z |LI’_T)(Z+ )(z—l)(z+2)
e A"z +1]
=lim=¢ 2y
_4E=D(=2)"
-3
4 .
=§(—2)
Result:  y(n)=sum of the residues
8 4
L2 o)
3+3( )
20. Solve Y., +6Y .0 +9Yy =2" given that y, =y, =0 [AU N/D 2012, 2016]
Solution:
Giveny ., +6Y,.0 +9Ym = 2"
Z(y(n+2) )+ 6Z (y(n+1))+ 9Z(y(n) ): Z(zn)
[y -2y -3+ fly2) -]+ 9y() =
zzy(z)+62y(z)+9y(z)=i
2, 62+9y(z) = ——
[z +62+ ]y(z) —
3) __r
(2+3fy(@)=——

z
yiz)= (z-2)z+3)

n

n-1 __ z
y@)z = (z-2)z+3)

y(z)z"™" has poles at z=2 and z=-3

z=2 is a simple pole
z=-3 is a pole of order 2
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e 1d]| (z+3)2"
RSSS y@)z = IZL_3 EE{(Z ~2)z +3)2}

. | @z-2nz"t=7"
:zLI_En{ (z-2) }

_ (93"~ (-3)"
(-5)°

_ (3[5)n(-3)* -1
(-5)°

o]
- 25

_ (-3)"[5n-3]
B 75

n-1 £ g= _ Zn
Resy@z =lim 2{@_2)(“3)2}

“lim|
- IHP (z+3)
— 2n
57
on
25
Result: y(n)= sum of the residue
_(=3"[n-3] 2
75 25

{2” (3" +gn(—3)”}

_1
25

21. Solve using Z-transform, u,,, —3u,,, +2u, =4" given u, =0 andu, =1

Solution: [AU A/M 2014]
Given that

Unio _3un+1 + 2un =4"
Taking Z-transform, we get
Z[u(n +2)]-3Z[u(n +1)]+ 2Z[u(n)]= 2 (4")
220 - 220(0) - zu() - 3[zu — zu(0) |+ 2u = ﬁ ... (1) Where u = Z[u(n)]
Givenu(0) =0, u@ =1 ....(2)

Department of Mathematics Mailam Engineering College Page 37



MAB8353-Transforms and Partial Differential Equations Unit—V  Z-Transform and Difference Equations

Substituting (2) in(1), we get
z? [ﬁ— z]—3z[ﬁ]+ 2u=——

u[z —3z+2] z_z_

T Z-DZ-2z-2) @-Dz-2)
u_ 1 s 1 .0
z (z2-D(z-2(z-4) ((z-D)(z-2)
1 _A B C
(z-D(z-2)(z-4) z-1 z-2 z1-4

1=A(z-2)(z-4)+B(z-1)(z-4)+C(z-1)(z-2)

Put z=2 Put z=1 Put z=4
1=-2B 1=3A 1=6C
B=_ A=l oD
2 3 6
4 O W W ()
(z-D(z-2)(z-4) 3z-1 2:-2 6 -4
1 CHEA B

(z-)(z-2) N z—1+z—2
1=A(z-2)+B(z-1)
Put z=2 Put z=1
1=B -1=A

L S 5)
(z-D(z-2) z-1 -2

wbw&@mm)

— [1 z 1 z } { z z }
u= +
3z- 1 22—2 62 Z— 2 z-1
Z 1 Z Z Z
Z[u(n)]= +
L] { -1 2 z—2 6 z—4} [z 2 z-1
1 z 1 Z

Result: u(n)=z"= 4| I
3z- 1 22—2 6z— z-2 1-1
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vl BN NS VI NEEN P I S N S
7-1 2 7-2 6 7-4 72 z-1

@" - (2) += (4) +()"-@)" ,n>0

1
3
1
3

22. Solve the Equation y,,, —3y,,, +2y, =0 giventhat y,=0,y, =1
Solution: [AU N /D 2014, A/M 2015]

y(n+2)-3y(n+1)+2y(n)=0 .. (D)
Taking Z-Transform on both sides, we get,
z[y(n+2)]-3z[y(n+1)]+22[y(n)] =0
2y —2°y(0) - zy(l) - SZ[y y(O)J+ 2y . (2 where y = Z[y(n)]
Applyingy (0)=0and y (1) =1 in (2)
z yJ 32y + 2y =1z
z

T (2-D(z-2)

= +
(z-1)(z-2) z-1 z2-2
1=A(z-2)+B(z-1)
Putz=1 Put z=2
A=-1 B=1

z-1 z2-2

z

Z[y(n)]= z_—zl+f2

4| - 4z
y(n)=Z [Z_J+Z [E}

Result: y(n)=(2)"-1 ,n>1

23. Using Z - transforms, Solve the equation y,,, —7Y,., +12y, = 2" given that
Yo=0,y, =0 [AU M/J 2017, N/D 2017]

Solution:
y(n+2)-7y(n+1)+12y(n) =2" .. (1)
Taking Z-Transform on both sides, we get,
Z[y(n+2)]-7z[y(n+n]+122[y(m)] = z[2" |

zz§—zzy(O)—zy(l)—7z[§—y(O)]+ 2§=sz e (2) where y = Z[y(n)]
Applyingy (0)=0and y (1) =1 in (2)
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zz[y]_nymy:i

z

V= (z-2)(z-3)z-4)

y 1

;_(2_2)(2_3)(2_4) ................ (3)
1 A B Cc

(z-2)(z-3)Yz-4) 7-2 7-3 7-4
1=A(z-3)(z-4)+B(z-2)(z—4)+C(z-2)(z-3)

Put z=2:>A=%, Put z=3= B =-1, Putz=1:>C=%
1
1 2

= - +
-2 71-3 z71-4
Z Z

N

< NI<I

z
1

= — — +_
272-2 7-3 21-4

1 z Z 1 z
Zly(n)|=— y +—
[y( )] 271-2 71-3 21-4

1_.4( z af z 1__F 2
=32 (ﬁjz (Z—_JTZ (n}
1 n n 1 n
Yoy =5 @) - @) +5 @)

Result: y(n) = %(2)n ~(3) .+ %(‘Un

PROBLEMS BASED ON FORMATION METHOD
24. Form the difference equation from y, = A2" +Bn

Solution:
y, =A2"+Bn
Yoy = A2™ £ B(n+1) . ()
=2A2" +B(n+1) . (2)
V.., = A2 + B(n+2)
V.., =4A2" + B(n+2) .. (3)
Eliminating A and B, we get
y, 1 n
Yo 2 n+1=0
Yoo 4 N+2
¥a[2(1+2) =40+ D)]=1[(n +2) Y, ~ (1 + DY, [+ 04y, - 2y,.,]=0
Yo(=2n)+@n-2)y,, +(@-n)y,, =0
Result: 1-n)y,,+@Bn-2)y,,—2ny, =0
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25. Form the difference equation by eliminating the constants from
y, =a2" +b(-2)"
Solution:
y, =a2" +b(-2)" )
Yot =a2" +b(=2)"
y, =2a2" —2b(-2)" )
Yoo = 82" +b(-2)"?
V.., =4a2" +4b(-2)" ... (3)

Eliminating ‘a’ and ‘b’ from (1), (2) and (3), we get
y, 1 1

Ynu 2 -2=0

yn+2 4 4

Yn (8+8)_ 4(yn+1 + 2yn+2 )+1(4yn+1 - 2yn+2): 0
16yn _4yn+2 =0

Result: Yoo —4Y =0

26. Form the difference equation by eliminating the constants from
y, =[A+Bn]2" [AU N/D 2013]

Solution:
y, =[A+Bn]2" W
= A2" +Bn2"

Yo = A2+ B(n+1)(2)™
=2A2" +2B(n+1)(2)" . (2)

VY, QA B (0 + 2)( B
=4A2" + 4B(n +2)(2)" ... (3)

Eliminating ‘A’ and ‘B2" from (1), (2) and (3), we get
y, 1 n

You 2 2(n+1|=0
Yoo 4 4(n+2)
Y, (8(n+2)-8(n+1)-14(n +2)y,, —2(N+1)Y,,,)+n(4y,., ~2y,,,)=0
8y, —(4n+8)4y,.,+(2n+2)y,,, +4ny,,-2ny,,, =0
2Y,., —8Yy,,+8 yn =0

Result: Yoo =4Ypa +4Y =0
_ 1
27. Find the Z- transform of D+ 2) [AU N/D 2013]
Solution:
1 A B

. — +
Consider (n+1)(n+2) n+1 n+2
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1=A(n+2)+B(n+1)
Let n=-2 then B=-1
n= -1 then A=1

iRl
z =1 +z
(n+1)(n+2) (n+1) (n+2)

wkt Z[x(n)] =Y x(n)z"

0 1 " 0 1
=y —z717"+
~n+1 ~n+2

z z
Result: =zlog| —— |+ z%log—— -z
g(z —1] g 1
PROBLEMS BASED ON RESIDUE METHOD

28. Find z‘{%} [AU N/D 2007, A/M 2000, 2005]
Z —

Solution:

Z(Z+1)
F(Z)=
(2) Z D
§ z2"(z+1)
S I"F(2) =
(2) -1
z=1isapole of order 3

Res{z”‘lF(Z)}z - |!m§§—{(z ~1)%, Z(”Z(iir)?}

F@]=fm)

“lims k@)

z-1

= ||m——z[z +(z+2)nz"™ ]

7>l

—||m [ +n{(z +1)(n—1)z”‘2+z“‘1}]
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— % :n(l)”"1 + n{2(n D)+ @) }]
=2+ 2nn-n ]
= % :Zn(l)”'l +2n(n —1)(1)”‘2]
=n()" +n(n-1@)"*
=n+n(n-1)
=n+n?-n
=n?
f (n) = Sum of the residues
Result: )
=n
29. Find z-{;}
(z-1)(z* +1)
Solution: [AU A/M 2007, 2008 N/D 2000]
Given that
z -1 _
m=|:(z) , L [F(Z)]— f(n)
ZI"I

"F(2)=——
(@) (z-1)(z° +1)
The poles are z=1, z=+i, z=-i (simple pole)

n

n-1 =l — Z—
RES{Z F(Z)}z:1 = I!_m(z 3 (z-1)(z° +1)
_@"
2
n-1 —h =i Zn
Res{z F(Z)}zi—|!£in(z ')(2_1)(z+i)(z—i)
S VA
(1-1)(2i)
n-1 —h i Zn
Res{z F(Z)}z:—i = IZLrP(ZH) (z-1)(z+i)(z-1i)
(—i —1)(~2i)

f(n) =sum of the residue of z"* F(z)
Lo, O )

2 (i-D) (i-1(-2i)
ey O, O

2 @-na @+na
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ZE{Zi(l)” —(i)”(1+i)+(—i)”(1—i)}

2 iQ+i)@-i
2i—(1+ i)(cos”” +isin ””j - i)(cos”” “isin ””j
1 2 2 2 2
2 2i
1].. nt .. Nnr . Nm . Nrx nt .. Nt . Nm . Nr
=—| 2i —c0S— —isin— — 1 €C0S—— + Sin — + C0OS— — i Sin — — i C0S—— — Sin —
4 2 2 2 2 2 2 2 2
=i_ 2i—2icosn—ﬂ—2isinn—n
4i 2 2
Result:
f(n) =£{1—cosn—”—sinn—”}
2 2 2
Z2
41
30. Find < LerJ [AU N/D 2010, A/M 2003,2004]
Solution:
7? -1 —
F(Z){Z } 2 [F@)]= ()
z°+4 ’
n+l n+l
L ZVF(Z) = — z

2214 (z+2i)\z-2i)
The poles are z=2i, z=-2i
Res{z"'F(2)},_, = |Zigi1(z—2i)m
_ ()™
i i \
_(2)"
2
= (2)"*(i)"
Res{z™F(Z)),_ = Iziﬁz?(HZi)m
_ (—2i)n+l
(-4
_ (=2i)(=2i)"
(40
1o oo
=§(2) (1)
=" ()"

n+1

n+l

Result:
-, f(n) ={Sum of the residue of z"* F (z) at its Poles}

Department of Mathematics Mailam Engineering College Page 44



MAB8353-Transforms and Partial Differential Equations Unit—V  Z-Transform and Difference Equations

=" )"+ @ )

nt nt .. Nzx nt .. Nnxw n nt .. Nrx
=2""| cOS— +isin —+Cc0S— —isin—  (i)" =cos— +isin—
2 2 2 2 2 2

nz
=2".cos—
2

31. Using residue method, find Z™* 2;
(z°-2z2+2)

Solution: [AU A/M 2007, *08, *15 “16]

z -1 _
et iy FD 2 [F@)]=f(n)
n-1 _; n-1
‘ I:(Z)_(22—22+2)Z
The poles are z=1+i, z=1--i (simple poles)
n-1 . _ 1 Zn
Resle" F @) = limle @Dl e~
~(@+0)"
2
n-1 . . b 1 Zn
Resk @ =limte 0N
_@-="
-
Result:

f(n) = Sum of the residue of ™ F(2)

Jha+iy L a-i)
=g 2i

32. Using the inversion integral method (Residue Theorem), find the inverse Z-

ZZ
transform of U(z) = ﬁ—)
(z+2)2% +4

[AU N/D 2015]

Solution:
z? o ~
U(Z){(HZ)ZZM} 2 u(@]=u(n)
Z n—lU (Z) _ Zn+l _ Zn+l

(z+2)z2+4) (z+2)z+2i)z-2i)

The poles are z=-2, z=2i, z=-2i

Res{z" U (2)},_, = |Iﬁ) (2+2) (z+ 2)(zz+ 2i)(z - 2i)
_ (_2)n+l
(—2+2i)-2-2i)
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(_2)n+1
(4+4)
_(=9™
8
Res{z™U(2)},_, = lim(z - 2i) 2" _
b (z+2)z+2i)(z-2i)
~ (2i)n+l
C(2+2i)i
_ @)™
C8i(L+i)
_ (@)"
T
Res{z™U(2)},-» = lim(z +2i) e :
i (z+2)(z +2i)(z - 2i)
(_Zi)m—l
(— 2i 4 2)(—4i)
_ (2™
(-8i)(1-1)
_(=2i)"
C41-1i)

Result:
~.u(n) ={Sum of the residue of 2" F () at its Poles}

_ (_2)n+l . (Zi)m-l . (_Zi)m—l
8 4(l+i)  4(-i)

973

(32 - D@2

33. Evaluate Z‘{ } , using calculus of residues. [AU N/D 2016]

Solution:

E 97° -1 _
Let F(Z)—{—(sz_l)z(z_z)} , ZHF(@)]= f(n)

. - B 9Zn+2
F‘Z"Lsz—lf(z—z)}

The poles of z"'F(z)are (3z-1)°(z-2)=0
z =2is a simple pole

z =% is a pole of order 2

Cim(g o) 92"
Res{z F(Z)}zz_lzlm(z 2{(32_1)2(2—2)}

92 n+2
25
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N 1 d 1 2 9Zn+2
Res{z"F(2)}, 1—I|m55{(2‘§j m}

~ I i Zn+2
B ZLT dz|z-2
3
| @Z=2)n+2)z™ -2
Izl—r>p|: (Z - 2)2
3
n+1 n+2
Zhe2la) ()
U3 3 3
) &
n + 2 j
[ 5n +11]

f()_92n+2 (SM j[5n+11]

34. State and Prove the Final VValue Theorem.
(OR)

i Z[f ()] =F(2) then ™ f()— M -)F@)
n— o 2 [AU A/M 2007]
Proof:

f(n+1) Zf(n+1)z
Putn+l1=m
Z[f(m)]= Z f(m)jz ™

- z[F(z) - 1(0)]
Let zF(Z)-zf (0) - F(z) = [ f (n+1)]- zf (n)

(z—l)F(z)—zf(O)=i{f(n+1)—f(n)}z‘”
Taking limits as 2—271
" G-DF@ - 1O =3{f 0D~ ()
Cdim ([f@ - fO]+[f(2- O]+
_n—m{ [f(3)—f(2)]+...+[f(n+1)—f(n)]}
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- "™ [fn+1- 1)
n— oo

_ M m- o
n— oo

lim DE(2) lim ¢
z—>1(z_) (Z)_n—>oo ()

lim (2-1)F (2) = lim £(n)
z—-1 n— o

35. State and Prove the Second Shifting Theorem. [AU A/M 2013]
(OR)
If Z[f (t)]= F(z) then prove that Z[f (t +T)]= zF (z) - zf (0)
Proof:

At +T)]=> t(nT +T)z

Y f(n+)Tzz 2"

=0

2 f(n+)Tz Y
n=0

Put n+1=m n=0—m=1

N=0c0—m=oo

Z[f(n+D)]= 23 f (MT)z ™

_ z{i f(mT)z ™ - f(O)}
= sz(iz) —zf (0).

=3

36. Find Z[cosn@] and Z[sin n&].

Solution: [AU N/D 2002, M/J 2005, ‘08, 13, “16]
We know that, Z[an ] 4
z-a
put a=e'
: Z
Z[(e"’)"]: .

Z—€

206 )=

z—(cos@ +isin Q)

. z
Z[cosn@ +isinng] = (= c0s0)ising
z ><(z—cos@)+isin0

- (z—cos@)—isin@ (z-cosO)+ising
_ 2(z—cos@)+izsin 6
(z-c0s0)” +sin’
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B z(z—cos@)+izsin 6
7% +c0s% 0 —22c0s0 +sin’ O
_ 2(z—cos0) +izsin O
722 -27c0s0 +1
z(z—cos®) N izsin @
z?-2zc0s0+1 1z°-2zc0sO+1

Z[cosn@]+iz[sinno]=

Equating real and Imaginary parts, we get

Z[cosn@]:zz(z_ﬂ Z[sinn6]=—; Zsin 6
z°—-2z2c0s0 +1 72°—-2zcos0 +1
Put == Put 0 ==
2 2
Result:
2
Z{cosnz}zf— Z[sin nﬁ}z ZZ
2| z°+1 2 2 +1
) . (N n
37. Find the Z-transform of SInz[Tﬂjand co{§+%j. [AU N/D 2012]
Solution:
To find: Z{sinz(n%ﬂ
We know that sin%’:% [ We know that
1—cosn—”
sinz(n—ﬁjz—z Z[cosn@] = 2(z = cos0)
4 2 7% —2zc0s0 +1
=£—£cosn—7Z < Put 9== we get
= 2 2
2
z|sin?f 22 =12(1)—lz cos % Z{cosn—”}z 22
4 2 2 2 2 7 +1

—

iz 1 2
21 z-1| 2|z%+1

1z 7
2l z-1 z%+1

To find: Z {cos{n—” +£j }
2 4

We know that , cos(A+ B) =cos Acos B —sin Asin B

ne w nw T . Nt . 7w
COS| —+— | =C0S——COS— —SIn —SINn —
( 2 4} 2 4 2 4
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_7[1 Slnirl
2 2 2 2

1 nz nz
——| cos— —sin —
2{ 2 2}
Z|cos n—7T+Z =LZ cosn—”—smn—n
2 4 2 2 2
=LZ cosn—n —iZ sinn—ﬂ
2 | 2 2
Z
2

2

1 z? 1 z
T2 2241 2 2241
z

2

z

Z 1
241 72241

Result:

38. Find the Z-transforms of r" cosn@ and e ® cosbt

Solution: (AU A/M 2014]
(i) We know that Z[a”]=L
Z-a
Put a:rem
Z[rem n]: =
( ) z—re"
[ z
Z rn emH :
[( )] Z~-r(cos@+isin @)
Z[r”(cosn0+isinn0)]= z__
Z—rcosfd—irsin@
z X(Z—rcose)+irsin0

~ z-rcosf—irsin6 (z—rcos@)+irsin@
_2(z—rcosO) +irzsin @

~(z-rcosf)? +r2sin%6

B z(z—rcosf)+irzsin 6

2% +r2¢0s? 0—2zr cosO + rsin’ 0

B z(z—rcos@) +irzsin @

22 -2zrcosf+r?(cos? 0+sin?6)

_ Z(z—rcosO) +irzsin 0

~ z2-2zrcosf +r?
z(z—rcos@)+irzsin @

2? —2zrcos +r?
Equating real and imaginary parts, we have

Z[rn cosn@+ir"sin n@]:
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rzsin @
2> —2zrcosO +r?

z(z—rcos0)
22 —2zrcos@ +r?

Z[r”cosn@]: , Z[r”sinn@]:

(i) zle™ t)|={F@)},_
Here f(t) = cosbt
Zle* cosbt|= {z(cosht)},

| z(z~-coshT)
2° —2zcoshT +1) .

ze*(ze " —coshT)

z2e* —27e coshT +1

39. Find Z - Transform ofﬂ [AU M/J 2017, N/D 2017]

(n+D)(n+2)

(By shifting property)

Result:

Solution:
Let f(ny=— 203
(n+)(n+2)
2n+3 _ A N B
(n+)(n+2)  n+1 n+2
2n+3=A(n+2)+B(n+1)
Putn=-1 A=1

n=-2, B=1
1 1
=i s
1 1
Z{f(n)}:Z{m}+Z{m} .................... @)

Substitute in (1), we get

Z{f(n)}=z Iog(ij +7° Iog(i1

Z—

~
|
N
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=2(z+1) Iog(ij— z

473

40.Find 2 ——M—
{@z—nﬁz—n

}by the method of partial fractions. [AU M/J 2017]

Solution:

473
F‘Z’{m}

F(z) 47°
z | (22-1P(z-1)

47° _ A .\ B N C
(2z-1%(z-1) (z-) (2z-1) (2z-1)
47° = A2z-1)* +B(2z-1)z-1)+C(z-1)

put z=1= A=4, z=%:>C:—2, 7z=0=>B=-6

F(2) 4 3 6 = 2
2z (z-) (2z-1) (2z-1)
F(2) 4z 3z 1 z

z(z—n_(z_lj‘i 1y
) +2)
4z 3z 2

ey

B | Adia w32 o4
[f(n)]=2 [(Z_l)j Z z

1Y
f(n)=4—3(5j —n[aj

41. Find z-{ﬂ}
(z-1)(z° +1)

z[t(n)]=

Solution: [AU N/D 2014]
Let ZZ—JFZZ =F(2)
(z-D(z°+1)
(z+1) _F(2)
(z-1(z%+1) z
(z+) A N Bz+C

(2* +1)(z-1) (z-1) (z%+))
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(z+1) = A(z* +1) +(Bz+C)(z +1)
Put z=1 thenA=1
Comparing the coefficient of z°

0=A+B
B=-1
Comparing the coefficient of z
1=-B+C
C=0
F(z) 1 z
2 (z-1) (2°+))
FZz)=_ % - z?
(z-1) (2*+)
Result:

71 4 4 77
ZlF@l-z {( —1>} 1 {(zm)}

=1" —cosn—”,nzo
2

3

42. If U(z)=z—+23, find the value of u,,u; and u,
(z-1) [AU N/D 2015]
Solution:
Z(Z%+1) o
U(Z)=——F F e f
@="7 [F@]=fn
n 2
1y (7) = 2 (z° +1)
& (z-1)°
z=1is a pole of order 3
. 19l 2"(27 +1)
R U (Z ——(z-)——
esiz U@ =lim ;.2 {( Do }
_I!mzdz[ @ +1)]

= ||m—d—[ 2"(22) + (2% +1)nz”‘l]

7>l

= ||m [22” +2znz™t 0z 2z +n(z? +1fn-1)z"?]

7>l
= %[2+2n+2n+2n(n ~1)]

=%[2+4n+2n2 —2n|

=%[2+2n+2n2]

=14+n+n?
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Result:
u(n) = Sum of the residues
u(n) =1+n+n?
u(0) =1
u@@) =3
u(2)=7

2

(z-5)(z+2)

43.Find the inverse Z- transform of using residue theorem.

[AU A/M 2018]

Solution:

7* -3z
10| gt
e 2"(z-3)
R e Ty

Z=5,Z=-2aresimple pole.
Res{z"*f(2)} _=lim(z-52""f(z)
B 75

. z2"(z-3
~lime-9 55
_205)

3
Res{z""* f(z)}zz_2 - |in;](z +2)2"f (2)

. z"(z-3
-limt-2 e
_5(=2"

7

Result:
-.2*[ f(z)]={Sum of the residue of z** f (z) at its Poles}

S 22-3z | 2(5)"  5(-2)
‘ {(2—5)(z+2)}_ 7 7

3

44. Find the inverse Z —transform of i— by method of partial fractions.
(z-1) (z-2)
[AU N/D 2017]
Solution:
Z3
Let F(2)=——F5——
(z-1)"(z-2)

Department of Mathematics Mailam Engineering College Page 54



MAB8353-Transforms and Partial Differential Equations Unit—V  Z-Transform and Difference Equations

F(z) _ z
z (z—l)2 (z-2)

z° A B C
= + +
(z—l)2 (z-2) (z-)) (z—l)2 (z-2)
22 =A(z-1)(z-2) +B(z—2)+C(z—1)2
put z=1=>B=-1 z=2=C=4, z=0=A=-3

Fz_ 3 1 4
z (-1 (z-1) (z-2)
-3z z 4z
F(Z)_(Z—l)_(z—l)z_(Z—z)
Z[f(n)]z -3z z 4z

@D (z-1f (2-2)
o= (o) ey )

f(n)=-3(1)"-n+4(2)’
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ANNA UNIVERSITY IMPORTANT QUESTIONS

(z-4)(z-3)
[AU N/D 2010,2015] Refer Page No: 18

2
1. Using Convolution Theorem, Find the Z‘{Z—}

3
2. Using Convolution theorem, find the value of Z™ +
(2-2)°(z-3)

[AU N/D 2010] Refer Page No: 18

2
3. Using Convolution theorem finds the inverse z- transform _
(7z-1)(2z-1)

Refer Page No:19

ZZ

[AU A/M 2012] Refer Page No:20

4. Using Convolution Theorem Find the value of Z™

2

5. Using Convolution theorem, Find Z‘{( £ a)z} [AU N/D 2007, M/J 2016]
Z -

(or) Refer Page No: 21
Find 2 |1 az %)

2
6. Using convolution theorem find the inverse Z- transform __r
(z-)(z-3)
[AU N/D 2006, 2013] Refer Page No: 22
8z°

7. Find Z‘{—
(2z-1)(4z2+1)

} Using Convolution Theorem. [AU A/M 2010]

Refer Page No:22

2
8. Using Convolution Theorem, Find the z7* _r
(z—a)(z-b)

Refer Page No:23 [AU A/M 2013, 2014]

9.Solve vy, +4y,,+3y,=2" with y, =0 and y, =1 using Z-transform
[AU N/D 2010, A/M 2005,2006] Refer Page No:24

10. Solve the Equation y,., -3y, +2y, =2" giventhat y, =y, =0
[AU A/M 2008, 2009, 2011] Refer Page No:25
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11. Using Z-transform solveU (n+2)-5U (n+1) + 6U (n) = 4" given that
u@=0U@=1 [AU A/M 2005 N/D 2009] Refer Page No:26

12. Solve by using Z —transform y, ., +4y,., +3y, =3", given that y, =0;

y,=1. [AU A/M 2009, 2010 N/D 2015] Refer Page No:27
13. Solve the differential equation y(k + 2) —4y(k +1) + 4y(k) =0 where
y(0)=1,y(1)=0 [AU N/D 2005, 2009, A/M 2009] Refer Page No:28

14. Solve the difference equation y(n)+3y(n-1)—-4y(n—-2)=0 ,n>2, given
that y(0)=3andy(1) =2. [AU A/M 2006] Refer Page No:29
15. Solve using Z-transform, vy, ., —3y,., —10y, =0 given y,=1andy, =0

[AU N/D 2002,08,’09, A/IM 2013, 2014] Refer Page No:30
16. Solve the difference equation y(k +2) + y(k) =1, y(0) = y(2) = 0, using

Z-transform [AU A/M 2012] Refer Page No:31
17. Solve the difference equationy,,, +y, =2,y, =Y, =0, using

Z-transform. [AU M/J 2016] Refer Page No:32
18.Solve Y., + Y, = n.2" ,using Z-transform [AU A/M 2012] Refer Page No:33
19. Solve the difference using Z-transform Y, ,3) =3Y(s.1) + 2Y,) =0 given

that y,=0,y,=0,y, =8 [AU N/D 2012] Refer Page No:35

20. SolVe Y ;.5 +6Y (0.0 +9Yy =2" giventhat y, =y, =0 [AU N/D 2012]
Refer Page No:36
+2u, =4" given u, =0 andu, =1
[AU A/M 2014]Refer page No0.37
22. Solve the Equation .y, ,, —3Y,.; +2Y, =0 giventhat y,=0,y, =1
[AU N /D 2014, A/M 2015] Refer Page No.39

23. Using Z - transforms, Solve the equation y,,, —7Yy,,, +12y, =2" given that

Yo =0y, =0 Refer Page N0.39 [AU M/J 2017]

21. Solve using Z-transform, u, ., —3u

n+l

24. Form the difference equation from y, = A2" +Bn Refer Page No: 40

25. Form the difference equation by eliminating the constants from

y, =a2" +b(-2)" Refer Page No:41
26. Form the difference equation by eliminating the constants from
y, =[A+Bn]2" [AU N/D 2013] Refer Page No:41
. 1
27. Find the z transform of —(n D) [AU N/D 2013] Refer Page No:41
28. Find Z—lk(z 1)13)} [AU N/D 2007, A/M 2000, 2005] Refer Page No:42
Z —
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29. Find Z_{Tzzl)} [AU A/M 2007, 2008 N/D 2000] Refer Page No:43
Z—1)(Z2" +
2
Lz _
30. Find 2 Lz N 4} [AU N/D 2010, A/M 2003,2004]  Refer Page No:44

31. Using residue method z™ 2;
(z°-2z+2)

Refer Page No.45 [AU M/J 2007,708,’15,’16]
32. Using the inversion integral method (Residue Theorem), find the inverse Z-
ZZ
transform of U(z) = Refer page No.45 [AU N/D 2015
(2) mm) pag [ 1
3

9z

(3z-1)*(z-2)

33. Evaluate Z‘{ } , using calculus of residues.

Refer Page No:46 [AU N/D 2016]

34. State and Prove the Final VValue Theorem.
(OR)

If z|f(t)|=F(z) then |im f®) =]im(z-DF(2)

[AU A/M 2007] Refer Page No:47
35. State and Prove the Second Shifting Theorem.
(OR)

Prove that z|f(n+1)|=2zF(Z)-Zf (0) [AU A/M 2013] Refer Page No:48

36. Find Z[cosn@] .and Z[sinn@].
[AU N/D 2002, A/M 2005.°08 ’13 “16] Refer Page No0:48

37. Find the Z-transform of sinz(nT”) and cos(n%“r%j [AU N/D 2012]

Refer Page No.49
38. Find the Z-transforms of r" cosnd and e cosbt Refer page No.50 [AU A/M 2014]
2n+3

39. Find Z - Transform of —— Refer Page No:51 [AU M/J 2017]
(n+DH(n+2)

473

40.Find 2 ——M—
{(22—1)2@—1)

} by the method of partial fractions.

Refer Page No:52 [AU M/J 2017]

2
41. Find z* % Refer page No.52 [AU N/D 2014]
(z-D(z° +2)
°+1
42. 1f U(z) = ———, find the value of u,,u, and u,.  Refer page No.53
(z-1) [AU N/D 2015]
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2
43.Find the inverse Z- transform of _ -8 using residue theorem.
(z-5)(z+2)
[AU A/M 2018] [P.NO: 54]
3
44. Find the inverse Z —transform of (&ﬁby method of partial fractions.
z-1) (z-

[AU N/D 2017] [P.NO: 54]

Important Questions ( Z -Transforms)

PART -A
1. Define Z- transform [May 2009, Apr 2007]
2. Prove that z[a"| = —“— |z| > 4] [Apr-2009, 2005, June-2000, Apr-99]
z-a

3. Find z[n] [Dec 2010, Apr 2007, Apr 2000, MAY 2013]

. . , >0
4. Find Z{fn)} if fn) = 4" " [Dec 2008, May 2007]

0, n<0
5. Find Z{a—l} in  Z- transform [Nov -2005]
n!
6. Find Z[a"] [Dec-2010, Apr-2009, May-2002,Apr -2000]
7. Find Z(-1)" [May 2010 , Mar 2005]
8. Find Z[e™] [Apr. 2008 and 2007]
9. Find zZ[a""]
10. Find Z 1
n(n +1)

11. Find Z[sin ™| [Dec 2009 ,Apr 2007]

12. Prove that Z [nf(n)] =-Z5 {F(2)}
13. Find the Z transform of "c,

H 2
14. Find  Z(n") [A.U. MAY/JUNE 2014]
15. Find  Z[an* +bn+c]
16. Find Z[n(n-1)] [May 2009, Apr2007]
17. Find Z[a" sin n@] [Apr 2005, 2007]
18. Find Z(na") [Nov/Dec-2010]

19. Find z[a"/n!]
20. Find the Z-Transform of (1/n!)

Department of Mathematics Mailam Engineering College Page 59



MAB8353-Transforms and Partial Differential Equations Unit—V  Z-Transform and Difference Equations

21 . Find the Z-Transform of (n+1)(n+2)
22. Find the Z-Transform of 1/n [A.U. Nov 2013]

23. Define Unit step sequence
24. Define unit impulse sequence [May 2005, Apr 2004]
25. Prove Initial value theorem [Dec2007, Apr2004]
26. State and Prove first shifting theorem
27. State and Prove second shifting theorem

z(z—cosaT)
7% —2zcosaT +1

28. If F(2)= Find f (0)

1+z7*

29. .Find the final value of the function F(2Z)=——7—
1-0.25z

[May2009, Apr2007]
30. Define inverse z- transform with example

31. State initial and final value theorem in Z-transform

32. Define convolution of two sequences. [Apr 2005&2003]

33. State convolution theorem on Z-transforms [A.U. MAY/JUNE 2014]

34. Form a difference equation by eliminating the arbitrary constant A
form Y, =A3" [May 2009, Apr 2007, Nov 2010]

35. Form a difference equation by eliminating arbitrary constant from U _=a2""

36. Find the inverse Z-Transform of L 1)2} [A.U. NOV 2013]
Z+
37. Find the inverse Z-Transform of X [A.U. May 2013]
(z+D)(z+2)
38. Find the inverse Z-Transform of S
(z+D)(z+2)
2
3. Findz?l-— % [Nov 2008, Dec 2007]
(z-a)(z-b)
2
40.If f(2) = : find f(0)

(=2 )e-al3)
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PART - B

2
1. a)Using Convolution Theorem, Find the Z ™ B
(z-4)(z-3)

[AU N/D 2010,2015] Refer Page No: 18

3
b) Using Convolution theorem, find the value of Z™ +
(z-2)°(z-3)

[AU N/D 2010] Refer Page No: 18

2
2. a) Using Convolution theorem finds the inverse z- transform 14
(7z-1)(2z-1)

Refer Page No:19

ZZ

[AU A/M 2012] Refer Page No:20

b) Using Convolution Theorem Find the value of Z™*

2
3. a) Using Convolution theorem, Find Z‘{( 4 )2} [AU N/D 2007, M/J 2016]
Z 8

(or) Refer Page No: 21
FindZ *[(1-az %) ?]

b) Using convolution theorem find the inverse Z- transform {

ZZ
(z-1)(z —3)}
[AU N/D 2006, 2013] Refer Page No: 22

2
4.a)Find 2 Sy - Using Convolution Theorem. [AU A/M 2010]
(2z-1)(4z+1)
Refer Page No:22
2
b) Using Convolution Theorem, Find the z™ S
(z—a)(z—-Dh)

Refer Page No:23 [AU A/M 2013, 2014]

5.a)Solve y,., +4Yy,.,+3y,=2" with y, =0 and y, =1 using Z-transform
[AU N/D 2010, A/M 2005,2006] Refer Page No:24
b) Solve the Equation vy, , —3y,,, +2y, =2" giventhat y,=y, =0
[AU A/M 2008, 2009, 2011] Refer Page No:25
6. a)Using Z-transform solveU (n + 2) —5U (n+1) + 6U (n) = 4" given that
u@=0U@=1 [AU A/M 2005 N/D 2009] Refer Page No:26

b) Solve by using Z —transform vy, ., + 4y, +3y, =3", given that y, =0;
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y,=1. [AU A/M 2009, 2010 N/D 2015] Refer Page No:27
7.a)Solve the differential equation y(k + 2) —4y(k +1) + 4y(k) =0 where
y(0)=1,y(1)=0 [AU N/D 2005, 2009, A/M 2009] Refer Page N0:28
b) Solve the difference equation y(n)+3y(n-1)—4y(n-2)=0 ,n>2, given
that y(0)=3and y(1) =2. [AU A/M 2006] Refer Page No:29
8. a) Solve using Z-transform, y,., —3y,,, —10y, =0 given y,=1andy, =0

[AU N/D 2002,08,’09, A/M 2013, 2014] Refer Page No:30
b) Solve the difference equation y(k +2)+ y(k) =1, y(0) = y(1) =0, using

Z-transform [AU A/M 2012] Refer Page No:31
9. a) Solve the difference equationy,,, +y,=2,Y, =Y, =0, using
Z-transform. [AU M/J 2016] Refer Page N0:32
b) Solve Y., + Y, = n.2" ,using Z-transform [AU A/M 2012] Refer Page No:33
10.a) Solve the difference using Z-transform Y, 3 =3Y(s,1) + 2Y(,) =0 given
that y,=0,y,=0,y,=8 [AU N/D 2012] Refer Page No:35

b) Solve Y,.2) +6Y g +9Y =2" giventhat y, =y, =0 [AUN/D 2012]
Refer Page No:36
11. a) Solve using Z-transform, u,,, —3u,,, +2u, =4" given u, =0 andu, =1
[AU A/M 2014]Refer page No0.37
b) Solve the Equation Y,,, —3Y,,, +2Yy, =0 giventhat y,=0,y, =1
[AU N /D 2014, A/M 2015] Refer Page No.39

12.a) Form the difference equation from y, = A2" + Bn Refer Page No: 40
b) Form the difference equation by eliminating the constants from
y, =a2" +b(-2)" Refer Page No:41
13. a) Form the difference equation by eliminating the constants from
y, =[A+Bn]2" [AU N/D 2013] Refer Page No:41
. 1
b) Find the z transform ofiee = meioy [AU N/D 2013] Refer Page No:41
. 4l 2(z+Y) )
14.a) Find z W [AU N/D 2007, A/M 2000, 2005] Refer Page No:42
Z —
b)Find 2| — % [AU A/M 2007, 2008 N/D 2000] Refer Page No:43
(z-D(z° +2)
L4 77 _
15.3) Find 2 le " 4} [AU N/D 2010, A/M 2003,2004]  FRefer Page No:44

b) Using residue method z* 2;
(z°-2z+2)

Refer Page No.45 [AU M/J 2007,708,’15,’16]
16.a) Using the inversion integral method (Residue Theorem), find the inverse Z-

ZZ
transform of U (z) = (z N 2) " Refer page No.45 [AU N/D 2015]

b) State and Prove the Final VValue Theorem.
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(OR)
If z[f(®)|=F(z) then |im f®) =]im(z-DF(2)

[AU A/M 2007] Refer Page No:47
17. a) State and Prove the Second Shifting Theorem.
(OR)
Prove that z|f(n+1)|=zF(Z)-Zf (0) [AU A/M 2013] Refer Page No:48
b) Find Z[cosnd] .and Z[sinnd].
[AU N/D 2002, A/M 2005.°08 ’13 “16] Refer Page No0:48

18. a) Find the Z-transform of sinZKnTﬂJ and cos[nTﬂ+%J [AU N/D 2012]Refer Page N0.49

b) Find the Z-transforms of r" cosnd and e * cosbt Refer page No.50 [AU A/M 2014]

2
19. a) Find z‘{%} Refer page No.52 [AU N/D 2014]
z-1)(z° +
2+
b) If U(z) = ———, find the value of u,,u; and u,.Refer page N0.53
(z-1) [AU N/D 2015]
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Time : Three hours Maximum : 100 marks

10.

Answer ALL questions.
PART A — (10 x 2 = 20 marks)

State the conditions for a function f(x) to be expanded as a Fourier series in a
given interval.

Expand f(x) = 1 as a half range sine series in the interval (0, 7).
Find the Fourier sine transform of f(x) = l
: 2

State the Fourier integral theorem.

Form the PDE by eliminating the arbitrary constants a,b from the relation
z=ax® + by’.

"~ Solve : (D“ - D")z =0.

Write all the solutions of the one-dimensional wave equation Y =0V

State the assumptions in deriving the one-dimensions heat flow equation
(unsteady state).

Find the Z -transform of n?.

State the convolution theorem on Z -transforms.




11. (@ @
(ii)

b O

(i1)

12. (a @
(1)

PART B — (5 x 16 = 80 marks)

2x .
e R -
Expand f(x) = 2” as a full range Fourier series
1- -—J-c-, Gx<¥
b 4
in the interval (- 7, 7). Hence deduce that
11 n’
—_—t— +— F .00 = —, . 8
3 3 8 ®)

Find the half-range sine series of f(x) = 4x — x* in the interval
(0,4). Hence deduce ' the value of  the  series

1 1 1 1
1-3-—55-+g-5-—:i-3-+...00. (8)

Or

Expand f(x) = sin x as a complex form Fourier series in (- 7,7). (8)

Compute the first three harmonics of the Fourier series for f(x)

from the following data : ' (8)
23000, Sadlonl oA BE 2
3 3 S 3

f: 10 14 1917 15 12 1.0

Find the Fourier transform of e""lﬂ , a > 0 and hence deduce that

2 cosxt ,, T -al
® foe =

0

2 F {w_alxl}-—- iE (—213—— here F stands for Fourier

s? + az)z :
transform. (8)
Solve for f (x) from the integral equation (8)
2 ,0<s<1
If(x)sinsxdx =42,1<s<2
0 0 s22
Or

2 51571



13.

% ¥

(b)

(a)

(b)

(a)

(b)

(i)  Find the Fourier transform of / (x) = —|1—|~ (8)
X

(i) Using Parseval’s identity evaluate the following integrals

T d

1) J'___x___
0 (Gz 5 x2
x? :
dx where a > 0. (8)

(i) Form the PDE by eliminating the arbitrary function from the

relation z = y? 4+ 2f(l + log y]. (8)
_ x

(i) Solve the Lagrange’s equation (x + 2z)_p - (2xz - y)q =x2+y. (8

Or

() Solve: x*p® + y’q® = 2°. (8)

() Solve: (D?+DD'-6D" ) =ycosx. ®)

A string is stretched and fastened to points at a distance ‘I’ apart. Motion
is started by displacing the string in the form y = a_sin(%], D<cx<i;

from which it is released at time ¢ = 0. Find the displacement at any
time . ; (16)

Or

An infinitely long rectangular plate with insulated surfaces is 10 cm
wide. The two long edges and one short edge are kept at 0°C, while the
other short edge x = 0 is kept at temperature

o =20V, 0<y<5bH

u=20(10-y), 5<y<10.

Find the steady state temperature distribution in the plate. (16)

3 : 51571



15.

(a)

(b)

@)
(ii)

(1)

(i)

Find the Z -transforms of r" cosn@ and e * cosbt . ' (8)

Solve u,., - 3u,,, + 2u, = 4", given that u, =0, u, =1. (8)
Or
Using convolution theorem find inverse Z -transform  of
2
e p
Solve ¥,,5 = 3¥ns — 10y, =0, given y, =1, 3, = 0. (8)
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(Regulatlon 2013) .
Time : Three hours Maximum : 100 marks
Answer ALL questions. '
PART A — (10 x 2 = 20 marks)

1.  Form the partial differential equatlon by eliminating the arbltrary function

f-fromz:f(%)_ P3N0 6, Qools

2. Find the complete solutionof p+qg=1.
3. State the sufficient conditions for existence of Fourier series. (Pﬂ No. | QB.No- |

R (;'rfx)z =% 42 Sm Ve x <2r, then deduce that value of Ziz rPf]\NOr-'l 4
n=1 n n=1T
5.  Classify the partial differential equation
(1,3;2)2 —nyz +(1 y )z +x2, +3x? yz,-2z=0 ?3“!0 \© G_>> ~o Ly [ Se

6. Write down the various possible solutions of one dimensional heat flow
equation. Tino. T , & Now 28

7. State and prove modulation theorem on Fourier transforms. 9 wo.$, @ .o 13
If F{f(x)}=F(s), then find Fle™f(x)}. 7-Mori, @ -Noi27

9.  Find the Z transform of n. PJ.M0. 2, (§.N¢ 2
10. State initial value theorem on Z transforms. r?} No\b, & no: 41/

PART B — (5 x 16 = 80 marks) N0 22 (SF
‘ 4’1 (a) (i) Find the singular solution of z = px +qy + p* —q°. ‘?9 No- 37 (8)
(i) Solve (D2 —2DD')z=x3y+ez""’. 7)o 37, Qw0 20 (M) (8)
Or
(b) (@) Solvex(y-z)p+y(z-x)g=2(x-y). Og'No-Ql i, wor 1 8)

(ii) Solve (D3 _7DD* - D'3)z sin(x+2y). TJ-Nd 44, BN 28 (g)
CSM)

B g



12. (a) () Find the Fourier series of f(x) =x” in — 7 < x < 7. Hence deduce the

‘value of Zq T’ﬁ"\’l@ ' 26} ) @ No. 8 (8)
n= 1 ) )
(1) Find the half range cosine series expansion of (9c~1)2 in O<x<1. (8) Tgu\.‘i. 3’6;
. L . )4 N .
Or
(b) () Compute the first two harmonics of the Fourier series of f(x) from
the table given. _ (8)
= .0 . o - B 3, Ty . wo. 4b
3 3 3 3

. o
fx) 1.0 14 19 1.7 15 1.2 1.0 Q. ro. 26
(i) Obtain the Fourier cosine series expansion of f(x) =xin O<x<4..

SO | 'Pmo

Hence deduce the value of 1l4+ o —... to oo . a. A 3 (8) (g M’)

13. (a) If a tightly stretched string of length [ is initially at rest in equilibrium

position and each point of it is given the velocity (—) = Uy sinST, & Neo. 9
E t=0
0'< x <[, determine the transverse displacement y(x,t). . (16)
Or :

(b) A square plate is bounded by the lines x =0, x =a, y = 0 and y = b.
Its surfaces are insulated and the temperature along y = b is kept at
100°C. while the temperature along other three edges are at 0°C. Find
the steady - state temperature at any point in the plate. - (16)

1-|«f, if |x|<1
0, otherwise -

iit. (a) Find the Fourier transforia of f(x)=[
© sin* t PINvo. 21 d.ne, 2

. Hence, deduce the

(16)

Or
(b) @@ Find the Fourier transform of e ™ ,a > 0. Hence show that e? is
self reciprocal under the Fourier transform. ']’(‘j.mof R0, §.Ne F(8)

(ii) Evaluate j dx

a?x?

using Fourier transforms. A 44 (8)

0(x2+a2)(x2+b2)’ _ 8 nNg. 29
15. (a) @) Find Z(cosn8) and Z(sinna). T9. mo: 83, Gwo, 2] - ®
(i) Using Z-transforms, = solve wu,,,-3u,,,+2u, =0 given that
o =0u; =1. TNa34, Qing 22 (sny (8)
) Or |
(b) () Find the Z-transform of ———, fdr nx1. % odos (5L G 1) (8)
n(n+1)

22

(i1) Find the inverse Z-transform of mﬂf—l) using partial fraction. (8)
z-1)\z -

-

% No, 20 (gM )

_ Q.Ne 17
2 . 97107
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Answer ALL questions.

PART A — (10 x 2 = 20 marks)

1. Form the partial differential equation by eliminating the arbitrary constants a
and b from log(az-1)=x+ay+b :

2.  Find the complete solution of q=2px.

3.  The instantaneous current 9’ at time ¢ of an alternating current wave is given
by i=1I,sin(ot +a,)+ I, sin(38at + a;) + I; sin(bwt + a5) +---. Find the effective

value of the current %’.

4.  If the Fourier series of the function f(x) = x,-7 < x <z with period 27 is given

sin2x sin3x sindx

+ J , then find the sum of the series

b =2 sinx — "
vy f(x) (sxnx > 5 3
1—l+1 l+....

/)

5.  Classify the partial differential equaiton
(1 —xz}zn —2xyz,, + (1 —yz)zyy +x2, +3x°yz, -22=0.

6. A rod 30 cm long has its ends A and B kept at 20°C and 80°C respectively until
steady state conditions prevail. Find this steady state temperature in the rod.



7. If the Fourier transform of f(x)is S(f(x))=F(s), then show that
S(f(xua)):em"F(s). :

8.  Find the Fourier sine transform of 1/x .

9. If Z(x(n))= X(2), then show that Z(a"x(n))= X(—EJ

10. State the convolution theorem of Z-transforms.

1. (8 .
(i1)

(b)) @
(i1)

B8 (8 (i)
(i1)

® O
(i1)

PART B — (5 x 16 = 80 marks)

Solve: (x2 — yz)p+ (yz - xz}; = (22 - xy) | ; (8)

Solve: (D* - 311!)1)#210'2 )z = (2 + 4x)e™? . ' ©)
Or

Obtain the complete solution of p? + xé y2q? = x222, (8)

Solve z = px +qy + p*q® and obtain its singular solution. (8)

2 NeR<Af2

Find the half-range sine series of f(x) :{ . Hence
‘ T-%x, wf2<x<m
; -
deduce the sum of the series Z—z F (10)
n=1 (2n pe 1)

Find the complex form of the Fourier series of f(x)=e™ in
-l<x<l1. (6)

Or

Find the Fourier series of f(x)=|sinx| in -7 <x <7 of periodicity
2. : (8

Compute upto the first three harmonics of the Fourier series of

f(x) given by the following table: : ®)

x O xf3 258 =~ 4gf3 n/3 2=«

ix) 10 L <8 YT 18 1.2 &8

2 77191



(a)

13.
(b)
14. (a)
(b)
15.- (a)
(b)

Find the Fourier transform of f(x)={

ou 2 32u 4 o)

Solve 5 =d 5—2— subject to the conditions: w(0,t)=0=u(l1),t20;
_ x

%, Osxgif2

. 16
-x, lf2<x<li 9

(e Or= {l

Or

A string is stretched and fastened to two points that are distant l apart.
Motion is started by displacing the string into the form y =k(lx—x2)

from which it is released at time t=0. Find the displacement at any point
of the string at a distance x from one end at any time ¢. (16)

1 lx|<a
. and hence evaluate
0, felka>0

[ +] - . 2
J- sin x smn- ¢

t2

dx . Using Parseval’s identity, prove that I
0

e x

Or

(i) Show that the function e *7%is self-reciprocal under Fourier

transform by finding the Fourier transform of e o ,a>0. (10)
(i) Find the Fourier cosine transform of " ind (6)
S
G) Find 20" cosn) and 27 {1-az” Pl ®
: .
(ii) Using convolution theorem, find Z 'l[(z‘_ 172G 1/ 4)] A | (8)

Or

(i) Using Z — transform, solve the difference equation

2(n+2)-3x(n +1) + 2x(n) =0 given that x(0)=0,x(1)=1. (8)

(i) Using residue method,.ﬁnd' 2 [__2___.2_] : (8)
; 2°-2z+2

3 77191

/4
=—. 16)
dt 5 (16)




Reg. No.:

Question Paper Code : 27327

B.E./B.Tech. DEGREE EXAMINATION, NOVEMBER/DECEMBER 2015.
Third Semester

Civil Engineering
MA 6351 — TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS

(Common to all branches except Environmental Engineering, Textile Chemistry,
Textile Technology, Fashion Technology and Pharmaceutical Technology)

(Regulation 2013)
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Answer ALL questions.
PART A — (10 x 2 = 20 marks)

1 Construct the partial differential equation of all spheres whose centres lic on
the Z — axis, by the elimination of arbitrary constants.

Solve (D+D'-1)(D-2D'+3)z=0.

o

3.  Find the root mean square value of f(x)=x(I-x) in 0<x</[.
4.  Find the sine series of function f(x)=1, 0<x<x.
ou ou i :
5. * Solve 3x~5~—2y—a—= 0; by method of separation of variables.
X 5
, : . ! ; . %u n
6.  Write all possible solutions of two dimensional heat equation 5—2-+a—2-= 0.
: 2 oy

7. If F(s) is the Fourier Transform of flx), prove that F{f(ax)}:lF(ij,a #0.
a \a

® 2
S
8.  Evaluate : ds using Fourier Transforms.
-([(32 +a2)(s2 +b2)

9. Find the Z — transform of L
n+l

10. State the final value theorem. In Z transform.



1§ 5

1.

13.

(a)

(b)

(a)

(b)

(a)

PART B — (5 x 16 = 80 marks)

() Find complete solution of 2* (p2 +q%)= (x2 + yz). | (8)

(i) Find the general solution of (D2 - 2DD‘+D’2)2 =2cos y—xsiny. (8)
Or

(@) Find the general solution of (22 —yr—2 yz)p +(xy+2x)g=(xy—2x). (8)

(i) Find the general solution of (D2 +D'2)z:3c2 y2. (8)

(i) Find the Fourier series expansion the following periodic function of

) 2+x -2<x<0
period 4 f(x)= . Hence deduce that
2-x O<x<2
1 7’
—t =t = 8
il A 8 ©

(i) Find the complex form of Fourier series of f(x)=e® in the interval
(-z,7) where a is a real constant. Hence, deduce that
0 _1 n
I ) M. ®)

a’+n? asinhar’

n=—

Or

‘() Find the half range cosine series of f(x)=(r-x)’,0<x<x . Hence

i

find the sum of series %+—17+
j il

(i) Determine the first two harmonics of Fourier series for the
following data. (8)

o 0

AL il
3

3 3 3

f(x): 198 130 105 130 -0.88 -0.25

A tightly stretched string with fixed end points x= 0 and x=[ is initially
at rest in its equilibrium position. If it 1is vibrating by giving to each of its

2kx . l
—_— in O<x<—
points a velocity v= ! 2  Find the displacement of the
2k(l-x) .
S iy Xl
l 2
string at any distance x from one end at any time ¢. (16)
Or

2 27327



(b)

14. (a)
(b)
15.. (a)
(b)

A bar 10 cm long with insulated sides has its ends A and B maintained at
temperature 50°C and 100°C, respectively, until steady state conditions
prevails. The temperature at A is suddenly raised to 90°C and at the
same time lowered to 60°C -at B. Find the temperature distributed in
the bar at time ¢. . | - (16)

@

(i)

(i1)

@)

(i1)

o

(@

Find the Fourier sine integral representatlon of the function
f(x)=e*sinx. - (8)

Find the Fourier cosine transform of the function

_ -ax _ -bx 2
fl)=2—L—x>0. - | ®)
x .
Or
| - 1-|x], |x<1
Find the Fourier transform of the function f(x)= :
. 0, |[«>1
. |
.Hence deduce that I[ smt) dt =‘-]—;-. -‘ ‘ ®
Verify the convolution theorem for Fourier transform if
2 ’
- f(x)=g(x)=e". s (8)
If U(z)—(z% find the value of u,, u, and u,. ’ (8)
L o | | |
| , r |
Use convolution theorem to evaluate z~ { P 3) - 4)} (8)
Or

Using the inversion intégral method (Residue Theorem), find the
2
®

(2+2) (22 + 4.) '

inverse Z- transform of U (z)=

Using the Z- transform solve the difference equation
Upo +4U,,, +3U, =3" with u,=0,u, =1. . (8)
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PART - A (10 x 2 = 20 Marks)

1.  Form the partial differential equation by eliminating the arbitrary functions from
f(ox2 + y2, z-xy) =0.
2. Find the complete solution of the partial differential equation p* - ¢ = 0.

. : 0 in (-, 0) :
3. Find the value of the Fourier series of f(x) =1, . ©0,¢) the point of

discontinuity x = 0.

. ' . _ , - L_] xtmin(-w,0)
4. Find the value of b  in the Fourier series expansion of f{x) = x+% in (0, 7)

09-06 1 57502



5.  Classify the partial differential equation u  + U, = f(x, y).

6.  Write down all the possible solutions of one dimensional heat equation.

7. State Fourier integral theorem.

8 Find the Fourier transform of a derivative of the function f(x) if f(x) —» 0 asx = £ =
(L
9. FindZ o

10. Find Z {(cos 6 +i sin 6)"}.

PART - B (5 x 16 = 80 Marks)

11. (a) (i) Solve the equation (x* — yz)p + (y* — zx)q = 22 - xy. t))]
(if) Find the singular integral of the equationz=px + qy + '\/1_"’_13_2_"'_‘12 (8)
| OR

(b) (i) Solve: (D?-2D2D"z = 2 + 3x%y.. 8)

(i) Solve:(D?+2DD' +D?-2D _ iD')z =sin(x+2y) ®)

12. " (a) (i) Find the Founer series of f(x) =xin-n<x < m. (6)
(ii) Find the Fourier series expansion of f(x) = | cos x| in-t<x<mn. (10)

OR
(b) (i) Find the ha}f range sine series of f(x) = x cos T x in (0, 1). (8)

2 57502



(11)  Find the Fourier cosine series up to third harmonic to represent the function

given by the following data : : : ‘ ®)
x: 01 2 3 4 5

y: 4 8 15 7 6 2

13. (a) Find the displacement of a string stretched between two fixed points at a distance

of 2/ apart when the string is initially at rest in equilibrium position and points of

‘r,' in (0, )
the string are given initial velocities v where v="9 o/ _ , x being the
distance measured from one end. ' 16)

OR
(b) A long rectangular plate with insulated surface is 1 cm wide. If the temperature
along one short edge is u(x, 0) = k(/x - Ajz) for 0 < x < I, while the 6ther two long
edgesx=0and x=1 as .weil as the other short edge are kept at 0 °C, find the

steady'state temperature function u(x, y). (16)

14. (a) Find the Fourier cosine and sine transform of f{x) = ¢* for x 2 0, a > 0. Hence

. COSSY |, S sin sy
deduce the integrals J_az ;) ds and J. 3 1 ds. (16)
0 0
OR
X
(b) (i) Find the Fourier transform of f{x) = €2 in (oo, ). ®)

(i) Find the Fourier transform of f(x) =1 - | x | if | x | < 1 and hence find the

- 4 ’ )
t
value of Js—l:lr dt. | (8)
0
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15.

(a) ()
(ii)
(b) ()

(i1)

1
n(n+ 1)

n
Find the Z-transforms of cos n? and

2
; . : Z
Using convolution theorem, evaluation Z-! { z- a)z}'

OR

. * z
Find the inverse Z-transform of 22742

by residue method.

8)

8)

8)

Solve the difference equation Ya+2 1Y, =2 giventhaty,=0and y, =0

by using Z-transforms.

8)
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Question Paper Code : 80608

B.E./B.Tech. DEGREE EXAMINATION, NOVEMBER/DECEMBER 2016
‘Third Semester
Civil Engineering

MA 6351 — TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS
(Common to all branches except Environmental Engineering, Textile Chemistry,

Textile Technology, Fashion Technology and Pharmaceutical Technology)
‘ (Regulations 2013)

Time : Three hours \ Maximum : 100 marks

10.

11.

12.

Answer ALL qﬁestions.
PART A — (10 x 2 = 20 marks)
Find the PDE of all spheres whose centers lie on the x -axis.

Find the complete integral of ——=2X4+2 4 Jrq.
bg q p

State the Dirichlet’s conditions for a function f(x) to be expanded as a Fourier

series. ,
Expand f(x) =1, in (0,7) as a half-range sine series.

State the assumptions in deriving one-dimensional wave equation.
State the three possible solutions of the one-dimensional heat flow (unsteady

state) equation. :
State change of scale property on Fourier transforms.

. ' 1
Find the infinite Fourier sine transform of f(x) = <

State convolution theorem on Z-transform.

; 1
Find Z{n(n " 1)] .

PARTB — (6 x 16 =80 marké)
(a) () Find the partial differential equations of all planes which are at a

constant distance ‘k’ units from the origin. (8)

(i) Solve the Lagrange’s equation x(Z2 -y p+y(xt-2")g=2(y*-x*) .(8)

() (@) Form the PDE by e?iininating the arbitrary functions 'f'
and'¢' from the relation z =x f (%J + yqo(x). (8)

| ®

(i) Solve (D*+ DD'-6D'?)z = ycosx.

in the interval (-7,7) and
1 z* )

(8 (@ Expand f (x) =x* as a Fourier series
, : ]
hence deduce that 1+—2-4—+3—4+Z4—+._. o



13.

14.

15.

(b)

(a)

(b)

r(a)

(b)

(a)

(b)

d the coefficient of the first sine and
n

y . tant term a ) iven in the following
. Ob??ltsnt;?;sc (X:Sthe' Fourier expansion of yas gl ®)
cosl
table: 4 b5
1 2 3 :
x 0 s 26 20

18 24 2
y 9 Or

ourier series. (8
e _rcx<m asa complex form F (8)

) Expand f(x)=¢€ _ :
o x, 0O<x<l as a series of cosines 1n the

Gi) Expand [f(x)= {2 ~x, l<x<2 ®)

interval (0,2). - o

A tightly stretched string of length Tl’ with _ﬁxed en% poiilitrsl, glz ;I;;flsgita;
e 'tbin .i.ts equilibrium position. If it 18 set vibrating by g

rest ; ‘

i n[ 372 | cod| ZX where0<x <l. Find  the
velocity v, (x,0) = vg S ik :
displacement of the string at a point7 at a
instant " , |

Or :

A square plate is bounded by the lines x =0,% =20,'y = £da
insulated. The temperature along the upper horizontal edge 1s given by
u(x,20) = x(20 - x),0 < x < 20, while the other three edges are kept at 0°C.

distance x from one end at any
| (16)

0,y=20. Its faces are

Find the steady state temperature distribution u(x, y) in the plate. (16)
- o 1o |4 <1
(@) Find the Fourier transform of f (x)= and hence
' 0, |x>1
. ' . 4 .
deduce that I [smt} dt=2. ' 8
20| ¢ 3

-ax

(1)) Find the infinite Fourier sine transform of f(x) = € __ hence deduce
» -

the infinite Fourier sine transform of X ) ] (8)
x
Or
(i) -Find‘ the infinite Fourier transform of e ** hence deduce the
infinite Fourier transform of e */2 : 8)

(i)  Solve the integral quation_ I: f(x)cos Axdx = e*, where A >.0 e

(i) Find
(1) Z[n3] (2) Z e—ttZ]. (4+4)
(i) Evaluate Z! 9z° - |
¢ (3z2-1)*(z-2) |" using calculus of residues. ()
: Or
(1) Using convolutiop theorem, evaluate Z*l[ 22 ] @
(i) Using - Z-transform, golye (z-a)(z-b) |
yO = yl - 0 . yn+2 + Gy,H_l +9yn = 2" given’ that
' : (8)

——

O
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Question Paper Code : 72068

B.E./B.Tech. DEGREE EXAMINATION, APRIL/MAY 2017.
Third Semester
Mechanical Engineering

MA 6351 — TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS

(Common to Mechanical Engineering (Sandwich)/Aeronautical Engineering/
Agriculture Engineering/Automobile Engineering/B.E. Biomedical Engineering/
B.E. Civil engineering/B.E. Computer Science and Engineering/Electrical and
Electronics Engineering/Electronics and Communication Engineering/Electronics
and Instrumentation Engineering/Geoinformatics Engineering/Industrial
Engineering/Industrial Engineering and Management/Instrumentation and
Control Engineering/Manufacturing Engineering/Marine Engineering/Materials
Science and Engineering/Mechanical and Automation Engineering/Mechatronics
Engineering/Medical Electronics Engineering/Petrochemical Engineering/
Production Engineering/Robotics and Automation Engineering/ Biotechnology/
Chemical Engineering/Chemical and Electrochemical Engineering/Food
Technology/Information Technology/Petrochemical Technology/Petroleum
Engineering/Plastic Technology/Polymer Technology)

.(Regulations 2013) _
Time : Three hours : | g _  Maximum I: 100 marks
.Ansv&er ALL '_qz.;esti’ons. :
| PART A (10 x 2 = 20 marks)
1. Form the partial differential equation by eliminating arbitrary function ‘f’
from z=e®f(x+by). ’ )
2.  Solve (D®*-D?D'-8DD"? +12D'*)z =0

3.~ State the sufficient condition for a function f(x) to be expressed as a Fourier
series. ‘ ' :

4. If the Fourier series of the function f(x)=x+x?, in the interval (-z,7) is
2 © ‘ :

%‘*‘ (—D"[—%cosnx-uz—sinnx], then find the value of the infinite series

n=1 n

1

11 |
F+-§2—+§?+.... Cm; Qa.%")

F )

t s tknj a ro\vﬂ%) .



_Ul

10.

11.

12.

.3 : ’ . ) : . Cu . &%u
Write all possible solutions of one dimensional heat equation o a—
ClL cxX

. : , 0 Ju
Using the method of separation of variables, solve U _9% +u where

ox ot
u(x, 0) = 6e3*

If F(s) is the Fourier transform of f(x), prove that F{f(x—a)} =e* F(s).

Find Fourier Sine transform of —1— .
x

Find the Z-transform of a". .
State initial and final value theorems on Z-transforms.

PART B — (5 x 16 = 80 marks)
\\:

7

(@ (@) Find the general solution of (22 - 2yz—y%) p+(xy +2zx)g=xy —2x. (8)——\( ‘; ' ”

LA

N

\
(i) Find the general solution of (D*+2DD'+ D*)z=x%y+e*” ‘\ T8
N\ W

Or
(b) () Find the general solution of z= px+qy+ p*> + pg+¢q°. €]

(11) Find the general solution of
(D*-3DD'+2D” +2D-2D") z =sin(2x + y).. . (8)

(a @ Fiﬁd the Fourier series of period 27 for the function f(x)=xcosx
in O<x<2r. (2 ,,q) Cbuandrestleon ®
(i) Find the Fourier series expansion for y=f(x) up to second
harmonic from the following data: L €))
x: 0 1 2 3 4 5 |
y: 9 18 24 28 26 20

Or

M) @) Find the Fourier half-range cosine series of

f(x) = X, in 0<x<1 ®
¥ 1o-x inl<x<2’

(n.) Find the complex form of the Fourier series of f(x)=e™ in

-l<x<l. 8| .

A Y
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13.

14.

(a)

(b)

(a)

(b)

(@)

(b)

A tightly stretched string of length 2/ is fastened at x=0 and x=21.

The midpoint of the string is then taken to height ‘b’ transversely and
then released from rest in that position. Find the lateral displacement of
the string. (16)

Or

A rectangular plate with insulated surfaces is 20 cm wide and so long
compared to its width that it may be considered infinite in length without
introducing an appreciable error. If the temperature while the other

. ) {10y for 0<y<10
short edge x=0 is given by u _{10(20—31) for 10<y<20 and the two
long edges as well as the other short edge are kept at 0°, find the steady
state temperature distribution u(x, y) in the plate. (16)
_ . 1 for |x|<2
Find the Fourier transform of f(x) given by f(x)= and
0 for |x|>2
o . @© . 2
hence evaluate I S0 Jx and J‘(sme dx . ' (16)
r & AGE -
Or
(1) Find the Fourier cosine transform of e " for any a>0. (8)
.. K dx . ; :
(i) Ewvaluate I 3 5 using Fourier transforms. (8)
: o (x"+D(x" +4)
' 2n+3 /
(i) Find Z-transform of e o ®

(n+l) (n+2)

= = ) - 8z° ' .
. : : , find Z! . 8)
(i) Using Convolutmfx theorem 7 |: (2z-1) (4z+1 } (

Or

422
(2z-1)%(z-1)

(1)  Find Z’l[ ], by the method of partial fractions. / (8)

(i) Using Z-transforms, solve the equation ¥,.;—7¥a +12Y,=2",
given that y, =y, =0. - (8)

g - ' . 72068
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Question Paper Code : 50779

B.E./B.Tech. DEGREE EXAMINATION, NOVEMBER/DECEMBER 2017
Third Semester
Civil Engineering
MA 6351 —TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS

(Common to Mechanical Engineering (Sandwich)/ Aeronautical Engineering/
Agriculture Engineering/ Automobile Engineering/ Biomedical Engineering/
Computer Science and Engineering/ Electrical and Electronics Engineering/
Electronics and Communication Engineering/ Electronics and Instrumentation
Engineering/ Geoinformatics Engineering/ Industrial Engineering/ Industrial
Engineering and Management/ Instrumentation and Control Engineering/
Manufacturing Engineering/ Marine Engineering/ Materials Science and
Engineering/Mechanical Engineering/Mechanical and Automation Engineering/
Mechatronics Engineering/ Medical Electronics/ Petrochemical Engineering/
Production Engineering/ Robotics and Automation Engineering/ Biotechnology,
Chemical Engineering/ Chemical and Electrochemical Engineering/
Food Technology/ Information Technology/ Petrochemical Technology/ Petroleum
Engineering/ Plastic Technology/Polymer Technology)
: (Regulations 2013)

Time : Three Hours Maximum : 100 Marks

Answer ALL questions.

‘\I\ PART - A (10x2=20 Marks)

C’?"‘] Find the partial differential equation by eliminating the arbitrary function f’ from
the relation z = f(x2 - y).
2. Find the complete integral of Ji; + \/-cI =1.

-

O

@ State Dirichlet’s conditions for a given function f(x) to be expanded in Fourier series.

@ Write the complex form of Fourier series for a function f(x) defined in — { <x <.

(‘(,“/\

e




RGeS a*%

i .
11T T R
I
~

What is the basic difference between the solutions of one dimensional wave equation

%

50779 -2

i =0i i onential
1226) State any two solutions of the Laplace equation u,, +uy, 0 involving exp
termsinxory.

f A
i () I F [f(x)] = F(s), then find F[f(ax)]. 9

3
\
5
2
=)
=
@
=9
i
B
@
=1
L.
©
=
o
(=
4
©
(4
©
=)
=]
o
28
=}
=
-~

A R

,,@ State the convolution theorem for Fourier transforms.
~

3
w-y

@ Find the Z-transform of the function f(n) = 1/n. 3‘\ ‘E S ') o cdd- f

.Y s n
Form the difference equation by eliminating arbitrary constant ‘a’ fromy,=a.2".

PART - B (5x16=80 Marks)
N\ Fi : : i 2_.2 M-u-c (5M) (g
11. a) i) Find the singular integral of z = px + qy + p% — q°.
ii) Find the general integral of (x —2z) p+ (2z-y) g =y —X. M -1 ~4& (Sn) ®)
(OR)

b) Solve the following equations.
) (D2+2DD' + DA z=ex-Y4xy M- |5 —d Csm) ®)
ii)(D2—5DD'+6D'2)z=ysinx. M-13- &(5) 8)

12. a) 1) Find the Fourier series for a function f(x) =x + x2in (- 7t, 7t) and henece deduce

I | 1 .
the value of ‘1;"';2-1“52—*' ------- TaT-1~ 13-4, CS”’? ®)
ii) Find the Fourier series of y = f(x) up to first harmonic which is defined by the
following datain (0, 27) :
T 0 T .~k
x 0 |m®/3 |2n/3 n 4B | 5B | 2¢;
oI G R I B B W U T TR ®)
(OR)
b) i) Find the half-range cosine series for f(x) =xin (0, ®). Hence deduce the value
Toood 71 Ly — 123(.C :
—t+t—=+—+.. AT )
e ‘ @)
ii) Find the Fourier series for a function f(x) = sl vyt 3
=10, 1<xsgy 002D ®)

('Y



LT T . cok

| 13. a) A tlght':ly sprgtched string of length ! has its end fastened atx =0, x=1. At t =0
4 the string is in the form f(x) = kx(l - x) and then released. Find the displacement
- N at any point of the s(gi{l;g at a distance x from one end and at any timet>0. (16)
; b) A rod of length ! cm has its ends A and B kept at 0°C and 100°C respectively,
| Soc.3 untxal steady state conditions prevail. If the temperature at B is suddenly reduced
) to0°C and maintained at 0°C, find the temperature distribution u(x, t) at a
distance x from A at any time t. (16)

14. a) i) IfFg(s) amjl F(s) denote Fourier sine and cosine transform of a function
f(x) respectively, then show that

- : 1 '
| > @ Fg{f(x) sin ax} = 5 {F (s-a)-F_(s+a)} 4)
(5"
@ Find the Fourier transform of a function f(x) = {1— doriailem b g < ; and hence
0, otherwise
RNY i
sin 't 12)

dt by Parseval’s identity.

o %
YL find the value of j
S

=

(OR)
i Find the Fourier sine and cosine transforms of a function f(x) = e™*. Using Parseval’s

identity, evaluate :

Taa--

2k U50) T dx T Xdx i, , s

\f/-b (1) 0(x2 +1)2 and (2) 0(x2+1)2 | (16)
2n+3 - M

(8)

15. a) i) Find the 7-transform of m d

2
2 @ Find Z i g, by using convolution theorem. 8
z—-=2z2-—{ ‘
dy RS
3P \\ SK@P) (
(OR)
2

b) i) Find the inverse 7-transform of m by method of partial fraqtion. (6)

@ Solve the difference equation y(n + 2) — 7y"(n +1)+12y(n) = 9" given that
y(0) =0 and y(1) =0, by using Z-transform. 5

v -2 (M)

ﬂr

(10)
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B.E./B.Tech. DEGREE EXAMINATION, APRIL/MAY 2018
Third Semester
Civil Engineering
MA 6351 - TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS
(Common to Mechanical Engineering (Sandwich)/Aeronautical Engineering/
Agriculture Engineering/Automobile Engineering/Biomedical Engineering{
Computer Science and Engineering/Computer and Communication Engineering/
Electrical and Electronics Engineering/Electronics and Communication
Engineering/Electronics and Instrumentation Engineering/Geoinformatics
Engineering/Industrial Engineering/Industrial Engineering and Management/
Instrumentation and Control Engineering/Manufacturing Engineering/Marine
Engineering/Materials Science and Engineering/Mechanical Engineering/
Mechanical and Automation Engineering/Mechatronics Engineering/Medical
Electronics/Petrochemical Engineering/Production Engineering/Robotics and
Automation Engineering/Bio Technology/Chemical Engineering/Chemical
and Electrochemical Engineering/Food Technology/Information Technology/

Petrochemical Technology/Petroleum Engineering/Plastic Technology/

Polymer Technology)
(Regulations 2013)
Time : Three Hours ’ Maximum : 100 Marks
Answer ALL questions.
PART - A (10x2=20 Marks)

1. Find the complete integral of the PDE : z=px + qy + \/ﬁ

2. Solve : (D3 -3DD'2+2D3) z=0

Find b_ in the expansion of f(x) = x2 as a Fourier series in (-x, 7).
Define Root mean square value of a function.

Classify the partial differential equation u,, = u,u, +xy.

it R e

State possible solutions of the one dimensional heat equation.
1 infx|<a

7. Find the Fourier transform of f(x)={ .
0 inlx|>a




41310 % IMEmEnEy

8. State the convolution theorem for Fourier transforms.

9. Find the Z-transform of {n}.

10. Prove that Z{nf(n)} = — &d“ F(2), where Z {f(n)} = F(z).
zZ

PART - B (5%16=80 Marks)
11. a) i) Find the singular solution of the equation z = px +qy + p% + pq + q2. )
1i) Solve : x(y - z) p + y(z - X) q = z(x - y). ®)
(OR)
b) i) Solve: (D2 + 4DD' — 5D'%)z = sin (x — 2y) + e2X-¥. (8)
11) Solve : (D2 + DD' — 6D'2)z = ycosx. ®)
12. a) i) Find the Fourier series forfx)=x2in—-n<x<n (8)
1i) Find the half range cosine series for f(x) = x (r —x) in (0, 7). (8)
(OR)

b) Find the Fourier series expansion upto the first three harmonics for the

function defined in the following table (16)

n@ngﬁzn
3 | 3 3 1:8

y |11 1419 [veli612 ] 10

X 0

13. a) A string is stretched and fastened to two points x = 0 and x
is started by displacing the string into the form y=k(lx-x

released at time t = 0. Find the displacement of
distance of x from one end at time t,

=l apart. Motion
?) from which it is
any point on the string at g

b) Abar, 10 cm long with insulated sides, h

to 10°C. Find the subsequent temperat
at any time.




[ 3. 41310

1-x* in |x|s1

14. a) Find the Fourier transform of the function f(x) defined by f (")"'{0 in [x|>1°

Hence prove that I:wcos(i)ds=f_" . Also show that

s
o0 — 1 2
,[0 (xcosx 6s1nx) i, (16)
X 15 .
(OR)
:;_ -8

b) i) Show that the Fourier transform of f(x)= € > ise? . 8)

ii) Find the Fourier cosine transform of ¢**' and hence find the Fourier sine

transform of xe™* 8
2
15. a) i) Find the inverse Z-transform of % using convolution theorem

(2z-1)(4z+1)

for Z-transforms. (8)
2 o
ii) Find the inverse Z-transform of i using residue theorem. (8
(z-5)(z+2)
(OR)
b) i) Solve:y, 15 —4¥y4+1+4¥y =0, ¥ =1, ¥, =0, using Z-transform. (10)
1

ii) Find the Z-transform of {n} and {m} (6)
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